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Name:

Problem | Points | Score

1 33
2 33
3 34

Total 100




Q1: (33pts) Let a,m, n,p be positive integers. How many integer solutions
are there to
Ty +Te+ -+ Ty =n

which satisfy x; > afori=1,2,...,pand z; >0fort=p+1,p+2,...,m.

Solution Let y; = @; —a for i =1,2,...,p and y; = z; for i > p. Then
Y1, Y2 - - -, Ym satisfy

ity ++yn=n—apand yi, Y2, ..., Ym >0

and we have described a bijection between the x’s of the question and the
y’s that satisfy this.

Thus the number of z’s is (m+n_“p_1).

m—1



Q2: (33pts) Use the inclusion-exclusion formula
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to show that the number of permutations 7(1),7(2),...

satisfy (i + 1) #w(i) + 1 fori=1,2,...,n — 1 is

Solution Let
Ai={r: n(i+1)=n(i)+1}.

,7(n) of [n] which

In words, when we look at the sequence obtained by putting j into the 7(j)th
position for 7 =1,2,...,n, we see that ¢ + 1 immediately follows i. Thus we
can “merge” 4,7+ 1 into one symbol and find that |A;] = (n — 1)! for all i.
Similarly, |Ag| = (n — |S])!, since we get Ag by |S| merges. (If i,i + 1 are

part of S then the merge contains 7,7 + 1,7 + 2.).

The result follows directly from the inclusion-exclusion formula.



Q3: (34pts) The sequence ag, ay, ..., ay, ... satifies the following:
ap =1, a; =4 and
an — 40,1 +4a,—o =0

for n > 2.
Determine the generating function a(z) = Y a,z™ and hence find a,,.

Solution
0 = Z(an —4a, 1 + 4a,_9)x"
n=2
a(r) — 1 —4z) — dz(a(z) — 1) + 42%a(x)
a(x)(1 — dx + 42%) — 1.
So
1
o) = Ty
B 1
(1 —22)2
= Z(n + 1)2"z".
n=0



