
Combinatorial Optimization
Final examination

Tuesday, July 14, 2015

Please read all of the following before beginning this exam.

1. This exam consists of six problems. Each of the problems is worth 20 points.

2. You may use the textbook, your course notes, your completed problem sets, the re-
sources on the course Web page, and a calculator.

3. Justify everything. The justification is often more important than the answer itself.
If you can’t figure out the answer, describe your thought process and what you have
figured out; partial credit will be given. Clearly state any assumptions you make.

4. If you have questions during the exam, please ask.

1. In the simplex tableau below, several variables are candidates to become basic in the next
basic feasible solution.

x1 x2 x3 s1 s2 s3 s4 z RHS

−5 0 0 −2 0 0 −6 1 245

5 1 0 1 0 0 −3 0 40
2 0 0 1/2 1 0 2 0 18

1/2 0 0 −4/3 0 1 3 0 12
1 0 1 2/3 0 0 1/2 0 24

Which variable should be made basic in the next basic feasible solution if the goal is

(a) for the new objective value to be 285? Why?

(b) for the next basic feasible solution to be degenerate? Why?

(c) to have s3 = 0 in the next basic feasible solution? Why?

(d) to achieve the greatest increase in the objective value? Why?

2. Consider the following linear program.

minimize 5y1 + 3y2 + 6y3

subject to y1 + y3 ≥ 60

y1 + 2y2 + y3 ≥ 72

2y1 + y2 + 2y3 ≥ 84

y2 − y3 ≥ 24

y1 ≥ 0, y2 ≥ 0, y3 ≥ 0.

The optimal feasible solution to this linear program is y1 = 60, y2 = 24, and y3 = 0.
Determine the dual linear program and its optimal solution. Use the optimal dual solution
to demonstrate that the claimed optimal solution to the primal is indeed optimal.
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3. Formulate a linear or integer program to answer the following question.

A company manufactures three product lines. Each production run of line i involves
a fixed cost Fi and a per-unit cost pi, so that the cost of xi units of line i is Fi+pixi.
These costs, together with the per-unit revenue, are given in the table below.

Product Fixed Per-unit Per-unit
line cost cost revenue

1 $1500 $45 $240
2 900 38 190
3 1000 40 210

There are two key production processes, A and B. The time requirements for each
product line on each process, and the hours available, are given in the table below.

Product line Hours
Process 1 2 3 available

A 0.25 0.20 0.30 300
B 0.40 0.50 0.20 400

The company will upgrade exactly one of the two processes. The upgrade to
Process A will raise the number of effective hours by 20%; that to Process B will
raise the number of effective hours by 10%.

Which process should the company upgrade, and how much of each product
line should be manufactured in order to maximize the difference between revenue
and cost?

[Note: You do not need to solve your linear or integer program—just formulate it.]

4. In the following network, capacities of arcs are shown as circled numbers, and flows along
arcs are shown in blue. Is the given s–t flow optimal? If so, prove that it is optimal. If not,
find (methodically) a better flow.
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5. Constraint programming is an important area of combinatorial optimization that we did
not discuss in this course. An instance of a constraint programming problem (in particular,
a constraint satisfaction problem) consists of a finite set X of variables; a finite set dom(x)
for each variable x ∈ X, called the domain of x; and a set of constraints, each of which
specifies, directly or indirectly, a set of allowable combinations of values for a subset of the
variables. The objective is to find an assignment of values to all of the variables such that
for every variable x ∈ X the value assigned to x is an element of dom(x) and such that all
constraints are satisfied, or to determine that no such satisfying assignment exists.

One type of constraint is the alldiff constraint, which specifies that the values of a subset
of the variables must all be different. For example, the constraint alldiff (x1, x3, x4, x8) means
that the values assigned to the variables x1, x3, x4, and x8 must all be different; no two of
those variables may be assigned the same value.

Suppose you are given an alldiff constraint and the domains of the variables in the
constraint. Carefully describe an efficient algorithm to determine whether the alldiff con-
straint is satisfiable (alone, independently of any other constraints that happen to be in the
constraint satisfaction problem). Justify that your algorithm is correct. You may use any
of the algorithms we discussed in the course as subroutines in your algorithm.

6. In the SET PACKING problem, an instance is a collection C of finite sets and a positive
integer k, and the question is whether C contains k disjoint sets. Prove that SET PACKING

is NP-hard.
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