Homework 5: due October 21

1. Let p = % and G = G ). Show that w.h.p. any red-blue coloring of the edges of G' contains a
mono-chromatic path of length 5. (Hint: Apply the argument of Section 6.3 of the book to both the
red and blue sub-graphs of G to show that if there is no long monochromatic path then there is a pair
of large sets S, T such that no edge joins S,T.)

Solution: Running DFS on the graph Gi induced by the red edges, we see that if there is no red path
of length n/1000 then we find sets D, U, A with |D| = [U] > 222 such that there is no red edge between
D and U. Similarly, [n] can be partitioned into D', U’, A’ Such that [D'| = |U’'] > $33% and there is no
blue edge between D’ and U’.

Lt X =UNUYY=UND X" =DNU.Y =DND and let z = | X|,y = |Y], 2 = |X'|,y = |Y'|.

Then
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It follows that either (i) z,4 > 3¢t or (i) o,y > . (Failure of (i) and (ii) implies that or
fail.) Suppose then that =/, y > gggﬁ Now X' C D and Y C U and so there are no X’ : Y red

edges. Furthermore, X’ C U’ and Y C D’ and so there are no X’ : Y blue edges either. In other words
XY =0. But,

=o(1).
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P (EI disjoint S, T : |S|,|T| > 5 and S T = @) < 92n (1 B

2. Show that w.h.p. the random 3-regular graph G, 3 is not planar.
Solution: The expected number X of edges in cycles of length at most g = 100 is
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The Markov inequality implies that X = O(logn) w.h.p. Then after removing O(logn) edges we have
a graph of girth at least g and at least 5n/4 edges. This is not planar, since any planar n-vertex graph
of girth ¢ has at most n(1 —2/g)~! edges.

3. Suppose that 1 > r > 10%. Show that w.h.p. the diameter of the random geometric graph
Grr =0 (2).
Solution: W.h.p. there will be points in A = [0,1/4]* and in B = [3/4,1]%. if a € A and b € B then
la —b] > 1/2. It follows that any path from a to b in G = Gy, has at least 1/4r edges.

Conversely, partition [0,1]? into cells of side r/10. W.h.p., each cell will contain points of X. Also
points in adjacent cells are adjacent in G. It follows that by going from adjacent cell to adjacent cell
we can reach b from a in at most 20/r steps.



