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Name:

Problem | Points | Score

1 40
2 40
3 20

Total 100




Q1: (40pts)
The sequence ag, aq,...,a,,... satisfies the following:
ap =1 and

Ay — 6CLn_1 = 5”

for n > 1.

(a): Find the generating function a(z) = >
(b): Find an expression for a,, n > 0.

[Hint: (1—63&)1(1—595) = 6 ~ To5s )

Solution Multiply each equation by " and sum.
We have

n
0 AnT™.

Z(an—6an,1)x" = 25"1’”.
n=1 n=1
(a(z) — 1) — 6xa(x) Lo
a\xr|) — — oxral\xr = —
1 -5z
1
o) = TTE0 o)
6 5
- 1—6x 1-5x
— Z(Gn—i-l o 5n+1)xn‘
n=0

So,

a, = 6n+1 . 5n+1



Q2: (40pts)
For positive integers m,n let

A={xe{0,1,2,...,}": x1+ 22+ -+ 2, =m}.

Let
B={xeA: z;#1,j=12,...,n}.

Use inclusion-exclusion to find an expression for |B|. Justify your steps.
Recall the inclusion-exclusion formula:

NA| = 3 D54l

SCIN]

Solution Let A; = {x € A: z; = 1}. We want ’ﬂf\il A;|. Now if |S| = k

then |[Ag] = {x € {0,1,2,....,}" % 2y +ao+ -+ 20 p =m—k}| =
((m—k’)-ﬁ-(n—k’)—l). SO,

B Fr ()

k=0




Q3: (20pts) Two sequences a,,n > 0 and b,,n > 0 satisfy the equations

"k
bk:Z(,)aj, k=0,1,2,...

=0
Show that
ko '
ap = 2% (J) (=1)*b;,  k=0,1,2,...
]7
Solution Re-write the first equation as
k

bk Z a; 1
S 1)
k! = gk —j)!
Let N -
. Qg k . bk k
a(z) = e and b(z) = PR
k=0 k=0

Now multiply equation (1) by 2* and sum for £ = 0 to co. The result is
b(x) = a(x)e”.
Thus a(z) = b(x)e™* and the result follows.

Here is a more direct proof:

e =t
_ g(_nk ‘a, g(—l)“ (];) (l; _ 5)
_ ;0( 1)k (i) a Z:(—l)e_] <I; _ 5)



Now observe that Zfze(—l)gfj (’;:ﬁ) = 0 unless k = /.



