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Q1: (40pts)
The sequence a0, a1, . . . , an, . . . satisfies the following:
a0 = 1 and

an − 7an−1 = 6n

for n ≥ 1.
(a): Find the generating function a(x) =

∑∞
n=0 anx

n.
(b): Find an expression for an, n ≥ 0.

[Hint: 1
(1−7x)(1−6x) = 7

1−7x −
6

1−6x .]
Solution: Multiply each equation by xn and sum.
We have

∞∑
n=1

(an − 7an−1)x
n =

∞∑
n=1

6nxn.

(a(x)− 1)− 7xa(x) =
1

1− 6x
− 1.

a(x) =
1

(1− 6x)(1− 7x)

=
7

1− 7x
− 6

1− 6x

=
∞∑
n=0

(7n+1 − 6n+1)xn.

So,
an = 7n+1 − 6n+1
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Q2: (40pts)

How many ways are there of k-coloring the squares of the above picture if
the group acting is e0, e1, e2, e3, p, q, r, s where ej is rotation by 2πj/4 and
p, q, r, s are horizontal, vertical and diagonal reflections respectively.

Each arm has n+ 2 squares, so that there are 4n+ 5 squares altogether.
(All small squares are meant to be of the same size here).
Solution:

g e0 e1 e2 e3 p q r s
|Fix(g)| k4n+5 kn+2 k2n+3 kn+2 k3n+2 k3n+2 k2n+3 k2n+3

So the total number of colorings is

k4n+5 + kn+2 + k2n+3 + kn+2 + k3n+2 + k3n+2 + k2n+3 + k2n+3

8
.
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Q3: (20pts) Let G be a bipartite graph with n vertices in total. Each vertex
v is given a set C(v) ⊆ C of possible colors. Suppose that |C(v)| > log2 n.
Show that it is possible to assign a color c(v) ∈ C(v) for each v ∈ V such
that the coloring is proper. I.e. each edge of G joins vertices with different
colors.
Solution: Let G = (V,E) where V = A ∪ B and all edges have one end in
A and the other in B. Randomly partition C into CA ∪ CB. If the event

E = {C(v) ∩ CA 6= ∅∀v ∈ A and C(v) ∩ CB 6= ∅∀v ∈ B}

occurs then we get a proper coloring by coloring v ∈ A with a color in
C(v) ∩ CA and a vertex in B with a color in C(v) ∩ CB.
Now

¬E = {∃v ∈ A : C(v) ⊆ CB} ∪ {∃v ∈ B : C(v) ⊆ CA}

and so

Pr(¬E) ≤
∑
v∈V

1

2|C)v)| <
n

2log2 n
= 1

and so E occurs with positive probability and we are done.
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