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Rectifiability: “geometric structure of u”

A measure 1 is m-rectifiable if 4 < H™ and there exist Lipschitz maps
fi : R™ — R" such that

m (R” U f,-(R"’)> =0

i=1
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Analytic condition: existence of principal values

Example:

Iim/ L dx
&30 J(—c,c)\B(ae) X — @

3

Figure: Iim/ ldX < oo
(=c;c)

e—0 \B(0,¢) X
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Analytic condition: existence of principal values

Let K : R"\ {0} — R" be a Calderén-Zygmund kernel. Example: —£=

Iy_X|m+1
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Analytic condition: existence of principal values
y—Xx
w

Let K :R"\ {0} — R" be a Calderén-Zygmund kernel. Example:
For a finite Borel measure, 1, on R” we say the principal value exists with

respect to ji at x € R" if

Iim/ K(y — x)du(y) € R".
el0 JRrm\ B(x,e)

Examples:

\y x\’”+1

Figure: The e; component of K(y — x) =
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When do principal values exist? Let 1 be a Radon measure on R.

(b)
(a) =t po= LR A HILR () p=H1LCH
Figure: lim / Y~ 32 du(y)
e=0 Jgm g(ae) ¥ — 3l

*(Cufi, Ponce, Verdera, 2022)
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i is a Radon measure on R"”. For m < n the m-dimensional lower density

is defined (B(x. 1)
m e (B(x,r
9* (IU,X) - ||rpi5nf rm ’

and the m-dimensional upper density is defined
#B(x.r))

rm

0™ (u, x) = limsup
rl0

If both exist, the m-dimensional density is

0™ (11, x) = lim M

rl0 rm
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David-Semmes Conjecture: Quantitative question

@ (1991) David & Semmes: Suppose p is an m-Ahlfors regular measure.
w is uniformly rectifiable <= all m-dimensional Calderén-Zygmund
operators are bounded in L2(p).

/ sup
Rn >0

2
du(x) < C / F2dp,
Rn

/| KO
X—y|>¢€
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David-Semmes Conjecture: Quantitative question

@ (1991) David & Semmes: Suppose p is an m-Ahlfors regular measure.
w is uniformly rectifiable <= all m-dimensional Calderén-Zygmund
operators are bounded in L2(p).

/ sup
Rn >0

y—X
sup / Tt )duly
/l%" e>0 |J|x—y|>e ’y_X’ 1 ( ) ( )

for any f € L?(u) and all € > 0, then is u uniformly m-rectifiable?

du(x) < C / F2dp,
Rn

/| KO
X—y|>¢€

2
du(x) < C / 2n
Rn
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David-Semmes Conjecture: Quantitative question

@ (1991) David & Semmes: Suppose p is an m-Ahlfors regular measure.
w is uniformly rectifiable <= all m-dimensional Calderén-Zygmund
operators are bounded in L2(p).

/ sup
Rn >0

y—X
sup / Tt )duly
/l%" e>0 |J|x—y|>e ’y_X’ 1 ( ) ( )

for any f € L?(u) and all € > 0, then is u uniformly m-rectifiable?
e (1996) Mattila, Melnikov, Verdera (m=1,n=2)
@ (2014) Nazarov, Tolsa, Volberg (m=n—1,n> 2)

du(x) < C / F2dp,
Rn

/| KO
X—y|>¢€

2
du(x) < C / 2n
Rn




Qualitative analog: rectifiability and principal values

e (1995) Mattila, Mattila & Preiss: Suppose p is a Radon measure on
R If for p-a.e. x € R" 0 < 0(p, x) < oo and

. y — X
I|m/ —————du(y) € R",
€l0 [x—y|>e |y - X|m+1

then p is m-rectifiable. Converse known.

1.0
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Rectifiability and principal values

Theorem (C.-Goering-Toro-Wilson)

Suppose A : R” — GL(n,R) is a measurable function and y is a finite Borel
measure. Then p is m-rectifiable if and only if 0 < 6"(u, x) < oo and

im A) My =) n
8 sty oo T T s 0 €

for yp-a.e. x € R".
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Rectifiability and principal values

Theorem (C.-Goering-Toro-Wilson)
Suppose A : R” — GL(n,R) is a measurable function and y is a finite Borel
measure. Then p is m-rectifiable if and only if 0 < 6"(u, x) < oo and

- ANX) "y — x)
Lw /|/\(x) 1y—x)|>e [NX)7L(y — x)|m+1

du(y) € R",

for yp-a.e. x € R".

Why is this a natural extension of Mattila & Preiss?
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Rectifiability and principal values

Theorem (C.-Goering-Toro-Wilson)
Suppose A : R” — GL(n,R) is a measurable function and y is a finite Borel
measure. Then p is m-rectifiable if and only if 0 < 6"(u, x) < oo and

- ANX) "y — x)
Lw /|/\(x) 1y—x)|>e [NX)7L(y — x)|m+1

du(y) € R",

for yp-a.e. x € R".

Why is this a natural extension of Mattila & Preiss?
° ﬁ ~, Vil (x,y), since A = —div(V:)

@ Let A€ R™" be nice and let Ly = —div(AV:). Then,
N2y —x)
Ay =)™

where A unique pd matrix s.t. A2 = A.
Emily Casey (University of Washington)

Vil a(x,y) =



Rectifiability and principal values

Theorem (C.-Goering-Toro-Wilson)
Suppose A : R” — GL(n,R) is a measurable function and p is a finite Borel
measure. Then p is m-rectifiable if and only if 0 < 07"(u, x) € R" and

- M)y — )
Lw /|A(x)1(y—x)|26 INx)~Hy — x)|m Tt

du(y) € R,

for p-a.e. x € R".

Why is this a natural extension of Mattila & Preiss?
@ Let A€ R"™" be nice and let Ly = —div(AV:), and A linear transformation:

2 _x
'im/l ( /\_L)ndu(y)

el0 Jip-1 y—x)|>e |A l(y _X)‘
Ay —x)
= A1 Iim/ 2V quy)
210 Jia-1(y—x)ze [Ny — x)["



Rectifiability and principal values

Theorem (Molero, Mourgoglou, Puliatti, Tolsa, 2023)

If A€ R""is nice and p is an (n — 1)-rectifiable Radon measure on R”,
then

Iim/ Vila(x,y)du(y) € R" for y-a.e. x € R",
{0 ly—x|>e

where [ 4(x, y) is the fundamental solution for L4 = —div(AV-) with pole
at x.
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Rectifiability and principal values

Corollary (C.-Goering-Toro-Wilson)

If A€ R"™"is nice, u satisfies some mild density assumptions, and

Iim/ Vila(x,y)du(y) € R"  for p-a.e. x,
0SNGy —0)l>e

where A? = A, then p is m-rectifiable.
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Rectifiability and principal values

Theorem (C.-Goering-Toro-Wilson)

Suppose A : R" — GL(n,R) is a measurable function and y is a finite Borel
measure. Then p is m-rectifiable if and only if 0 < 6"(u, x) < oo and

Ax) My = x)

lim = )‘m+ldu(y) eR",

el0 /|/\(x) 1(y—x)|ze IA(X)

for p-a.e. x € R".
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Geometry implies analysis

Let 1 be a finite m-rectifiable Borel measure on R”. Then

: Ax) "y —x)
Ilm/ du(y) e R", for p-a.e. x € R™.
T8 Jncey-stsmyze RGO 1y — et V)

Figure: first component of Lﬂl on [A(X)Hy —x)| > ¢
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Geometry implies analysis

Let 1 be a finite m-rectifiable Borel measure on R”. Suppose for each x,
Ky (z) is a smooth CZ kernel. Then for any norm

Iim/ Kily = x)du(y) € R"
0 Jlly—x|[>e

for p-a.e. x € R".
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&-numbers

The centered ai-numbers are defined by

. . 1
an(x,r):= inf sy

sup
K O'E-Fm,n(x) f—GLlpl(B(er))

)

/ F(y)d(i — o)
B(x,r)

where Fry n(x) ={oc =cH"L(V +x):V € G(m,n)}.

Emily Casey (University of Washington) September 3, 2024



&-numbers

The centered ai-numbers are defined by

1
) rm+l

an(x,r):= inf

sup
I
o€ Fm,n(x) feLip; (B(x,r)

)

/ F(y)d(i — o)
B(x,r)

where Fry n(x) ={oc =cH"L(V +x):V € G(m,n)}.
@ how close the support of the measure is to being a plane (locally)

@ how close the density is to being constant
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&-numbers

The centered ai-numbers are defined by

1
rm+1

&yp(x,r):= inf

sup
O'E-Fm,n(x) feLlpl(B(er))

)

/ F(y)d(i — o)
B(x,r)

where Fry n(x) ={oc =cH"L(V +x):V € G(m,n)}.
@ how close the support of the measure is to being a plane (locally)
@ how close the density is to being constant

For p such that 0 < 0(p, x) < 0™*(u, x) < oo,

! dr
/ &y (x, r)?>— < oo for p-ae. x €R" <= pis m-rectifiable.
0 r

(Azzam, Tolsa, Toro, Kolasinski, Dabrowski)
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Motivating the proof

@ Existence of round principal values
w m-rectifiable —

Iim/ Ki(y —x)du(y) < oo for p-a.e. x € R".
40 Jly—x|>e

(Similar ideas from Puliatti & Mattila)
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Motivating the proof

@ Existence of round principal values
w m-rectifiable —
Iim/ Ki(y —x)du(y) < oo for p-a.e. x € R".
el0 ly—x|>e

(Similar ideas from Puliatti & Mattila)
© Round principal values <= Normed principal values

Iim/ Ke(y —x)du(y) e R" <~ Iim/ Ke(y —x)du(y) € R™.
V0 Sly—x>e V0 Slly—x|>e

Emily Casey (University of Washington) September 3, 2024



Motivating the proof

@ Round principal values <= Normed principal values

— 0.
e—0

/R ) (Xjy—x|>e = Xlly—-xli>¢) Kx(y = x)du(y)

Figure: SPE X|y—x|>e = Xly—x||>¢
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Proof sketch Part |: Round world

@ Existence of round principal values
1 m-rectifiable —

Iim/ Ke(y — x)du(y) € R"  for p-a.e. x € R™.
el0 ly—x|>e

(Similar ideas from Puliatti & Mattila)
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Proof sketch Part |: Round world

@ Existence of round principal values
1 m-rectifiable —

Iim/ Ke(y — x)du(y) € R"  for p-a.e. x € R™.
el0 ly—x|>e

(Similar ideas from Puliatti & Mattila)
@ (Orponen-Villa, 2023): Round rough to smooth cutoffs

i /|| Kol = x)dity) = tim | 0u(ly = xRy = X))

where ¢ is any reasonable smooth approximation of x(1,)-
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Proof sketch Part II: Normed world

© Transition from round to normed world
For any norm || - ||,

i [ 6:ly—xDKly—0dity) = lim [ 6(ly=xIDKly—x)du(y).
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Proof sketch Part II: Normed world

© Transition from round to normed world
For any norm || - ||,

i [ 6:ly—xDKly—0dity) = lim [ 6(ly=xIDKly—x)du(y).

@ Normed smooth to rough cutoffs

LTS /R P=(lly — x[)Kx(y — x)dpuly) = L'f& /”yx>€ Kx(y —x)dp(y)

O
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3. Transition from round to normed world

© For any norm || - ||,

i [ 0ully = xRy = x)duy) =ty [ 0ully = xRy ~ X))
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3. Transition from round to normed world

© For any norm || - ||,

i [ 0ully = xRy = x)duy) =ty [ 0ully = xRy ~ X))

Pe(y—x)
We show: | [ {6ly =) — ooy =) Kuly = )dty)| <% 0

Figure: sptve(y — x)
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3. Transition from round to normed world

© Transition from round to normed
For any norm || - ||,

» Ye(y — x)Kx(y — x)du(y)

—0
50

Figure: spt1.(y — x) C B(x,2Y¢) \ B(x,27M¢)
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3. Transition from round to normed world

o [Vi.Ky)| < (2Me)=(m+1) on annulus
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3. Transition from round to normed world

o [Vi.Ky)| < (2Me)=(m+1) on annulus

ey Jen (V€)™ e (y — X)Kuly — x) duly)
€Lip1(B(x,2Me))
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3. Transition from round to normed world

o [Vi.Ky)| < (2Me)=(m+1) on annulus

ey Jen (V€)™ e (y — X)Kuly — x) duly)
€Lip1(B(x,2Me))

° W fRn(2Me)m+1¢5(y — x)Kx(y — x)do(y) =0,

for any flat measure, o, through x.

Emily Casey (University of Washington) September 3, 2024



3. Transition from round to normed world

o [Vi.Ky)| < (2Me)=(m+1) on annulus

ey Jen (V€)™ e (y — X)Kuly — x) duly)
€Lip1(B(x,2Me))

° W fRn(2Me)m+1¢5(y — x)Kx(y — x)do(y) =0,

for any flat measure, o, through x.

Thus,

(2M5)—(m+1)

1
/]Rn @) Gy Vel Ry = X)duly)| S 60 2Me)

— 0
e—0
Emily Casey (University of Washington) September 3, 2024



1. Existence of round principal values

@ 4 m-rectifiable —-

Iim/ Ki(y — x)du(y) € R" for u-a.e. x € R".
el0 ly—x|>e

(Similar ideas from Puliatti & Mattila)
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1. Existence of round principal values

@ 4 m-rectifiable —-

Iim/ Ki(y — x)du(y) € R" for u-a.e. x € R".
el0 ly—x|>e

(Similar ideas from Puliatti & Mattila)
o Known for lim_ o flyfx|>e K(y — x)du(y);
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1. Existence of round principal values

@ 4 m-rectifiable —-

Iim/ Ki(y — x)du(y) € R" for u-a.e. x € R".
el0 ly—x|>e

(Similar ideas from Puliatti & Mattila)

o Known for lim_ o flyfx|>e K(y — x)du(y);
Choose a CZ kernel for each x € R”,

Iim/ Kily — z)dp(y)
0Jly—z|>e

exists for p-a.e. z, but not necessarily at z = x.
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1. Existence of round principal values

© |If p is m-rectifiable, then lim / Ki(y — x)du(y) € R" for u-a.e. x.
ly—x|>e

e—0

e Write K.(y — x) as a linear combination of “nice” kernels

Kely = x) =Y aj(x)Ki(y — x)dpu(y),

J

where for each j

Iim/ Ki(y — x)du(y) € R"  for p-a.e. x.
el0 ly—x|>e
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1. Existence of round principal values

© |If p is m-rectifiable, then lim / Ki(y — x)du(y) € R" for u-a.e. x.
ly—x|>e

e—0

e Write K.(y — x) as a linear combination of “nice” kernels

Ky —x) = Z ai(x)Ki(y — x)du(y),

where for each j

Iim/ Ki(y — x)du(y) € R"  for p-a.e. x.
el0 ly—x|>e

o Then,

el0 el0

lim /|y—x|>5 Ky — x)du(y) = zj: aj(x) lim /|y_x|>s Ki(y — x)du(y)
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1. Existence of round principal values

— % 3(x) lim /| Kily — x)F()d(H™ L T3)(y)
+Zaj(x)|im/| Ki(y — x)dai(y)

(Pulliati 2022 & see Mattila “Geometry of Sets and Measures')
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4. Normed smooth to rough cutoffs

@ Normed smooth to rough cutoffs

i /R ol = XD Kuly = x)dy) = lim /” Ky = du)
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4. Normed smooth to rough cutoffs

@ Normed smooth to rough cutoffs
i [ oxlly ~ xIDKly ~ X)) =lim [ Kuly -~ x)dn(y)
€L0 JRe =0 Sy —x||><
Show:

—0
e—0

[y =) = ey DKy = $)e)

Figure: spt(¢e(lly — x|I) = Xjx—yi>e) € By (x,e(1 + ) \ B(x,¢)
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4. Normed smooth to rough cutoffs

L@y =) = 3oy el = X))

<e "u (B”.H(X,E(l +9))\ BH.”(X,E))

_ Gu(B(x,2C¢))
~ 5

— 0,
e—0

+ 07 (x, Ce)s

for & correctly chosen.
(Jaye & Merchan, 2020)
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@ Existence of round principal values
w m-rectifiable —

Iim/ Ki(y — x)du(y) € R"  for p-a.e. x € R™.
el0 ly—x|>e

(Similar ideas from Puliatti & Mattila)
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@ Existence of round principal values
w m-rectifiable —

Iim/ Ki(y — x)du(y) € R"  for p-a.e. x € R™.
el0 ly—x|>e

(Similar ideas from Puliatti & Mattila)
© Round principal values <= Normed principal values

Iim/ Ke(y —x)du(y) e R" <~ Iim/ Ke(y —x)du(y) € R™.
ly—x|>e 0 Jlly—x1>e

el0
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Summary

Thank youl

(@) ly—x[>e (B) lly =xI > ¢
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