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Q1: (33pts)
Show that the number of ways of placing k£ 1’s and n— & 0’s on the vertices of

an n vertex polygon so that each 1 is seperated by at least 2 0’s is %(”_,ikl_ 1)
Solution Let the 1’s be at position x1, xs, ..., x) in order round the polygon.

There are n choices for x; and then if y; is the number of zero’s between x;
and x; 11 for i = 1,2,... k (here xj41 = z1) then (i) y; > 2,1 =1,2,...,k
and (ii) y1 + ...+ yx = n — k. There are (”_]{2_’“1_1) choices for the y’s and n

choices for x;. Each placement arises exactly k times in this manner.



Q2: (33pts)

(a): We have n boxes By, Ba, ..., B, and kn distinguishable balls by, by, . . . , byp,.
Show that there are (Z!YZ)! ways to place the balls into the boxes so that each
box gets k balls.

(b): An allocation of balls to boxes is said to be scrambled if there does not
exist ¢ such that box B; contains balls b;_1)k41 ..., bs. Use the Inclusion-
Exclusion formula to determine the number of scrambled allocations.

Re-call that if Ay, Ag,..., Ay C A then

L= Y (- 14s)
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Solution

(a) An allocation of balls to boxes gives rise to a permutation of the balls,
where the balls in box B; precede the balls in box B;.; for 1 <i < n. There
are (kn)! permutations and each allocation gives rise to (k!)" permutations,
since the balls within a box can permuted arbitrarily.

(b) Let A; = {allocations in which box B; gets balls b;_1ygy1, - ., b} We

want )ﬂf\; Ai‘. From (a) we get |Ag| = (121(67'1);7[5"!%)'

exclusion formula gives

(k(n = 1SD)" _ = _pyi (7 (B = 4)!
|= 2 Vs = ) (z) (k!>”‘3)'
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and then the inclusion-




Q3: (34pts) The sequence ag, ay, ..., a,,... satisfies the following:
ap =1 and
an — 4a,_, = 4"
for n > 1.
(a): Find the generating function a(z) =Y 7 a,z".
(b): Find an expression for a,, n > 0.
Solution
Multiply each equation by 2™ and sum. We have

o0 oo

Z(an —4da, )" = 24”37”.
1
(a(x) — 1) —4za(z) = Tz 1
1
W= T mp
= ) (n+1)4"a"
So,
a, = (n+1)4".



