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Abstract

We consider a construction proposed in [Ach22] that builds on the notion
of weak solutions for incompressible fluids to provide a scheme that generates
variationally a certain type of dual solutions. If these dual solutions are regular
enough one can use them to recover standard solutions. The scheme provides
a generalisation of a construction of Y. Brenier for the Euler equations. We
rigorously analyze the scheme, extending the work of Y. Brenier for Euler,
and also provide an extension of it to the case of the Navier-Stokes equations.
Furthermore we obtain the inviscid limit of Navier-Stokes to Euler as a I'-limit.

1 Introduction

The aim of this paper is to provide a rigorous study of a certain scheme proposed
by one of us in [Ach22], as applied to the incompressible Euler and Navier-Stokes
equations. The scheme starts from the notion of weak solutions and constructs a
certain type of “dual” functional in such a manner that its critical points, when
regular enough, will provide solutions of the initial equations.
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This approach allows to use variational methods in studying fluids equations, pro-
viding a new, non-standard, perspective on fundamental questions in mathematical
fluid mechanics.

The idea of using variational methods is not new and indeed, there have been a
number of other approaches such as [GM09, OSS18, GM12, Ped12]. The main driving
motivation for obtaining a variational framework for solution has been the hope that
this way one might be able to uncover additional structure of the equations. Indeed,
perhaps the best known setting in which additional structure of the weak solutions of
the equations provided useful information is the celebrated partial regularity work of
Caffarelli, Kohn and Nirenberg [CKN82] where the additional property of generalized
energy inequality turns out to be the crucial element for obtaining partial regularity
of (suitable) weak solutions.

In the calculus of variations it is well known that minimizers(maximizers) of energy
functionals have better properties than just critical points, and thus it seems natural
to explore how a variational structure might help in uncovering additional regularity
of weak solutions. In principle, the functionals do not need to be differentiable, but
still it is possible to infer regularity from the sole minimality assumption. Also, this
allows to define solutions with less regularity than weak solutions.

It will turn out that the scheme we look into extends a construction first proposed
by Y. Brenier in [Brel8] for Euler. As noted in [Brel8], one has a certain type of
hidden convexity of the nonlinearity, and this feature will be fundamental for our
extensions as well.

The organisation of the paper is as follows: in the next section we describe the
formal scheme as applied to Euler and Navier-Stokes, first using a divergence-free
test function formulation and afterwards a formulation with general test functions.
Moreover, we explain how the scheme provides an extension of Brenier’s work on the
Euler equation.

In Section 3 we provide a first rigorous interpretation of the scheme for evolution
problems (for statics, see [SGA24]), allowing to obtain extremizers of a certain energy
functional, which, if regular enough, would provide genuine solutions of Euler. We
show first the existence of solutions and then show that the classical weak solutions
can be regarded as variational dual solutions. In Section 4 we provide an extension of
the work for Euler to the case of the Navier-Stokes system, recovering the existence of
solutions and showing that strong solutions provide variational dual solutions. Finally
in Section 5 we show that the setting we constructed allows us to interpret the inviscid
limit of Navier-Stokes to Euler as a I'-limit.



2 Constructing the dual problem

2.1 The heuristics motivating the dual variational problem
for Euler equations

Next we explain our construction in the setting of the Euler equations and using

formal manipulations. To this end let us consider the incompressible Euler equations

in a periodic domain in space T¢ = R¢/Z? with d = 2 or d = 3. For the fixed time
interval [0, 7 the system, in classical formulation, reads as !:

OV +0;(VVI)+0p=Fon (0,T) xTi=1,...,d
OVi=0 on (0,T)xT?
Vi(z,0)=Vi(z) VoeeT4i=1,...,.d (2.1)
where the unknowns are the velocity field V' = (V4,...,V,) and the pressure p, a

scalar function. Here F' = (F!,..., F4) is a forcing term.
We take test functions A = (A1,...,\g), 7 € C®°(R! x T¢) and such that:

Oi\i(t,z) = 0,¥(t,x) € [0,T] x T \(z,T) = 0,¥x € T¢ (2.2)
Using these we consider an eztended weak formulation functional

A —

T , 1. . 4
SulViA v V] ::/ / <V13t)\i + §VZV7(8J~>\Z- + @-)xj)) dtdz + / i(x,0)Vy(2), dz
0 Jrd T4

T T
+/ / Vit z)0py(t, x) dtd:p+/ / Fi(t, ) \i(t, z) dtdx
0 Jmd 0 JTd

+/OT /TdH<V(t,x),f/(t,x)) dtda (2.3)

which coincides with the usual weak formulation functional but for the last term
defined in terms of the auxiliary function H(V, V), involving the unknown velocity
V and a new function V' that we will refer to as a base state. Both H and V will
be clarified subsequently. For concreteness it can be convenient for now to think in
terms of a quadratic function, the one that we will be using, namely when H is given
by

AV = %aV(Vi _ VAV = 7 (2.4)

Lthroughout the paper we will use the Einstein summation convention of implicit assumed sum-
mation over repeated indices.



for some ay > 0.
We distinguish two different types of variables (leaving aside for now the H and
V) :

e the unknowns of the original problem, namely the velocity (V1,...,V%). We
will refer to these as the primal variables.

e the test functions A, v which we will refer to as the dual variables and we will de-
note them by D := (\,v). We will further denote by D = (A, V., O\, 7, V.7)
the dual variables together with their derivatives.

It will be further convenient to denote:

_ . 1. . . . _

Thus, the extended weak formulation functional Sy can be more simply written
with this notation as:

A —

T
SH[V,)\m;V]:/ £H(V,D,V)(t,x)dtdx+/ (0, 2)Vy(x) do
0 Jrd T

+/0dT /T Fi(t,a)\i(t, o) dtdz (2.6)

We will take the function H to be such that it allows to express the primal variable
V as a function of the dual variables, namely we want to have a function V# := V(D)
such that it solves the equation:

oLy _
S (VD). D,V) =0 (2.7)

For concreteness, in the case of the quadratic .7 considered above in (2.4) the
equation (2.7) becomes:

ay (VP77 = V') + 0y + 0\ + (0,0 + Oi\)VP =0 (2.8)

which we can rewrite as:

[avéi]’ + (8])\1 + 81)\])]‘/]’% = —0;Y — 8,5)\1 + avf/i (29)

Thus, if we denote



Nij(av, B) := avdij + ;A; + O;\; (2.10)

we have:

Vo = (N9 (=07 — O\ + ay V) (2.11)

so V7 is now expressed just in terms of the dual variables .2
We can now define the “dual functional” just by replacing the primal variable V'
by the one defined in terms of the dual variable, namely V¥ (D) specifically

S\, 7 V] :/OT/W Ly(VE(D),D,V)(t,z) dtdx+/ (0, 2)Vy(x) do

Td
T
+ / FU(t, z)\i(t, z) dtdx
o Jrd
(2.12)

What we have achieved so far through this procedure is to create a rather more
complicated functional, namely Sg[-; V] but which however now depends only on the
dual variables and on some parameter function, V' which we will refer to as being the
base state. We will then be able to study this dual functional by means of variational
methods. It turns out that, because of our construction for any base state V we
have that any sufficiently regular critical point D of Sy, will provide, through the
transformation V(D) and thanks to the property (2.7) a solution of the original

equation. Indeed, we have the first variation:

T H [/ H [/
ssuls i Vion o) o= [ [ SOV s g+
0 Td

av op
T H %
. / / OLnVZD) DV irs o [ 57,00, 0)Vi () da
0 Td aD B

n /0 /T F(t2)0N(t, @) dida (2.13)

where 0D = (JA, 07,0V, 00,A,0VA). Let us note that the first integral vanishes
because of our requirement (2.7). Furthermore as Lp is necessarily affine in its

2Tt should be noted that in here we assumed without comment that the matrix NN is invertible
but in the rigorous construction we will need to carefully address this issue.



second variable, D, then the second integral provides the weak formulation of the
system (2.1) with V replaced by V# (D).
Indeed, in the case of using the quadratic auxiliary functional .7, we have:

0L (V7 (D),D,V)
oD

and correspondingly:

0D = Vi 0,0y + Vi 0,00 + VIEVI 96\, (2.14)

T
0S[A, 1 V](OA, 87) - / / [0V (D, V) + 0; (V7 (D, V)VI(D, V)] 6\; dudt
0 Td

T
/ OV (D, V)aydadt + | X(0,2) (Vi — V¥ (D, V)) da
0 Td

Td
+/ /Fi(t,q:)é)\i(t,a:)dtdx. (2.15)
0 Td

It is also worth noting from (2.11) and the considerations immediately above that
for V a weak solution to the Euler equations, V* = V for D = 0, and therefore D = 0
is a critical point of Sy. This is a consistency check showing that each weak solution
of Euler can be recovered by mapping, via (2.11), a critical point of at least one dual
functional designed by our scheme. These ideas have been used in [KA23, KA24]
to compute approximate solutions to a variety of relatively simpler problems as a
preliminary test of the feasibility of the scheme.

2.2 Connection to Brenier’s construction

We show now how the previously considered construction extends the ideas of Y.
Brenier in his work [Brel8]. We consider the quadratic function H, as defined in
(2.4) and denote E; = 0;v + 0\; and B;j = %(@Aj + 0;A;). We note that we can
write the term involving the initial data in terms of these variables as:

T T
/ Nz, 0)Vi(a), d = — / Ohi(s, )V () dsda — — / / EVi dtde (2.16)
Td 0 Td 0 Td

where for the first equality we used the fundamental theorem of calculus in the time
variable and the fact that A(z,7") = 0 while for the second equality we used that
V-VY=0.

In order to connect with the case studied by Brenier, let us consider V = F =0
and set ay = 1. Then functional (2.6) reduces to
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oN:) / / [ g E 4 1((N ) (N~ l)ijm)(Nij—aij)} dtdz

+ A (—(N"HYE,0) //EVOdtdm
(2.17)
1

§(N—1)“El(J\f—l)ﬁE]} dtdz

1 ‘ ,
/ / |: lelE + Q(N—l)lel(N—l)ijmNij _
+ A (—(N"HE;,0) / / E;Vy dtdax

T 1 . .
— / / [——(5li+ZBli)‘1ElEi— —(N‘l)“El(N‘l)m’Em) dtdx
o Jal 2 2

T
+%”(—(N1)“EZ,O)—/ /Ei\/oidtdx
0 Q

1 T T '
2 0 Q 0 Q

which is exactly the functional appearing in equation (2.11) in Theorem 2.2 in the
paper [Brel8] of Y. Brenier.

2.3 Heuristic construction of the dual problem for the Navier-
Stokes equations

We write the incompressible Navier-Stokes system in first order form as follows:

OV +0;(VVI) +0p=0;(W?)+F" on (0,T)xT%i=1,....,d  (2.19a)
g(ajvi FOVI) =Wi  on (0,T)xTi,j=1,...,d (2.19b)
oVi=0 on (0,T)xT¢ (2.19¢)

Vi(r,0)=Vi(z) z€Ti=1,...,d (2.19d)



and corresponding to this we consider the extended weak functional
. o T , , 1. . g
S[‘/, I/V, Y, )\, X V, W] Z:/O /Ed (Vz@'y + Vlat)\i + éVZV](OJ& + 8l)\]) - W”Oj)\Z) dtdz
T . ..
"—/ / (Vvlajxij + WUXU) dtdr+
o Jrd

+/OT/TdFi(t,x))\i(t,x)dtd:v+/ Xi(z,0)Vi(x), da

Td
+/T Tdsa(v, WiV, W))dtdx (2.20)
0
where for simplicity we will limit ourselves to a quadratic auxiliary function
AV, WV, W) = %aV|V—V\2+%aW|W—W]2. (2.21)
Analogously to the Euler case it will be convenient to consider the integrand:
Ls(V,W,D;V, W) :=VO\ + %Vivj (O + O\;) + V'idy

+ uVianij + Winij — W”a])\l
+H(V,W;V, W) (2.22)
where we will denote this time D = (X, VA, A\, v, Vv, X, Vex) the new dual vari-

ables together with their derivatives.
We have that the equation (2.7) becomes in this case:

oL : o
a—v:? = 8,5)\1 + 8{}/ + V@lxil + (OZA] + 6])\2)1/] + Clv(vj — V]) =0

oL 1 B

and thus we have:
VL= (N )E, — )
.. _ .. 1
va’yJ =WY + _(Bl] — XU) (224)
aw

where, similarly as before, we denoted:

1 2
Bij = 5(81)\] + (‘)J)\Z), Nij(av) = CL\/[(SZ‘]‘ + ;Bl]] (225)

8



and furthermore
Ei = @)\z + &7 + z/c“)lxz-l
Thus, with these notations, the dual functional becomes:
— — T p— p—
Ss[A v x;s V, W] = / Ly (V(D),W?(D),D,V,W)(t,x) dtdx
0o Jrd

+/Td (0, 2)Vy (z) dx+/0T/Td Fi(t,x)\(t, z) dtdz — (2.26)

T
, 1. .y :
:/ / V'E; + ;V'V?(2B;; + avdy;) + a—vvz(vl —2V') didu
o Jrd 2 2
+ / / — WYWY +W*¥(xi; — By) didz
0 Td 2
n / / OW i (Jrid — oW dtda
o Jra 2
T , .
— / / Vo (2)E;(t, x) + v0,Vy xq dtdx
0o Jrd

+ /OT /w Fi(t, z)\i(t, ) dtdx (2.27)

where the penultimate integral, involving the initial data, is obtained by similar
arguments as in (2.16) in the previous section.

2.4 Dual functional with pressure as an independent field
(and quadratic auxiliary potential)
For dual variables (), x,7), A : T?x (0, T) — R¢ (not necessarily solenoidal /incompress-

ible), x : T% x (0,T) — R&xd ~ : T¢ x (0,T) — R consider the extended weak form
for (2.19) given by



T
SV, W,p, A x, 7 V, W, pl = / / Vidyy + Vio + VIVI9, N, dtda
0 Td
+ / / vV'0ixi; + W"xi; — W90, \; dtdx
0 Td
+ / / po' N + N Fdtde + | Vy(z,0)\(z,0) dz
0 Td Td

1" . .
—|—§/ / ay|V—=V|> +aw|W — W|* + a,(p — p)* dtdzx
0 Jrd

Then
. T
Shp = (V' =V + V) (8ry + vd;ixij + ON;) ditda
0 Td
/ (WY = W)+ WY)y,; dtdx
0 '[[‘d
+/ / — VYN (VI = V) + (VIVI 4 VIV — VIV O\, dtdx
0 Td

T
—/ / ((W”’—Wij)+Wij)aindtdx+/ / ((p— D)+ p)I'N; dtdx
0 Td 0 Td

e . .
—/ / ay|V = V> +aw|W — W|* + a,(p — p)* dtdx
Td

/VO(I O)A(dex—l—/ //\Fldtdx
Td Td

Noting that

(VIVI 4 VIV = VIV, A = VI(VE = VDN + VIVIN + VIV — V)N
(2.28)

and defining, for D := (XA, VA, O\, 7, Vv, X, VaX),
Pi(D; V) := 0yy + vdxij + O\i + 2V B;;(D);
Bi;(D) = 5(@/\2- +0:%;);  Qi(D):=Bij(D) — xij; (D) =N\
we have:

R ; 1 A
Sal / /11‘«1 Vl P+ (Vl _ Vl)Bz'j(VJ _ VJ) + 2aV(V1 _ Vz)(;”(‘/ VJ) dtdz

10



T
+/ /\_/’ -—2VJBZ])+V’V]8)\ dtdx—/ /)\»Fidtdx
Td
OT
o], L
0

1 T )
+ / / (p—p)r+ §ap(p —p)*dtdx + / / prdtdxr + / Vi (z,0)\;(z,0) da.
0 JTd 0o JTd Td
(2.29)

T
w (W9 =W (W5 — W) — (WY = WY)Qy; dtdx — / W4 Q;; dtdx
0 T4

l\DI»—t

d

=

Let the integrand of S’]H,p be denoted as Ly ,. Then the dual-to-primal mapping is
obtained from the equations

0Ly, 2 e _
Wf ay (51-]- + EBU (D)) (VIR —V7) = —P(D;V)
0Ly, I

GWJ aw (WP —WY) = Q;(D)

OLxr,

o :a, (" —p) = —r(D).

Defining

2
Nij(P) = dij + —By(D),
\%4

the dual functional, Sy [, x, 7], is obtained by substituting (V, W, p) by (VE, WH, pH)
in S]H,p. Thus,

Sep X X, 7V, W, p] =

c\%
—
/_\‘—‘
L
+
DN | —
N———
Q
=
<
=
9
S
S
Z
S
<
=
>,
=
<
=
QU
)

- 5/ [ DT DIP D7) + - Qu(D)Qy(D) + - 1*(D) dade

Td Ay aw Qp

11



T
+ / / VIP(D;V) — V'VIBy(D) — W9Q,;(D) + pr(D) dtdx
Td
+/ V(f(x,O)/\i(:p,O)dx—/ /)\iF’dtdx.
Td o JTd

It can be shown that the dual system of equations, corresponding to the primal
system (2.19) and a ‘shifted’ quadratic for the auxiliary function:

H(V,W,p;V,W,p) = <GV|V —V*+aw|W = W|* + a,(p —15)2)

DN | —

including the pressure field, is locally degenerate elliptic in space-time (about an
appropriate base state). The system (2.19) may be posed in the form

> 0u(Fra(U) + Gr(Ux) =0, T=1,...,N% a=0,....d (230

where N* =d+d*>+ 1,z = (t,x1,...,14), U= (V,W,p) and

Fro = Vr; Fra = VoV + pora — Wra; Gr = —Fr;
for I'=1,...,d; a=1,...,d.

1
Fro=0;  Fre=5Vi  Fri=g5Vi  Fre=0 fors#isAk Gr=-Wy;

for i=1,...,d; k=1,...,d; Fi=d+ (k—1)d+1.
Fro = 0; Jra = Vo; Gr=0
for T=d+d*+1; a=0,...,d

This representation puts it in the form examined in [Ach23, Sec. 3] to assess the
ellipticity of the dual E-L equations corresponding to a primal system of the form
(2.30). Following that analysis, the dual PDE system corresponding to (2.19), with
the dual field D comprising N* components, can be shown to be locally degenerate
elliptic about the dual state D = 0.

3 Variational Dual Solutions for Euler

In order to make rigorous the previous heuristical constructions, let us begin by noting
that one of the main benefits of working with a variational formulation is related to
the possibility of obtaining solutions as extremal points. In calculus of variations
these typically are minimizers but it will turn out that thanks to the structure of

12



the problem we consider it is convenient to work in fact with both minimizers and
maximizers.

The first natural thing to attempt is to solve the problem defining the relation-
ship between original and the dual problem, namely (2.7). We will do this as a
minimisation problem, namely we will look into

T . 1. .
infv/o /Td (V’&)\z + §V’V” (8]/\1 + (91)\3)) dtdz + /]rd )\Z(I‘, 0)‘/01(27), dx

T T
—|—/ / Vit z)0py(t, 7) dtdm—l—/ / Fi(t,z)\(t, r) dtdax
0 JTd 0 JTd

+/OT Ad%(V(t,x),V(t,x)) dtdx (3.1)

where .77 is the quadratic function defined in (2.4).

It is clear that the integrals will play no role here and in fact the minimisation is
pointwise and the minimising V*¢ will satisfy pointwise the equation (2.8). We will
then aim to solve the dual problem, by finding an extremal point of the dual energy
functional (in which V' appears as a function of A,v). It turns out that in fact the
natural structure of the problem, of a concave functional type, requires to look into
a maximimisation problem in the dual variable.

Thus we are lead, by building on the ideas from [Brel8], to considering the fol-
lowing sup-inf problem:

T
| . _
sup 1nf/ / Vv (8J)\l + 81)\3 + avéij> + 1% (8t)\z + 817 — av‘/;) dtdz+
om vV Jo Jra2

T 1 . ‘
+ / / §aVV”(t,az)V2(t, x)+ T)\i(x, 0)Vy(x) + F'(t, x) \i(t, x) dtdz (3.2)
0 Jrd

Let us first observe that in order to have that the infimum in V exists, we need
to have pointwise the following positive semidefinitness restriction on the matrix
avld + 2B, where Bz’j = %(@& + (93)\1)

ayld+2B >0 (3.3)
which implies in particular, denoting by f;,;i = 1,...,d the eigenvalues of B, that

0<ay+2f;

Using this positivity together with the fact that ijl fi =0 (duetodivA =trB =0)
gives us

13



d
ay +2f; < Z(av +2f;) = day
=1

hence
ay -1 .
—7§f1< aV,VZzl,...,d (34)
which implies in particular
: (d-1)
VA <\ SO S VIS P ay Vi =1, d (3.5)
j=1

where we denote V™)X := £(VA + (VA)T) and in here |A] = ,/szzl aj; denotes
the Frobenius norm of the symmetric matrix A = (a;;); j=1,..4-

Thus, it is natural to require that V¥ \ € L>(0,T; L>)(T%)). Furthermore, in
order to make sense of the term fOT Jpa ViOu; for Ve L*(0,T; L*(T?)) we need to

assume O;\ € L2(0,T; L*(T?)). Similarly because of the term fOT Jpa ViOiy dtdz one
needs to take Vy € L*(0, T, L*(T?)).
Thus it will be convenient to work with functions in the space:

B = {(\7); VYN € LF(L™),\ € Hp(H"); div\ = 0;
MT,) =0, ae.x € TY, Vy € L3(L?)} (3.6)

Then we have the following analogue of Brenier’s Theorem 2.2 namely:

THEOREM 3.1. Let Vy € QQ(Td,Rd) be a divergence-free vector field of zero spatial
mean. Furthermore let F,V € L2(L*(T%)). Then the sup-inf problem

T 1 ..
JIelV](Vy) = sup inf / / “V'VI(O;Mi + O\ + avdyj) dtdx
Ay)er V 0o Jra 2
T - —
+ / / V' (ONi + Oy — ayV;) dtda+
0 Jrd
Tr1 . 1 .
+/ / —ay(V'Vi+ F'N)(t, ) + =Ni(z,0)Vy (x) dtdx (3.7)
0 ']Td 2 T

always admits a solution (\,v) € Z where % is defined in (3.6).

14



Proof. We will follow closely the ideas of the proof of Theorem 2.2 in [Brel8|, essen-
tially adapting it in terms of the variables A, v that allow to treat the presence of the
forcing term and also taking into account the presence of the base state V. Let us
denote

1
with E; similar as in [Brel8].

Then the fact that (\,7) € Z implies E € L2(L?) and B € L¥(L>).
Out of the discussion before the theorem we have:

—CLv]Id S 2B S av(d — 1)]Id, (39)

which provides an apriori L bound for B (since B is valued in the set of symmetric
matrices).

Furthermore we note that we can rewrite a bit the term involving the initial
data Vj (noting that we have for a.e. x € T that A\(0,z) = — fOT O A(s, x)dz since
MNT,z)=0):

T
/ Vi (2)Ni(0, z) do = —/ V() 0: (s, ) dsdx
Td 0

']Td
T
__ / / V() Byt z) dida
0 Td

(where for the last equality we used that 9;Vj = 0).
Moreover, we can deduce an L? bound on A. Indeed, using that A(7,-) = 0 we
have out of the definition of E:

)\Z(SC,t) = — /tT (Ez + 81(—A)’1(V : E)) ds

hence

I 00y = Z L] (E +0(-2)7 (V- E))ds\%ztdx
< i/w /OT m(/f |E; + 0i(=A) (V- E)|2ds> dtdx

(3.10)

15



/T/ ST g(/tT’EiJrai(_A)1(V-E)!2ds>dtdx

:Z/ / g(T%—(T—t)%)\EiJr@i(—A)‘l(V-E)|2dtda:
—; J1d Jo
< C(DIEI72 (122 (3.11)

We also get, after minimization in V:

IelV](Vy) = sup (—M[E B] + / / —ayVV'+ F'\; — VJE; dtdx
Td 2

(A7)eRr

/ / ayV -N(ay,B)™" - E+ayE-N(ay,B)™' - Vdtdx
Td

— —/ / ayV - N(ay,B)™ " ayV dtdx) (3.12)
2 0 ’H‘d

where

1 T
= —/ / E-N(ay,B)™" - Edtdx (3.13)
2 0 Td

with N(ay, B) := ayld + 2B. )
This immediately implies #Zg[V](Vo) > 0 (just by taking A = v = 0, hence
E=B=0)

Now, similarly as in [Brel8] we note that we have, pointwise in (¢, x):

E- (av]:[d + 23)71 S sup QEZZZ - (avéij + QBZJ)MZ]
M.,Z

where M and Z are respectively d x d symmetric matrices and vectors in R¢ subject
to
ZQ7Z <M, (3.14)

in the sense of symmetric matrices. This allows us to give an alternative definition of
M, namely

e . g
M[E,B] = sup S / / 2E, 7" — (ay;; + 2By ) MY € [—00,0], (3.15)
Q

M>Z&Z

where the supremum is performed over all pairs (Z, M) of continuous functions on
[0, 7] x T?, respectively valued in R? and in the set of symmetric matrices M. Notice
that definition (3.15) makes sense already as (F, B) belong to L? x L*>°. Thus M is
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a lower semi-continuous function of (E, B) valued in [0,400]. Next, because of the
lower bound N (ay, B)™' = (ayld + 2B)™! > (day)™!, we get an L? a priori bound
for . Indeed, by definition (3.13) of M, we have:

1
Qdav

T
/ |E —ay V[ < M[E —ayV, B. (3.16)
0 Td

So, for any e—maximizer (E, B) € L? x L™ of (3.12), we get
_ _ Tr1r T ,
0< ZelVIWh) <e = M[E —ayV,B] + / / §aVVZV; dtdx + / / (F*\)(t, x) dtdx
0 Jrd 0 Jrd

T . 1 T _ _
- / / Vo B dtde < e — / / 2|E — ay'V|* + 4day Vy - (E — ay'V)
0 Jrd dday Jo Jra

2

T
av 2 ¥ 0 2 A
—\V* —ayV -V +2C(T)day F ——did
+/0 /1r y VI —av 20D dav B+ g dide

T T
<e-— / |E — ayV|* dtds + / / WP = ayV - VO + 20(T)day F? dtdx
4dCLV 0 Td 0 Td 2
g 02 1 g (7|2 2 11/12
+ day|V°|* dtdx + |E — avV|" + ai |V|* dtdx (3.17)
0 Td SdGV 0 Td

(where C(T) is the constant from (3.10))
which provides the a priori bound :
_ 1 _
1B — ay V2 o) < Sday (e + (d+ Hav[Voll) + (0% + 84| Vlliz ey (319

+16C(T)d*ay || F?|| 72 12

hence

VB2 ey < 20 E — ay VI 1a) + 205V (3.20)
1 _
< 16day (= + (d+ S)av|Voll2e) + 20205 +8dad) [Vl gy (3:21)

+32C(T)ap || F2||72 (12

We also deduce, out of (3.17), by passing e — 0 and dropping the negative terms
in the last term on the right hand side

T
0< FelV1(0) < (g5 + NV lgaaytdav Vot [ [ aVvos2e(T)da 7 dido
0 Td
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By definition (3.13), M is lower semi-continuous with respect to the weak-* topol-
ogy of L? x L*°, while

T
1 _ ) . _
()‘7 7) - / / §CLVV’VE + F'A\ — VQZ(El + aVV;) dtdx
0 Td

are continuous (since Vp, F, V are given in L?) Thus, we conclude that the maximiza-
tion problem (3.12) always has at least an optimal solution with (F, B) € L? x L™
(since its e—maximizers stay confined in a fixed ball (and therefore a weak-* compact
subset) of L? x L™, as € goes to zero). We note that (E, B) € L* X L™ < (\,y) € Z
hence the solution is well-defined in terms of our original variables A, ~.

O

REMARK 3.2. We will refer to a pair (7, \) € R, solution of the sup-inf problem (3.7)
obtained in the previous Theorem, as being a variational dual solution of Fuler.
A similar construct for nonlinear elastostatics is obtained in [SGA2/).

REMARK 3.3. We would like to emphasize that the base state V needs only to be in
L2(L2(T9)) and in particular it need not be divergence free.

REMARK 3.4. One issue that remains unclear is what is the relationship of the vari-
ational dual solutions with the weak solutions of Euler. We will see below that weak
solutions define variational dual solutions, for a suitable base state. However it is not
clear if the reciprocal also holds.

Indeed, if (\*,v*) € R provide a variational dual solution, then formally, according
to the scheme in Section 2.1, we have that V" := (N~1)4(ay) ™" (=0;7 — O \j + ay V)
is a weak solution. However out of (\*,v*) € R we only know that 0,y + O \; — ay'V;
is in L%(L?) but we do not know if N(ay, B)™! is bounded in L> (nor in any L? for
that matter). Obtaining such an upper bound on N(ay, B)™' seems to be necessary
in order to understand in what space lie the solution of Euler obtained out of the
variational dual solutions.

REMARK 3.5. Following Brenier, we could have attempted to do the theorem in terms
of the variables E, B which are natural for this setting, in which case these would
belong EBs o a subspace of L? x L™ functions such that

1
Oy B;; = §(ajEi + O,E;) — 0:0;A710'E, (3.23)
holds in a weak sense, see [Brel8] for details. However, this would have worked only

if the forcing term F were zero, since this generates a term in the dual formulation
that cannot be expressed in terms of £ and B.

Let us now prove the consistency of our construction.
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THEOREM 3.6. Let V € L2(L*(T%)) be a weak solution of the Euler with initial data
VO € L*(TY) with V- V° = 0. Then the sup-inf problem (3.7) with base state V.=V
has (A,v) = (0,0) as a solution, hence it is a variational dual solution to which
V% =V corresponds as a solution of Euler-.

Proof. Let us denote

Ze[V,V](\, v / /’JI‘d (V’@t/\ + VZV]((? i + O\ )) dtdm—i—/ Ni(x,0)Vy (), dx
/ / Vit z)0y(t, z) dtda:~|—/ / —|Vtx — V(t,z)]* dtdzx

Td T4
(3.24)

with (A, ) € R and, furthermore define:

Zp[V](Ve) :=inf sup Zg[V,V](\,7) (3.25)
Vi (dmen

Similarly as in the work of Brenier [Brel8] we note that since inf sup > sup inf we
have:

Ze[VI(Vo) = ZelVI(Vo) (3.26)

On the other hand, out of the definition of Zg[V](V;) we have:

Tp[V](Vo) < sup Z[V,V](A,7) =0 (3.27)

(A7)ER

where the last equality holds because of our assumption that V is a weak solution of
Euler.
Out of the last two inequalities we have that:

0> ZolV)(V) (3.28)
On the other hand, taking (\,v) = (0,0) we have:
~ T ay ~
IelV](Vo) > igf/ / 7|V — V|*dtdx > 0 (3.29)
Td
Thus the last two relations show that the value #z[V](Vg) = 0 is attained for

(A7) =0and V =V.
[
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REMARK 3.7. It should be noted that we are able to show that any weak solution
of Euler is obtained from a variational dual solution of Euler. This is in contrast
to [Brel8], Thm. 2.3, where the consistency of the mazimization scheme is shown
only for strong solutions of Fuler, local in time, and for which certain quantitative
assumptions are satisfied.

4 Variational Dual Solutions for Navier-Stokes

We proceed analogously to the case of Euler and aim to obtain solutions through an
sup-inf problem, that now becomes:

T . . 1. g
sup inf / / (Vlﬁf}/ + V’(‘?t)\i + §V7JVJ (@x\z + GZAJ) — W”é)j)\i) dtdx
0 Td

() VW
+/0 /Ed (V‘/’ﬁjxij + WZJXij) dtdx+

+/0T/1Idpi(t,x))\i(t,x)dtdx+/ Xi(z,0)Vi(z), d

Td

T
+/ AV, W; V., W)) dtdz (4.1)
0 Td

Similarly as in the case of Euler, we observe that in order to have the infimum
in V exists, we need to have pointwise ayld + 2B > 0 ( where the matrix B;; :=
$(9;\;+0;A;)) which will lead, with the same arguments as in Section 3 to the bound

—av]ld S 2B S av(d - 1)]Id, (42)

which provides an apriori L bound for B (since B is valued in the set of symmetric
matrices).
This time we will need the variable:

Ei = 8t)\l + 81'7 + V(?lxil

Similarly to the case of Euler, the variables [E and B will be the natural variables in
which to obtain existence of the sup-inf problem. However, unlike in the case of Euler,
we will no longer be able to obtain separate regularity of A,~ out of the regularity of
E and B, because of the presence of the term 0;x; for which the sup-inf problem will
only provide H~! regularity. Thus we have to adopt a functional framework similar
to the one used by Brenier for Euler in [Brel8]. Also, because of this issue, we will
need to take F' = 0.
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Note that we have the identities:

1
8tBij = 5(831& + &E]) — 87;83»7 — g(ajami + &-&XU) (43)
and
hence

which provides a compatibility relationship between the new unknowns E, B, x namely:

1
0y B;j = 5(83‘151' + O.E;) — 0;0; A" (O — vOOxu) — g(ajalei +0;0x1;)  (4.6)

Let EBVY _, be the class of all L? x L* x L* fields (E, B, x) on [0,T] x Q with
E valued in R? and B and y taking values into the set of symmetric d x d matrices
satisfying weakly the constraint (4.6) with B(T,-) = 0.

We then have the following analogue of Brenier’s Theorem 2.2 namely:

THEOREM 4.1. Let Vo € L*(Q,RY) be a divergence-free vector field of zero spatial
mean with VVy € L?(Q,R™4). Then the sup-inf problem

T
_ . 1 .. .
IyslV, W)= sup  inf / / VI 4+ SVIVI2By + avdy)

(EBx)eEBYY VW

/ / VUV =2V dtdx
Td
+ / / WWIWS £ W (xi; — By) dtde
0 Td 2
T CLW — . .. — .. ..
+ / / — WIWY = awWHWY dtdz
Td
T ‘ .
- / / Vo (@) (Ei(t, 2) —v9 Vo xa) didx (4.7)
0 Td

admits a solution (E, B, x) € BV ,. In addition B belongs to C'/*([0,T], C*(D),,,).
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Proof. Minimization in V' and W provides

T
InslV. W](Vy) = sup —~MIE, B, ] —/ / ViE; + vV dtdx
0 Td

(E,B.x)€EBYY . ,
e ¥ —1 -1 ¥
+§ ayV -N(ay,B)" -E+E-N(ay,B)" " -ayV dtdx
0o Jrd
1T _ _
— —/ / ayV - N(ay,B)™" - ayV dtdx
2 0 Td
T CLV_,_. aW_.,_.,
+ / / — V'V 4+ —WYWY dtdx (4.8)
0 Td 2 2

where

T
- 1 _ _
M[E, B,X]: = M[E,B] +/ / _(Xij - Bij - aWW Zj)(Xij - Bij - aWW Z]) dtdx
0 Jra 2aw

(4.9)
with
1 T
ME, B] = 5/ / E- N(ay, B)"' - Edtdz (4.10)
0 Td
and
N((Iv,B) = Clv]Id+QB (411)

This immediately implies _Zng[V, W](Vy) > 0 (just by taking E = B = x = 0).
We note that we can write, point-wise in (¢, x),

E-(Ig+2B)"" -E=sup 2E,Z° — (8 + 2By;) M
M,Z

where M and Z are respectively d x d symmetric matrices and vectors in R? subject
to
7274 < M, (4.12)

in the sense of symmetric matrices. This allows us to give an alternative definition of
M, namely

MIE, B] = sup !

T
M>zez 2.Jo Jrd

where the supremum is performed over all pairs (Z, M) of continuous functions on
[0, 7] x D, respectively valued in R? and in the set of symmetric matrices M. Notice
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that definition (4.10) makes sense as (E, B) belong to L? x L*. Moreover, M is
a lower semi-continuous function of (E, B) valued in [0, +00]. Next, because of the

lower bound (4.2), we get an L? apriori bound for E — ay V. Indeed, by definition
(4.13) of M, we have:

T
E—ayV?<ME-a,V,B
Md/ﬂ [ - VP < ME-a/7.5)

e .
ZM[E,B]—§/0 /Tdavv'N(aV,B)_l-Edtdx

I .
- —/ / ayE - N(ay, B)™' -V dtdx
2 0 Td
17 _ R
+ - ayV - N(ay,B)™ " -ayV dtdx
2 0 Td

So, for any e—maximizer (E, B, x) € EBYY _, of (4.8), we get (where || - || denotes
the L2.(L?) norm, for simplicity)
0 S /Ns[V,W](%) SS—M[E—CZ\/V, B] —/ / %E Vaj‘/OZindtdx,
o Jrd

— 5l = B = aw W + SV + W
ol = B = WP + VP + )

1 T _
<e— 2|E — 244 ‘E
<e 4dav/ /Td( | ayV|* +4dayVy - E)

a
——Hx B — aw W% + VI + WP + / / VO, Vixy dtd,

IE(*

o 1 2 _Q_HEHQ_ 2 177112 d @2
© = Tday \ 2IEI +2|| —2ay V|| 5~ bavlVI +[l4dav Vo + ] 1

— 16d%ay|[Vy ||2>

1 i X z XY av oy, aw
= 5— (I + 1208 + aw W) = S |2 = 8B+ aw W|[* = 2 ) + V|12 + S5 w2

2(ZW
— ||V\/ 2aWVVE) +

4

1 2
HQ + QCLWVZHVVOHZ 4+ = HXH

X
2\/2aw 2 4

<o —— (2B —6at7 ) - 16 Vil | — s (X — 35 4 an 2)
- 4dav 4 2CLW 2

+ 2ay 22| VV I + SV + W2 (4.14)
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which provides the a priori bound, for every e—maximizer (E, B, x) € EBYY _,
of (4.8), namely:

SIE2 2 6av|T)? , 3 . 2
<e+ N 4 Adav ||V — |IB %74 2 V02
L DL e B st 12 + 5 1B + o WP + 29V
a‘/ 112 aW = 2
— ||V —||W
F IR+
av(3+d) - Ta - 3
<o+ WBTD pe Tz g V2 + 202 [VVO 4 —— | B
2d 2 Qaw
av(34+d) - Ta -
<o+ CLD gy T dday VIR + 22 VO
3 2
W (4~ 1)2d|T|T (4.15)
aw

where for the last inequality we used the estimate (4.2).

Out of relation (4.14) we get, by dropping the negative terms on the right hand
side of the last inequality and letting ¢ — 0:

_ 1 _ 3 =
sV WI(V0) < o (6a‘é|\vu? - 16d2a2v||vo||2> + 518 + ay W

ayv , — a -
+ 20w [TV + SV + S

ay(3+d), - Taw =
<VEED ey T 2 4 aday VO + 2OV
3a? 9
+ 2 (g 1)2qTT (4.16)
4CLW

We notice that the upper bound is expressed in terms of the base states and the initial
datum.

By definition (4.13), (E + V,B) — MIE + V, B] is lower semi-continuous with
respect to the weak-* topology of L> x L? x L* and the quadratic term in y, B in
M is also lower semi-continuous with respect to the weak topology in L2. Also

T
]E—>/ /VO-]E,
o Ja
T .
X—>/ /Vajv(fxijdx
o Ja
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are continuous (since Vp, VVj is given in L?) and EBYY  , is weak-* closed in L? x
L> x L%, Thus, we conclude that the maximization problem (4.8) always has at least
an optimal solution (E, B, x) in class EBVY _ ,, since its e—maximizers stay confined
in a fixed ball (and therefore a weak-* compact subset) of L? x L x L?, as € goes to
Z€ro.

As for the regularity of B, we can argue similarly as in [Brel8|. Indeed, we can
write the righ-hand side of equation (4.6) as a sum of a first-order operator in E and
a reminder:

0yB;j = (LE);; + VaiajA_l(ﬁlalek) (0;01x1i + 0:01x15) (4.17)

v
2

where
1

Then, for any smooth function 1 on T¢ valued on symmetric d x d matrices, we
have

/Td(Bz'j(b‘la ) = Bij(to, )7 < Vt1 — o ||E| r2o.ryx o) | L% || oo () + | D9 oo 0y || VX 22
(4.19)

where the operator L* is defined as (L*)f)" = 0,4 — 0% (—=A) 19,0, .
Finally, using the estimate (4.15), we can bound from above with terms depending
on the base states and the initial datum. O

REMARK 4.2. Let us note that with the current argument we are unable to specifiy
the functional space in which the V4 W™ are. If one would be able to provide an
L bound of N(ay,B)™! then we would have that the V¢, W are in L2(L?).

Similarly as for Euler, we can also prove the consistency of our construction for
Navier-Stokes, namely:

THEOREM 4.3. Let V € L3(HY(T%) be a strong solution of the Navier-Stokes with
initial data VO € HY(TY) with V - V° = 0.Then W% := %(0,V? + 9,V7) belongs to
L2(L*(T%) and Then the sup-inf problem (4.7) with base state (V,W) = (V,W)
has (A, 7, x) = (0,0,0) as a solution, hence it is a variational dual solution to which
(V9 W9) = (V, W) corresponds as a solution of Navier-Stokes.

Proof. Let us denote
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\-<E
=

T
sV, W; V. W)(E, B, x) := / Vi + GV (2B, + aviy)

//“—Vw Vi oV dtda
Td

0 Td 2
T AW =i o= ..
+ / / 5 WH(WY —2W) dida
Td

/ / V() (Eq(t, x) + vO,Vyixa) dtdx (4.20)
Td

with (E, B, x) € EBV;  , and, furthermore define:

Ins[V,W](Vp) := inf sup  ZIys[V,W;V,W]|(E, B, x) (4.21)
W(E,Bx)ecBYy .,

Similarly as in the work of Brenier [Brel8] we note that since inf sup > sup inf we
have:

Tns[V, WI(Vo) = nsV, W](Vh) (4.22)

On the other hand, out of the definition of Zyg[V, W](V;) we have:

INS[V7 W](%) S sup fNS[Vv W? ‘77 W] (E7 B> X) =0 (423)
(E,Bx)EBYY

where the last equality holds because of our assumption that V is a weak solution of
Navier-Stokes and W = £(9;V' + 9;V7).
Out of the last two inequalities we have that:

0> FuslV,W](Vo) (424)

On the other hand, taking (E, B, x) = (0,0,0) we have:

~ . T ay ~ aw =
InslV, W(Vy) > igf/ / TV =VE+ W - Widtdz 20 (4.25)
Td
Thus the last two relations show that the value _Z, NS[V W](Vo) = 0 is attained
for (E, B,x) = (0,0,0) and V' = Vi, Wi = Wi = £(9,V + 9,V/7).

[
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5 The inviscid limit of Navier-Stokes to Euler as
a ['-convergence

In this section we will show that using the framework of variational dual solutions
as defined before we can obtain the convergence of solutions for Navier-Stokes to
solutions of Euler, when v — 0.

To this end we will show the I' convergence of a sequence of functionals intimately
involved in studying the mentioned limit. Thus let us consider the functionals (for
v>0):

T
Ls(E, B, x) :=M[E — (ay + v*)V, N(ay + v*)] —{—/ / VoE; + vo,Vixa dtdx
0 Jrd

T
1 .
+/ / Y XU zy - aWWZ )(XU - Bz‘j - awWU) dtdx
0 Td
T
- / " 0 R drda (5.1)
0 Td 2

where we denoted
/ / ”E dtdx (5.2)
']Td

E;, Bij, Nij(a) := adi; + 2By 4,5 =1,....,d

g9

with

as previously defined in the Section 4 on Navier-Stokes.
We also take the exponent a to be such that

1
< =
[d/2] + 4
For any v > 0 we denote as before EBUY __ , be the class of all L* x L> x L* fields
(E, B, x) on [0, T] x Q with E valued in R? and B and x taking values into the set of

symmetric d X d matrices satisfying weakly the constraint (4.6) with B(T,-) = 0.
We consider the metric space

(5.3)

endowed with the metric induced by the ambient space L? x L* x L? namely
d((E1, Br, x1); (E2, B2, X2)) = [|[E1 — Eal[ 12 (12) + | B1 — Ballge (<)) + X1 — Xallz2.(22)-
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For v > 0 we define:

A]VVS<E7B7X) fOI' (]E B X)EgB\IJQOOQ

5.4
NS for (E, B, x) € 55\1’2,00,2 \EBYY &4

A5 o (E, B, x) = {

Let us note that for v = 0 we can naturally identify EBVY _ , with EBy o X L7.(L?).
as x is no longer constrained through relation (4.6) if v = 0.
Moreover, if we denote:

Ap(E,B) :=ME — ayV, N(ay, B / / VJE, dtdx
Td
/ / Wyipi 4 WW”’W”‘ dtdz (5.5)
Td

we see that the minimizers of this provide precisely the variational dual solutions of
the Euler problem with initial data V; (as the additive constant — fOT de ‘LTWI/T/ZV_VZ dtdx
does not affect the minimisation).

Furthermore, we have that for any (E, B, x) € EBV) _, we have:

As(E, B, x) > Ap(E, B) (5.6)

so the minimizers of A% ¢ are provided by minimizers (E*, B*) of Ap and x* :=
B * + aWW.
We then have the following:

PROPOSITION 5.1. Let Vi € L2(2,R?) be a divergence-free vector field of zero spatial
mean with VVy € L?(Q,R™%). Then

—_— T —
s — Als (5.7)

m 58\11270072 .

Proof. We notice that we can omit the continuous linear terms. Similarly the quadratic
terms in (5.1) are weakly lower semicontinuous with respect to the weak convergence
in EBY; o 2. We focus only on the term M. We recall that we have:

MIE — (ay +v*)V, N(ay + )] =

sup / / (ay +v*)V') Z' = Nyj(ay + v*)MY € [—00,0],  (5.8)
Td

M>Z07 2
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where the supremum is performed over all pairs (Z, M) of continuous functions on
[0, 7] x D, respectively valued in R? and in the set of symmetric matrices M. Thus
M being a pointwise supremum of affine functions is a convex function and lower
semicontinuous with respect to the weak convergence in EBV; 2, so we get the
liminf inequality.

For the limsup, we take (E, B) € L%(L?) x L(L*®) hence, by denoting the first
order operator

(LE)ij = %(@Ez + 81]E]) — 8i8jA_181El

we have:

8,8 = LE (5.9)

The function x € L? is arbitrary in L7.(L?). For the limsup inequality we aim to
find (E”, B”,x") € BV, such that d((E”, B”, x"),(E, B, X)) = 0 as v — 0 and
also that

lim sup A% 4(E”, BY, x*) < A%4(E, B, X) (5.10)

To this end we take Y € C%°(R x R?) to be such that

X’ — x in L3(L?) (5.11)

and

VX" L2 rr1a248) < CyTTFT = () (5.12)

hence in particular, by the Sobolev embeddings:

000X | e < CVERTE — 0, %0, j k1 =1,....d (5.13)

where the constants C' and C in the last two relations do not depend on v.

We define

E .= E
and then take

T
_ 1
BY =B — V[ @ajA’l(@kalle) - 5(8381)(;; + 8181)&’]) ds (514)

Then we have
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0B, = (LE)i; + v:0; A~ (9,0,);) — K@aﬁi + 0,00

hence E¥, B”, x” satisfies the compatibility relation to be in the space EBYY  ,.

In order to obtain the relation (5.10) we note that we can pass to the limit in the
second integral in (5.1) and also in the integral containing V° thanks to the strong
convergence of x” and B” in L? and (5.12). Moreover, for v small enough we have
(thanks to the definition (5.14) of B", the bound (5.13) and the assumption (5.3) on
Q):

(ay +v*)Id+2B" > ayld+2B >0 (5.15)
Furthermore, for v small enough, we also have:
(ay +v)Id+2B" > (ay + 2)]d+23>71d (5.16)

We take now R : [0,7T] x T¢ — O(d) (where O(d) denotes the group of orthogonal
matrices) to be such that at almost all (¢,z) € [0, 7] x T¢ we have

R((ay +v*)Id+2B") 'R' = D (5.17)
where we denoted:
D :=diag(f{,..., f7) (5.18)

-1
with f/ > 0,7 =1,...,d the eigenvalues of ((av +v*)Id+ QB”) .

We then have, for small enough v:

(E” — (ay + ua)v) ((av +v*)Id + 2B”> B <]E” — (ay + zﬂ)v)
= R(E” — (ay + v*)V)DR(E" — (ay + v*)V)

( R(E" — (ay +v*)V ))Zf”<2(R(E”—aVV))

)

2 2

v (w) s

i

i
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=2 (E” — aVV) ((av + v Id + 23”) B (E” — aVV)

-1
+ 202V ((av +v*)Id + 2B“) 1%

-1
<2 (IE _ aVV) (avld + 23) <E _ av\_/> - R
— — — _1 — — —
S Q(E—aVV) (avfd+2B> (E—avV) +4’V’2 (519)
where for the penultimate inequality we used (5.15) and (5.16).

Thus, since the last two terms in the inequality above are integrable we can use
the dominating convergence theorem and the suitable pointwise convergence to get

lim M[E” — (ay + v*)V, N(ay + v*, B")] < M[E — ay'V, N(ay, B)] (5.20)

v—0

]

We further consider the issue of ['-convergence in a weaker topology, in which we
can also obtain equi-coerciveness will allow us in particular to prove the convergence
of the minimizers.

To this end we note that out of estimate (4.15) in Theorem 4.1 we have that
minimizers (E, B, x) of the functional A% ¢(E, B, x) will satisfy the bound (with || - ||
denoting the L2(L?(T¢)) norm):

8 o 56 _ 64
B <z(av + )’ B+ )VI* + daw(av +v*)[W]* + d*(av +v)*5|Vo|*+

2 12 @)3
+ 3—d(av + v aw?||VVO|? + M(d — 1)?d*|T|T (5.21)
5) 5CLW
2(3+d e _ .
Il <20 e 71 + 1403 P+ 16+ [V
+ 8ai, 2| VVO|? + 3(ay + v*)*(d — 1)%d|T|T (5.22)

while for B we have the uniform estimate (see beginning of Section 3)

|B| < \/El(d; 1)(av+va) (5.23)
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where |B| denotes the Frobenius norm of the symmetric matrix B.

We denote by bE(v, ay, aw,V, W, Vs, VVy, T, d) the expression on the right-hand
side of (5.21), by bx(v,ay,aw,V,W,Vy, VV;, T,d) the expression on the right-side
of (5.22), respectively by bB(v, ay,d) the expression on the right-hand side of (5.23).
Let us note that since ay,ay > 0 the functions bE,by and bB are increasing as
functions in v. Thus denoting the balls:

B(vy, av,aw,V, W, Vo, VVo, T,d) := {(E, x, B) € L* x L* x L™);
|E|lz2 < bE(vo, ay,aw,V, W, Vo, VVo, T, d),
x|z < bx(vo, av,aw,V, W, Vo, VVp, T, d),
|B|r~ < bB(vg,ay,d)} (5.24)

(where the spaces L2 respectively L are taken to be both in space and time) we
have that B(v,ay,aw,V, W, V5, VVo, T,d) C B(v, ay,aw,V,W,Vy, VVy, T,d) for
all v < .

We consider the metric space 3

—_ W

88\11270072 (V()) = UVZOEB\PIZJ,OOQ N %(V{), ay, aw, V7 W, Vb, V‘/b, T, d)

which is now endowed with the weak topology of L2(L?) for the E and y components
and with the weak-* topology of LF¥(L*) for the B component. It is known that
since we are on a bounded set this topology is metrizable so we will consider without
further comment the space as being a metric space. This is useful as it allows us to
use the sequential characterisation of the I'-limit. We have:

PROPOSITION 5.2. Let Vo € L2(2,RY) be a divergence-free vector field of zero spatial
mean with VVy € L*(Q,R™?) and vy > 0 some arbitrary positive number. Then

Ys — Al (5.25)

m S@O,Qw(Vo).

We omit the proof as it follows closely the one of (5.1), namely the liminf part is
the same, because we worked with weak convergence. Also the recovery sequence in
the limsup part can be chosen exactly the same.

Then, we have:

3The space also depends on several other variables, as indicated in the definition of B, but, for
the sake of readability, we omit explicitly indicating notationally this dependence.
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THEOREM 5.3. Let (E”, x¥, BY) be minimisers of./zl\”]\;. Then, there exists a sequence
{(E"*, x"*, B ) }ren and a minimiser (E°, x°, BY) of A% such that as k — oo we
have (EV&, x"*, B%) — (E° x°, B®) in EBY, o2 (v0).

The proof is standard, as we can apply the Hahn Banach Theorem and extract
a subsequence converging in the corresponding weak topology. Using the liminf and
limsup properties of the I'-limit one can check that the limit of the sequence is a

minimiser for A%g.
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