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Abstract

Dissipative models for the quasi-static and dynamic response due to slip in an elastic body
containing a single slip plane of vanishing thickness are developed. Discrete dislocations with
continuously distributed cores can glide on this plane, and the models are developed as special
cases of a fully three-dimensional theory of plasticity induced by dislocation motion. The reduced
models are compared and contrasted with the augmented Peierls model of dislocation dynamics.
A primary distinguishing feature of the reduced models is the a-priori accounting of space-time
conservation of Burgers vector during dislocation evolution. A physical shortcoming of the
developed models as well as the Peierls model with regard to a dependence on the choice of a
distinguished, coherent reference configuration is discussed, and a testable model without such
dependence is also proposed.

1 Introduction

This paper is concerned with the extent to which the Peierls model [1] of a dislocation arising from
slip on a single slip-plane, extended to dynamics by Eshelby [2, 3] and Weertman [4], augmented
by Rosakis [5] to allow subsonic steady motion and dissipation, and studied in general conditions of
non-steady dislocation motion by Pellegrini [6, 7] and Markenscoff [8], can be approached within the
Field Dislocation Mechanics (FDM) theory of continuously distributed dislocations [9, |10]. FDM
models for the elastostatic and elastodynamic response of a body containing a single slip plane of
vanishing thickness on which discrete dislocations with continuously distributed cores can glide is
developed. The models are compared and contrasted with the augmented Peierls model, which has
also been extensively used in the phase field setting, see e.g. |11} |I12] and many other subsequent
works (which is beyond the scope of the present work to review).

A fundamental feature of FDM is the utilization of a conservation law for the Burgers vector
[13]-[14, App. B], phrased in terms of the evolution of the dislocation density tensor field «:

O = —curl(a x V). (1)

Here V is the dislocation velocity field, constitutively prescribed to satisfy non-negative entropy
production in the body [15], |16]. While the setup of the augmented Peierls dynamics to account for
subsonic motion accounts for non-negative dissipation [5], there is no explicit accounting of Burgers
vector conservation in that model as a hard constraint. Defining o := — curl U®) where U®) is the
plastic distortion, implies the following evolution equation for the plastic distortion:

oUWP = —curlUP x V,
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(up to a gradient of a vector field that cannot be unambiguously associated with the motion of
dislocations, and therefore assumed to vanish herein). This theoretical structure, arising from the
conservation of Burgers vector (in space-time regions without dislocation flow on their boundary),
leads to an important difference in the structure and predictions of the resulting reduced models
in comparison to the augmented Peierls model, and the present work is essentially a detailed
explanation of this fact.

2 Derivation of an ansatz within FDM for vanishing interplanar
spacing

As studied in detail in |10} 17], consider a domain 2 = (—L,L) x (—H, H) in which there is a
strip £ = (=L, L) x (%, %), the width [ physically represents the inter-(slip)planar separation in a
crystal. We will refer to generic spatial coordinates interchangeably as (x,y) = (z1,x2), and time
as t. Considering a displacement field u = (uy,u2) : £2 x [0, 7] — R? of a reference configuration 2

and a plastic distortion field, U ()| of the form
¢:(—=L,L) x [0,T] = R; U® . 2 x[0,T] - R>*?

U®) (2. y.1) = ¢(mat)<H(y+%)—H(y—%))forz'zlandj:Q (2)
v 0  fori£lorj#2,

where H is the Heaviside function, the stress tensor T': £2 x [0,T] — R?*2 is given by

T=tr(E-EW)1+2u (E—BD), (T =2 (Bp— BY ) o+ 20 (B — BL)) . (3)
where A, i are the Lamé constants, £ = (Vu)sym is the total strain and E®) = Ug?n is the plastic
strain.

The mechanical equations that need to be satisfied in {2 x (0,T) are

divT = pii (T = piis) (4a)
U®) = —carlUP x V, (U = —ejrsermUDV5) (4b)

where V : 2 x [0,T] — R? is a constitutively specified dislocation velocity field and the overhead
dot represents a time derivative. The mass density, p : 2 — Ry is a specified field. Here, e;j
represents the Cartesian components of the alternating tensor.

The dislocation density field, «, is defined as

a=— curlU(p); (Oéz'j = _ejrsUi(gzq row-wise curls of U(p))

for the assumed ansatz on U®) above,

13 =~ (H <y+ i) - (y B é)) (5)

aj; =0 for all other ¢, j.

We also employ the ansatz, for V : (=L, L) x [0,T] — R,

- 3) (=)

Va(z,y,t) = 0.



It is then shown in [10] that the evolution

(2, t on R
61(0.1) = 6200, 2220 (0,0) = S6(0,0) + 26a(0.0)) ©
B 99
is consistent with the Second law of thermodynamics, where
1 U2
)= [ Tty tdy
1/2

and 7 is a smooth double-well or periodic function of ¢ with wells at multiples of ¢. Also, B, ¢ are
dislocation drag and core-energy related material constants, and ¢, B, ¢ are all assumed to possibly
dependent on [ in this work.

In order to obtain a form of the limiting evolution of plastic strain in the above model for [ — 0,
the ansatz is further augmented as follows:

e ¢ is of the form

(1) = o, ). @

The function p(z,t) with non-dimensional values will be assumed to be bounded in the limit
[ — 0. The field

s(z,t;1) = p(z,1)b(l)
represents the physical slip across the strip L.

e The function 7(¢) is of the form

7(6) = Cy (qul)) |

where C' has physical dimensions of stress (or energy per unit volume), and the values of the

function 7 are non-dimensional. Then, defining p(l) := é(l)%, n(¢) = C(l)n <%>,

o, O (p N1 L CWn( p
9g (0D, 0) = CZ, (m)) 5080 ~ o) ap <15(l)> '

e The function £(1) is of the form (1) = &(I)d?, where the function e has physical dimensions
of stress. The constant d has physical dimensions of length and governs the horizontal extent
of a typical dislocation core.

e The function B (1) is of the form B ()= %, where the function B has physical dimensions
of stress.time.

e p(l) is bounded as I — 0.

e An applied, stress field T is operative in the body, arising from the application of traction
boundary conditions, calculated asssuming no dislocations are present in the body, i.e.
is solved with the given traction boundary condition as a linear elastic problem (in quasi-
statics, the traction boundary condition must be statically admissible). The total stress field
in the body is the superposition 7' = T + T of two fields, where the field T¢ is calculated
with vanishing traction boundary conditions supplementing . The stress field T% affects



the stress field T (through the evolution of the plastic distortion), but not the other way
around, as in [1§] - this is different from the case when nonlinear elasticity is used to describe
the bulk elasticity, see [10]. The total displacement, similarly, is the superposition of the the
displacement fields of the two problems, say, © = u® + u?. Naturally, these assumptions are
valid because of the linearity of the stress-elastic strain relationship and balance of linear

momentum (4al).

We will be interested in two cases as [ — 0:

e Case I: b(I) — by > 0, a constant, as [ — 0. Here, ¢(I) — oo as | — 0, and U®) becomes
singular as the inter-planar spacing vanishes.
In this case, we assume B(l) =0 (I7!), C(1) =0 (I"'), and e(I) = O (1) as | — 0.

e Case II: b(l) — 0 as | — 0. Here, ¢(I) — ¢, a constant, as [ — 0, and U®) remains bounded
as the inter-planar spacing vanishes.
In this case, we assume B(l) =0 (1), C(1) =0 (1), and e(I) = O (1) as | — 0.

Then the evolution of the slip is obtained from @ to be

(o) = s oa0) (7o) = S Fhiote i) + OO pnten)) )
defined for (z,¢) € (—L, L) x [0, T] where
7(x,t) = 74z, t) + 7%(x, 1),
1) = / ll/; T,y ) dy; o 0) = 5 / ll/; T (2,9, 1) dy. ®)

2.1 Quasi-static mechanical force balance

For specified statically admissible traction boundary conditions, g, specified on 92 with outward
unit normal field n, it can be shown [19] that the stress field, T = C(Vu — U®)) of the problem

for pii ~ 0 and given by
div (C(Vu — U(p))) =0 on 2
(C<VU - U(p)))n =g on 0f2,

can be alternatively obtained by solving the problem

curlU® = q = — curl U® on {2
div (C U(e)) =0 on {2 (10)
(C U(e))n =g on Of2

for T = CU, i.e., in the traction boundary value problem of linear elasticity with dislocations,

the stress is uniquely determined from the dislocation density field o and the applied traction g.
We now assume % — 00, % — 00, l.e. an infinitely extended body, to facilitate an ‘easier’

analytical treatment. Then, for ¢ = 0 and homogeneous, isotropic linear elasticity with shear

modulus p and Poisson’s ratio v, the system can be solved by Kroner’s stress function method



[20], and for a straight (in the x3/z direction) edge dislocation with Burgers vector in the z-direction,
the shear stress is given by

i) = [ [ gty =) (e e )

(where the Green’s function for the shear stress in the static problem can be read-off from the
integrand).
Thus, for present purposes

I N N TR e VR,
et = gt =5 [ o= (=)
(b, 0)) ( (g +1/2) — H (5~ 1/2)) da’ay,

so that
J 1 /2
7%z, t) = l/l/ T (z,y,t) dy
12
1 —v) / 1/2 /
We note that for # # x’ the integrand of the last integral above is a continuous function of y and
y' (for x = 2/ and for all y # ¢/, that integrand is 0). Consequently, we assume the integrals w.r.t

R w2 = (y—y)?
/_W(”” D71 (g — gy W

v,y as l — 0 to yield ﬁ and hence

}E%Td(x,t) = (}%b(l)) %(I’i ” /_Z (x_lx/) (2 1) da. (11)

Evidently,

e in Case I where lim;_,qb(l) = by > 0, the dislocation stress, 7%(x,t), on the slip plane is
generally non-vanishing;

e in Case II where lim;_,qb(I) = 0, the dislocation stress, 7%(z,t), on the slip plane vanishes
and the effects of dislocation interaction is absent in the problem for this scaling - see related
discussion in [9, Sec. 4.2.1].

The fundamental question of understanding dislocation dynamics on a single slip plane in the
limit [ — 0 within FDM in the given ansatz is to define a sequence of solutions of parametrized
by ! and understand the limit of the sequence as | — 0, and discover the evolution equation that
such a limit satisfies. This is a challenging question beyond the scope of this paper (and perhaps
the current state-of-the-art of PDE, Calculus of Variations, and Nonlinear Analysis).

Instead, as a modest alternative based on the preceding considerations, we conjecture the fol-
lowing evolution equation for the nondimensional slip function lim;_.g S(Z(’;);l) = p(x,t): with the
definitions

b(hd? . I o _e(hb)d*
Shipe 0 PO Mgy e e me W)
—ub <1 on
=f (p, 2 o / o (2 ' ¢ B T
pe=f(ps) <2W(1_V) ! (@', t)da’ + 7%,1) ga + cp ) (13)
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2.2 Dynamic mechanical force balance

The traction boundary conditions generating the field T now need not be statically admissible.
The only difference from the result for the quasi-static case arises from the calculation of 7¢

in .

In the following, we will often use the notation r := (x,y,2), v := (2',v,7), 7 := (x,y),
7= (2',y), d®r' = da'dy'dz’, and d*r' := dx'dy’, and spatial integrals will be over all space, unless
otherwise specified. A subscript appearing on the fields ¢ or p will represent partial derivatives of
these fields w.r.t the subscripts.

Mura [13, Eqn. (45)] derived the expression for the elastic distortions:

Usia(r, 1) / / —eninCiiaGrm i (r = 7't = )epgrnUl, (1) = pGign(r = v/t = )\ UL (o7, ') dPr'd’
(and by renaming indices)
Ul (r,t) = /t / 510 Comtpt Gimp (1 = 173t = )y (1) = pClim(r — 1/t = YUL (7, ') dr'at,
B (14)

where G;; = Gj; is the Green’s function for linear, homogeneous, isotropic elastodynamics deduced
by Love [21] (presented in modern tensor notation as equation (8) in [13]).

(»)

For our ansatz where U}y’ and aq3 are the only non-zero components of the plastic distortion
and the dislocation density, we have that

t
U1(;) (ryt) = / /6213G1m’k(7" — 7't =) Crprrcas(r’, t)) — pGri(r — o't — t’)Ul(g)(r’, t') d3r'dt’
t
U2(i) (r,t) = / /6123G2m’k(7“ — 7"t —t)Crurr2013 (1, 1) d3r'dt’.
We now define
G —7,t—t) / Gi(F—7,0—2"t—t)d7.

Noting that 1) Gim . = —Gim,» and integration by parts of such terms w.r.t 2’ and evaluation
at z = 0 eliminates all integrations w.r.t 2z’ and derivatives w.r.t z,z’ from the expressions of
Ui(je) (z,9,0,t), (7,5 = 1,2), and 2) the primary dependence of U1(§) and a3 on only the z-coordinate,
and their possibly non-vanishing nature only in £, we have that

t /2 -
U (7,0,t) = / / / G (F—7 t=t") Crap11 80 (27, ) —pGr1 (P =7, t =t )y (2, 1) dy' o't

—1/2
for k£ running over 1, 2. Finally, noting that

Cijrr = NijOri + p(dirdji + 6idjn)
and using we obtain
1/2
Ul(g)( / / / (A +2u)Gi11 + AGia 2) (F =7t —t)pu (2 1)

1/2
— pGll(f* f/,t o t,)pt’($/,t/) d.I,dt,dy,



. b(1 /2 t 00 B _
U2(1)(777 0,1) = _(l) / / / M<G21,2 + G22,1> (F =7t —t) po (2!, t) da’dt' dy/ .
—1/2 J—o00 J—00

Now,

Tfh(.9,0.6) = (U + UsY)) (., 0.1),
and assuming a regularization of the Green’s function as in Pellegrini [7], so that it can be assumed
to be a continuous function, 7%(z,t) (see, (0)) in this elastodynamic case is given by

t [e’s)
T (2, 1) = p2b(l) / / (W2G'11,1 — Gag1 + (W? — 3)012,2> (x—a',0,t —t") pp (', 1)

1 =
— C—an(x —2,0,t — ) pp (2!, t') da'dt’ (15))
where w := &, with ¢; := A28 the dilatational wave speed, and ¢y 1= % the shear wave speed.

The corresponding equation for the elastodynamic nondimensional slip function in the limit
[ — 0 may be expected to be given by (with constants defined in )

79z, 1)

pe =f(p2)’ (TD(ﬁ,t) + 7%z, t) — g@ + cpm>; Pz, t) :=b o)

Op

<~
t 00 bfu? 9 -
|/ <6(az—w’,t—t’) £ 2 ) Gn(a:—x’,O,t—t’)> p(a! ) da’dt

t [e¢)
= f(px)2(.%', t) (/ / /LQb(szlLl — Gggjl + (w2 — 3)G1272> (3? — .%", 0, t— t/) Pzt (a;’, t,) dm’dt'

+ 7, t) — ggZ(P(%t)) T pr(“”t))‘

(16)

3 Concluding remarks

Within a formal ansatz of small elastic, plastic, and total distortions about a given reference
configuration, a model of single slip, in the limit of vanishing inter-planar lattice spacing, induced
by the motion of edge dislocations is developed within Field Dislocation Mechanics theory. Both
quasi-static and dynamic mechanical force balances are considered, with the aim of understanding
the similarities and differences between the resulting model and the augmented Peierls model in
similar settings |1, [2, 4}, 5, [7]. The following conclusions may be drawn:

1. The dynamics of dislocations in FDM is strongly constrained by the statement of conservation
(in space-time) of the Burgers vector, which forms one of its fundamental field equations. The
Peierls model (and its various descendants) does not involve such a ‘hard’ constraint. This
conceptual difference directly results in the main difference between the models descended
from FDM and the Peierls model: in and if the material constant d in f were to
be replaced by (p;)~! (definitely not a constant!) for p, # 0, with f(p;)? = 1 when p, = 0,
one obtains the augmented Peierls mode]ﬂ proposed first by Rosakis 5] and generalized to
non-steady dislocation motions and extensively analyzed and elucidated by Pellegrini [6, |7,
and references therein], including making connections with the work of Mura [13].

Tn the full (as opposed to the scalar) system of FDM, whether in one or multiple space dimensions, the ‘multi-
plicative’ presence of the dislocation density o = — curl U®) cannot be obliterated by the device employed here.



2. The fundamental physical implication of involving the conservation of Burgers vector as a
field equation is the statement that plastic strain rate at a field point in space-time in FDM
can arise only if there exists a dislocation (as characterized by a non-zero p,) at that field
point, regardless of the magnitude of strain energy or stress available as driving force, whether
in quasi-static or dynamic settings.

As a result, in FDM, dissipation can only occur in the core - this is not so in the augmented
Peierls model (whether for steady-state or non-steady dislocation motion) or its phase field
generalizations.

Furthermore, in dynamics with inertia, because a spatially homogeneous, but time-dependent
plastic strain history affects the elastic distortion field in the entire body - (and not
only in the slip plane), the elastic distortion, and consequently the stress fields, of the two
models will in general also be different. This is a well-understood fact about the difference
between the elastodynamic stress and elastic distortion fields of a plastic distortion field and
its corresponding dislocation density field (if any) [19,22] under traction boundary conditions,
a difference that is not present in the corresponding elastostatic fields.

To elaborate in the present context, consider a ‘source’ point, say 7’ which undergoes a locally
spatially homogeneous, nontrivial plastic strain history, i.e., p;(r’,-) # 0 for some interval of
time with p.(r/,-) = 0 for all time. Then the elastic distortion field at a field point r of the
body in the two models will be different due to the presence of such source points in the body.
Moreover, such plastic slip histories are quite possible - one example is a transient, spatially
homogeneous slip in a layer which cannot not arise from the motion of dislocationsﬂ

3. As studied in detail in [10], the ‘multiplicative’ p2 in the FDM evolution for plastic strain
(13) most likely results in the occurrence of a Peierls stress even in a PDE model which is
translationally-invariant. This a falsifiable conjecture, ripe for rigorous mathematical study.

4. The Peierls model and its dissipative descendants are not derived from a general theory of
a three dimensional body and what that generalization should be is by no means obvious,
particularly as a general theory of continuum mechanics with no kinematic restrictions. This
is not the case with FDM and, indeed, the three-dimensional generalization of the evolution
for the plastic distortion involves fundamentally different characteristics than its slip-
plane counterpart .

5. Finally, as useful as the models and can be as shown by the related studies in
[10, [17] of the model @, there is a fundamental physical shortcoming of such models (as
well as the augmented Peierls model and descendants, also see [23]) arising from the crucial
dependence of their energy densities on the notion of slip or plastic strain, which cannot
be physically defined without resort to a reference configuration for the total and plastic
deformations. However, given a crystalline body with dislocations, there is no natural way
in which a distinguished global, coherent reference configuration can be associated with it, in
practice or in physically faithful modeling, say in a given atomistic assembly.

I view this as a rather serious physical shortcoming of such models, even though a difficult
one to overcome in PDE models since the whole device of inducing a localized core of a
dislocation in all such models up to this point depends crucially on introducing a non-convex

2The conservation of Burgers vector does allow, in principle, an additive plastic strain rate field in the strict form
a gradient of a vector field which can represent such layer-homogeneous transient slip fields, if desired. However, such
plastic strain rate fields at any fixed instant of time cannot arise from the motion of localized dislocation cores.



energy contribution in the slip with vanishing or low-energy preferred states. The total
displacement gradient incurs these states as ‘stress-free’ states, up to kinematic constraints
arising from Dirichlet boundary conditions or compatibility, the latter providing the correct
constraints for predicting dislocation stress fields.

With that as motivation, in the following we provide some speculation on a falsifiable model
w.r.t its capabilities in predicting dislocation behavior in elastic solids which does not have the
conceptual shortcoming described above; another option is described in [24]. For a domain
2 C R3 and [0,T] € R an interval of time, with the basic fields

v:2x[0,T] —R3 material velocity
T:02x1[0,T)— Riyxni stress
U=U®":0x[0,T] —»R>? elastic distortion
a=curlU® : 2 x[0,T] — R dislocation density
V:02x[0,T] — R dislocation velocity
p:2x[0,T] - Ry mass density (specified),

C: RZ’yX,f’l — Rg’;n% elastic moduli

M ‘a :R? — R3 positive semi-definite dislocation mobility tensor

possibly dependent on «,

the governing equations are given by

0
divT =P o (17a)
0 quasi-static force balance
Vv — (curlU) x V = 9, U. (17b)

The stress and dislocation velocity are constitutively specified as
T =CU,
and, with
a—nla) R 5 R

a generally nonconvex function of the dislocation density,

V= M}aX : ((T + curl ?)Z — curl(mAa))Ta> . (18)

Here (X : (AB)); = eijrAjr By, for any 3 x 3 matrices A, B, and x € Ry is a ‘small’ material
constant.

The energy density 7 is intended to induce energetic constraints favoring dislocations of
specific characters particular to a specific crystallography and the magnitude of their Burgers
vector. A simplest illustrative example of 7 is of the form shown in Fig.

The following facts about such a model are worth noting:
e We note that (17b)) implies the conservation of Burgers vector (in space-time) given by

O = —curl(a x V).



Figure 1: Schematic of a simplest energy density contribution due to dislocations. The energy prefers either
no dislocations or dislocation density fields with pointwise magnitude a = ﬁ where b is the magnitude of

the Burgers vector, £/l is the typical dimension of the core parallel to the slip plane, and &+ the typical core
height orthogonal to the slip plane.

e The function 1 and the elastic moduli C are unambiguously physically specifiable. The
term involving k is physically dubious, but a mathematically necessary regularization for
the model; here we mention, however, the nascent possibility of avoiding such mathemat-
ically necessary higher-order regularizations by using solution concepts and techniques
[25] that can possibly extract physically meaningful behavior from what are convention-
ally considered ‘ill-posed’ models, a case study shown in [26].

e The theory guarantees that, defining the stored energy density
1 1 9
P = §U :CU +n(a) + §K|Va] , (19)

non-negative dissipation

/6(2 (((CU)n) .vda—% (/Q %P‘U‘Q—i—w dg:r) >0,

i.e., the power of applied forces minus the rate of change of the kinetic and stored energy
of the body is non-negative, holds for all trajectories (v, U) satisfying . Here, n is the
outward unit normal field on 9f2. While we have chosen the elastic energy contribution
to be quadratic for simplicity, it could very well be nonlinear in the elastic strain.

e While the proposed model is at small deformations, such a model of defect mechanics
lends itself to immediate generalization to finite deformations as in [9] allowing also for
homogeneous dislocation nucleation [27], as well as the inclusion of couple-stresses and
interfacial defects |28§].

e An intriguing question is whether a stored energy density of the form ¢ = (U, sym)+1(a),
with @ a multiple well energy in the (generally incompatible) elastic distortion and 7
a convex regularization, along with (17H18) with 7' = dy,,,,®, can also be a useful
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PDE model as compared to the more complicated dependence on the dislocation density
discussed in in the stored energy along with a simpler dependence on the elastic dis-
tortion. The former (1/} model) has the disadvantage that in the limit of no dislocations,
it leads to an ill-posed dynamical model, at least with classical notions of ill-posedness.
It remains to be seen what regularization to dynamical behavior, if any, is provided
by explicitly allowing for dislocations in the model as described. It also has the some-
what physically unpleasant feature that given a metastable equilibrium configuration of
atoms comprising a body with dislocations (with the atoms indistinguishable from one
another), away from the cores the elastic distortion of a local neighborhood of atoms
would, in the most natural sense, seem to be in the neighborhood of the U = 0 state;
however, to predict the fields of a dislocated state, a (segment of a) layer of atoms would
certainly need to be in an energy well to which Ugy,, = 0 does not belong (a state which
can, nevertheless, be theoretically conceived in a dislocated lattice).
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