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Abstract

In this paper the study of a non-local Cahn-Hilliard-type singularly
perturbed family of functionals is undertaken, generalizing known results
by Alberti & Bellettini [2]. The kernels considered include those leading
to Gagliardo seminorms for fractional Sobolev spaces. The limit energy
is computed via ['-convergence and shown to be an anisotropic surface
energy on the interface between the two phases.

1 Introduction

n [2], Alberti & Bellettini identify the I'-limit of the functionals

Fu(u) : 45// y — 2)|ue(y) — ue(@)? dy dz + = /W v, (1.1)

where Q C RY is a bounded domain, J.(h) := e N J(h/e) for J: RN — [0, 4+00)
an even interaction potential satisfying

/ J(W) || dh < +oc, (1.2)
RN

and W a continuous double-well potential which vanishes at +1 only.

Such functionals arise, for example, as continuum limits of Ising spin systems
on lattices; in this case, u represents a macroscopic magnetization density (see
[1], [8] and the references therein). This model closely resembles the classical
Cahn-Hilliard model for phase separation (see, e.g., [4], [7], [10], [21], [26]), given

by the functional
9 1
u):=¢ [ |Vul*de+ - [ W(u)dx
Q €Ja

which was originally treated in the context of I'-convergence in the seminal
paper of Modica & Mortola [20]. As noted in [2], the functionals F; in (1.1) can



be obtained from E. by replacing the gradient term |Vu|? with finite differences
averaged with respect to J; that is,

|Vu(a:)|2%/RN [ute +¢h) = w@)F ;0 g,

£2

Functionals of the form £(u) := [, [, J(y — 2)|u(y) — u(z)|? dy dz also arise
in relation to symmetric Levy processes (See e.g., [5], [6]). To every mea-
sure v on RY \ {0} satisfying [, (|h|> A1) dv(h) < +oo0 we can associate a
symmetric Lévy process with jumps distributed according to v; conversely, the
Lévy-Khintchine formula (see [11, Section 7.6] for more details) guarantees that
every Lévy process has associated to it such a v. In this context, the energy
5 arises as the quadratic form associated to the pseudo-differential operator

= [on [u(z + h) —u(x)] J(h) dh (see [15, Section 2]).

In [3 Theorem 4. 6] Alberti & Bellettini show that Fy is not identically equal

to oo if and only if

J(h) (|h| A [R|?) < +oo0, (1.3)

leading them to claim in [2] that the hypothesis (1.2) can be relaxed to (1.3).
Crucially, the relaxed hypothesis (1.3) would allow for singular kernels J(h) =
|h|~N=25 for £ < s < 1. This choice of J in (1.1) gives the (rescaled) “fractional
Allen-Cahn energy (see [9], [22]),

S S— 1

where |- s () is the fractional Sobolev seminorm in © (see [17] for background
on fractional Sobolev spaces). A variant of this functional including contribu-
tions outside of Q was considered by Savin & Valdinoci in [23], where the I'-limit
was shown to be the same as the I'-limit of the classical Cahn-Hilliard functional
E..

In this paper, we will consider the functional (1.1) under the weaker hy-
pothesis (1.3), and prove that we still recover the same I'-limit as in [2]. Unless
stated otherwise, we will always assume the following hypotheses:

(i) J: RN — [0, +00) is an even, measurable function satisfying

[0 (bl A BP) b= 2y < o0, (1)
RN
/ J(R)|h|log|h| dh < +oo, (H2)
By

where B, denotes the ball of radius r, and the superscript ¢ denotes the
complement in RY.

(ii) W: R — [0, +00) is a continuous function which vanishes at £1 only, and
has at least linear growth at infinity. That is, there exist C, R > 0 such
that

W(z) > C|z| for all |z| > R.



1.1 Main Theorem

We construct the anisotropic limit functional in a standard way using cell for-
mulae (cf. [2], [13]). Let F be the unscaled functional defined by

//RN h)u(z + h) — u(x )|2dhdx+/W z)) dz,

for all open A ¢ RY and u: RY — R measurable. For a fixed unit vector
¢ € SN=1 let C¢ be the collection of cubes of dimension N — 1 centered at
the origin in the hyperplane ¢+. Furthermore, for each cube C € C¢ define via
Minkowski sum the strip 7o := C + R¢ = {z + t&|x € C,t € R}, and the class
of functions

X(C) = {u: RN = [-1,1] |u is C’—periodic7< lim  w(z) =+1}.

z,£)—+oo

We define the anisotropic surface tension 1 as
$(€) == f{|C]7 F(u,Tc) | C € Ce,u € X(O)}, (1.4)

where |C] is the Lebesgue measure of C'. The function v is upper semicontinuous
on the sphere (cf. [2, Lemma 5.3]).
The limit functional F' is thus defined as

Flu) = {fs (vo) dHN-1 it ue BV(Q;{—1,1}),

400 if ue LY(Q)\ BV(Q;{-1,1}). (1.5)

For definitions of S, vy, H¥ =1, and BV (Q;{—1,1}), see Section 1.3. We now
state our main theorem.

Theorem 1.1. Let ¢; — 0 as j — co. Under the hypotheses (i) and (i1) on J
and W, the following statements hold:

1. Compactness: Let {u;} C L*(Q) be such that

sup I (u;) < +00.
jeN

Then there exists a subsequence {€;, tnen such that u;, — u in L' () for
some u € BV (Q;{-1,1}).

2. T-lim inf: For all u; — u in L*(), then we have
lim inf F¢ (u;) > F(u).
j—o00
3. T-lim sup: For all u € BV (Q;{—1,1}), there exists a sequence {u;} C
LY(Q) such that uj — u in L*(Q) and

limsup F;, (u;) < F(u).

j—o0



Parts 2 and 3 of Theorem 1.1 can be summarized by saying that the sequence
{F.} T-converges to F in L'(Q). For more information on I'-convergence, see
[12].

As indicated in [2], a truncation and diagonalization argument can be used
with their results to prove the compactness and I' — liminf results under our
hypotheses (see Section 2 for more details). However, their arguments cannot
directly be used to prove the I' — limsup under our hypotheses. When J is
allowed to have a very strong singularity at the origin, boundedness of F.(u)
enforces regularity of u, so a more sophisticated gluing procedure is needed to
construct smooth recovery sequences.

1.2 Discussion of Hypotheses

Hypothesis (H2) is novel, and is needed in the proof and use of the modification
theorem, Theorem 3.1. As indicated in [2], their methods can identify the
I' — liminf of F. under hypothesis (H1) since one can approximate J from
below by a sequence of kernels truncated away from the origin. However, this
direct approximation does not work for the I' — lim sup since one would need to
approximate the singularity from above, which is not possible.

Note further that the far-field bounds in (H1) follow directly from the second
hypothesis (H2). We choose to state the hypotheses in this overlapping manner
since the quantity M; defined in (H1) is useful and because it is unclear at
present whether hypothesis (H2) is strictly necessary for Theorem 1.1 or is
merely a technical necessity limited by the methods used.

To better quantify the rate of decay of J(h)|h| at infinity, define the function
wy: [0, +00) — [0,400) by

wi () = /B J(h)|h| dh. (1.6)
1/t

If J satisfies hypothesis (H1), then certainly w(t) — 0 as ¢t — 0. The following
proposition shows that hypothesis (H2) can also be stated in terms of w; alone.

Proposition 1.2. Suppose that J satisfies hypothesis (H1). Then (H2) holds
if and only if
> 1\ 1
Zwl () — < +00. (H2%*)
nj)n

Proof. Note that ¢ — wy (1) 1 is a decreasing function of ¢ for t > 1, so (H2*)

is satisfied if and only if wy (1) < 400 and

/ch 1 1dt<—+—oo
L M\t '

Since J satisfies (H1), we have that w(1) < M; < +00. Now, letting x¢y denote



the indicator function of a set U C RY and applying Fubini’s theorem, we get

o 1\ 1 1
/ W ()dt:/ 7/ J(h)|h| dh dt
<1
=[5 [ xumza a0 bl dnas
1 RN

<1
— [ ] Sxtmn deainldn
RN J1

]
= / / EdtJ(h)|h|dh
¢J1

= [ Jm)\nl1og|n dn,

1

completing the proof. O

This equivalent hypothesis is clearly satisfied by any kernel with asymptotic
decay wi(t) = O(t*) for some o > 0. As an example, the fractional Sobolev
kernel J(h) = |h| = ~2% has associated decay wi(t) ~ t?*71, so satisfies (H2*) if
and only if s > 1/2. These same asymptotics also hold for anisotropic Sobolev
kernels Jy (h) := ||| ~2*, where ||-|| ¢ is an arbitrary norm on RY with unit
ball K (cf. [18]), so Jk also satisfies hypotheses (H1) and (H2).

1.3 Sets of Finite Perimeter and Functions of Bounded
Variation

In this section we recall the definition and some basic theory of sets of finite
perimeter and functions of bounded variation (see, e.g., [14, Section 5], [19]).

Definition 1.3. A set E C RN such that |E| < +oc is a set of finite perimeter
if

P(E) := sup{/ div o dz
E

pe OCl(RN;RN)v ”‘P”oo < 1} < +o00.

Finiteness of P(F) implies that the distributional derivative of the indicator
function 1 is a vector-valued Radon measure such that |D1g|(RY) = P(E),
and for all ¢ € CLH(RY),

/RN p-dDlg = /Edivcpdx. (1.7)

We let BV (€2) denote the space of all functions u: @ — R of bounded
variation; that is, functions u € L'(2) whose distributional derivatives are
vector-valued Radon measures. Furthermore, we let BV (Q;{—1,1}) denote
the subspace of functions of bounded variation taking values £1 only. We
may identify the space BV (2;{—1,1}) with sets of finite perimeter, since every
function u € BV (2;{—1,1}) is uniquely determined by the set {u = +1}.



Definition 1.4. Let E C RY be a set of finite perimeter. We define the reduced
boundary 0*E of E to be the set of points x € RN for which the limit

vp(z) = — lim Dlpw+ Br)
BT D0 [Dig|(x + B,)’

exists and satisfies |v,(x)| = 1, where B, is the ball centered at the origin of
radius r. We call the vector v, (x) the exterior measure-theoretic normal to E
at x.

De Giorgi’s Structure Theorem (see, e.g., [19, Theorem 15.9]) relates the
measure D1z to the Hausdorff measure H ~1; specifically, we have that 9* F is
an HN~1-rectifiable set and D1gp = —vgHN 1L O*E. In other words, we may
rewrite (1.7) as the generalized Gauss-Green Theorem

/ ap-uEdHN_lz/dngodm.
O E E

Since every u € BV (Q;{—1,1}) can be identified with {u = 41}, we define
the “jump set” S, := 0*{u = +1} and the exterior normal v, := vy,—113}.

1.4 Slicing and Integral Geometry

Let SV~=1 ¢ RY be the unit sphere, and let Graff(IV,1) be the affine Grass-
mannian of lines in R (for background on Graff(N, k), see [16, Chapter 6]).
Graff(N, 1) supports a rigid motion invariant Haar measure, which (suitably
normalized) we will denote by AY. This measure can be described explicitly:
given an affine line L € Graff (N, 1), we may parameterize L = xg + RE, where
& € SNl ig either of the unit vectors spanning L, and zy € £+ is a base-
point lying on the hyperplane orthogonal to £. Given a measurable function
f: Graff(N,1) — R, we therefore define

Lo @ =g [ R Y ) a1 6),
Graff(N,1) SN-1 Jel

(1.8)
The following lemma lets us relate the integral over a function of two spatial
variables to an integral over its one dimensional slices.

Lemma 1.5 (Blaschke-Petkantschin Formula, c.f. [17, Theorem 6.46], [24,
Theorem 7.2.7]). Let f: A x B — R be a measurable function, A,B C RN
measurable subsets. Then,

/A /B f(a, ) dyda

(1.9)
_ / / Fa,y)ly — 2N~ dH (y) dH (2) dAY (L).
Graff(N,1) JANL J BNL



Given a set £ C RN and § > 0, define the “inner set”
Es :={z € F|d(z,0F) > ¢},

and the “outer set”
E° = {zx e RV |d(z,E) < 6}.

In particular, we may write the outer set as the Minkowski sum E° = E + By,
where Bj is the ball centered at the origin of radius §. The following lemma
lets us control the volume of the outer set in terms of its ¥ ~! measure.

Lemma 1.6. Suppose X C RY s a finite union of compact, convexr sets of
dimension N — 1 with pairwise H™N ' -null intersections; that is, X = Ule X
for some K € N, where each X}, lies in a hyperplane, and HN~1(X; N X;)=0
fori#£j. If § >0, then

HV(X0) < 26 HN (X)) 4+ O(6?). (1.10)

Proof. First, note that

K

= U X7,

k=1
so that we may use subadditivity of the Hausdorff measure to get

K

HY(X?) < D HY(XY).
k=1

To bound HY (X7), we will appeal to Steiner’s Formula [16, Theorem 9.2.3]: for
all compact, convex sets £ C RV,

N
Eé) == Zui(E)UJN,Z‘(SN_i, (1.11)
i=1

where u; are the “intrinsic volumes” on RY and w; is the volume of the i-
dimensional unit ball (see [16] for more information on intrinsic volumes). In
particular, u;(E) = H'(E) if E lies within a subspace of dimension < i.

Therefore, since each X}, lies within a subspace of dimension N —1 (a hyper-
plane), we have puy (Xi) = HY (X)) = 0 and py_1(Xx) = HY"1(X)). Applying
(1.11) to HN(X2), we find

K
Nx%) <> HN
k=1
—zmsZHN L(X5) + 0(8?)
:27T5HN LX) +0(62%),

where the last equality follows since the X, have pairwise HV~!-null intersec-
tions. O



2 Compactness and the I' — lim inf

Given a kernel J satisfying hypotheses (H1) and (H2), for 0 < p < 1 define the
truncated kernels

J?(h) == 1Bg(h)J(h).
That is, J?(h) = 0 if |h| < p and J?(h) = J(h) otherwise. Furthermore, denote
with a superscript p the variants of J., F., F, etc., respectively defined with
J? in place of J. We prove the compactness statement in Theorem 1.1(1) by
considering a single truncation.

Proof of Theorem 1.1(1). Let e; — 0, and {u;} C L'(Q) be such that F. (u;)
is uniformly bounded. Choose any 0 < p < 1. Since Ff < F; for all € > 0,
Fr (u;) is also uniformly bounded. The kernel J? satisfies the hypotheses of
[2, Theorem 1.4], so we may apply the theorem to conclude that there exists a
subsequence of u; converging to some u € BV (Q;{—1,1}). O

In order to prove the I' — liminf statement in Theorem 1.1(2), it will be
necessary to approximate J by the truncated kernels J” and sending p — 0F.
The following lemmas ensure that this approximation process properly recovers
the surface tension and energies, respectively, associated to the kernel J.

Lemma 2.1. Let £ € SN~1. Then
lim #(€) = sup (&) = w(e).
p—0 p>0
Proof. Recall that ¥? and 1 are defined as
PIE) = inf C|7 Fr(u, Tc), 2.1
¥ (€) chﬁexw)l [~ FP(u, Te) (2.1)
= inf C|7 F(u, T¢). 2.2
VO = inf O F(wT) (22)
By definition, for all x € RY \ {0}, the function p + J*(z) is decreasing and
convergences to J(z) as p — 07. Therefore, the functions p +— |C|~1F*(u, T¢)
are decreasing, so the equivalence of the limit and supremum is clear. All that
remains to show is that sup,.q¥*(§) > ¥(§).

Assume that sup,, PP (&) < 400, since otherwise there is nothing to prove.
By [3, Theorem 2.4, Theorem 3.3], for each p > 0, the infimum in (2.1) is
independent of C' and achieved by a function u”: RN — [~1,1] given by u”(z) :=
vE ({z,€)) for some non-decreasing function 7£: R — [~1,1]. Therefore, we may
apply Helly’s theorem to the family {fyg }p>0 to extract a subsequence p; — 0
such that 'ygj — ¢ pointwise for some non-decreasing 7¢: R — [—1,1]. Define
u: RY — R by u(z) := v¢((z,€)), and let C € C¢ be arbitrary. Then u € X(C),
and we can conclude by Fatou’s lemma,

sup ¢’ (z) = lim |C|~'F* (uf, Tc)
p>0 J—0o0
> |C]7 1 F(u, To)

> P(§).



Lemma 2.2. Lete >0, and u € L*(Q). Then

lim F?(u) = sup Ff(u) = F.(u),

p~>0 p>0
lim F?(u) = sup F”(u) = F(u).
p—0 p>0

Proof. As in the proof of Lemma 2.1, F? and F” are decreasing in p so the
equivalence of the limit and the supremum follows. We may then simply pass the
supremum under the integral by the monotone convergence theorem to conclude
the first limit, and use Lemma 2.1 with the monotone convergence theorem to
conclude the second limit. O

With these lemmas, the proof of the I' — lim inf is now straightforward.

Proof of Theorem 1.1(2). Let £; — 0, and u; — u in L'(Q). We may suppose,
without loss of generality, that

liminf F, (u;) < +oo0.
j—o0

By Theorem 1.1(1), u € BV(Q;{—1,1}), so we may apply [2, Theorem 1.4] to
conclude that for each 0 < p < 1,

liminf F? (u;) > F*(u).

j—o0o 7
Combining this with Lemma 2.2 and the monotone convergence theorem, we
compute

lim inf F; | (u;) = lim inf sup F? (u;)
Jj—o0 J=o0 p>0 J

> sup liminf F? (u;)
p>0 J—© ’

> sup F*(u) = F(u).

p>0

3 Modification Theorem

In the proof of the I' — lim sup inequality, we will need to patch together dif-
ferent optimal profiles corresponding to different directions. In the case where
J has only a weak singularity at the origin, it is sufficient to do a naive gluing
to construct a recovery sequence. If J has a strong enough singularity, then
boundedness of F.(u) enforces regularity of u and a more sophisticated process
is required. The modification theorem allows us to use a fixed profile to patch
continuously between the optimal profiles of different directions in a manner
that does not affect F. energetically too much.



Theorem 3.1 (Modification Theorem). Let § > 0. Let D C Q, {ux} C
LY(D;[-1,1]), and {wx} C LY(Q\ Ds;[—1,1]) such that up — wy — 0 in
LY(D\ Ds). Then there exists {vy} C LP(Q) such that vy, = uy in Ds, vp = wy,
in Q\ D, and

limsup Fy, (vg, Q) < limsup [F;, (ug, D) + F-, (wg, 2\ Ds)] . (3.1)

k—o0 k—o0

The proof of this theorem follows exactly the structure of Proposition 4.1
n [23], with additional care and many ideas from [13] taken to treat the case
of a general kernel. As such, we will need the following lemmas, adapted from
[13]. Lemma 3.2 will address near field interactions for ., and Lemma 3.3 will
address far field interactions for J., where for measurable subsets A, B C €2, we
define

F.(u,A) = J.(u, A) + We(u, A),
Te(u, A) := Je(u, A, A),

J.(u, A, B) : // Y — 2)uly) — u(z)? dy dz, (3.2)

== /A W (u(z)) dz

Lemma 3.2 (cf. [13, Lemma 5.3]). Lete > 0, lety € RY, let A be a measurable
subset of RN, and let g: A — R be a measurable function such that

0<g(z) < ((aly—z|) AD)?  for every z € A,
for some constants a,b > 0. If b > age, then

/ Jo(y — x)g(x) dz < abM e,
A

where My is defined as in (H1).
Proof. Using the change of variables h := (y — z) /e, we get

/ Jo(y — 2)g(x) do < / J(R) ((az|h]) A B)? dh
A RN
= a2€2/ J(R)|R|? dh
By/(ae)
+ b2 / J(h)dh
RN\ By (ae)
:a%?/ J(h)|h|2dh+a252/ J(h) B dh
By Bb/(as)\Bl

+ b2 / J(h)dh
RN\ By (ac)

< a?e? J(h)|h|2dh+ab5/ J(R)|h| dh

By RN\ By
< abMje.

10



O

Lemma 3.3 (cf. [13, Lemma 5.4]). Let e > 0, § > 0, let E, F' be open sets in
RN with d(E,F) > §, and let u € L*(E U F). Then,

1 € 9
jE(u5E7F) S %wl (5) /;UF|'U:(-T)‘ da:,

where wy is as defined in (1.6).

Proof. Using the change of variables h = (y — x)/e and the fact that J is even,
we have

T B.F) =1 [ [ S= o)~ u@) dyds

1
<o [ [ -0 dyfuto) as
2 Jg JF
1
o [ [ e =) dalut)? dy
€JrJE
1
g—// J(h) dh |u(@)[? dz
2e E ]RN\B(;/E

1
vor [ L Il ay
€ JF JRN\B;,.

- (/RN\BM J(h) dh) ([EUFW(I)Fdx)

1 € 2
< — = .
<51 (5) [ i)
O

Proof of Theorem 3.1. To simplify the presentation, we will suppress reference
to the subscript k. If the right hand side of (3.1) is infinite, then there is nothing
to prove, so suppose that there exists some constant C' > 0 such that for all
e >0,

F.(u, D) + F.(w,Q\ D5) < C. (3.3)
Therefore, by (3.2), we get the kinetic energy bounds
J:(u,D\ Ds,D) + J(w, D\ Ds,Q\ Ds) < C. (3.4)

Choose 0 > 0, and let 5= % for some large M depending only on ¢. Partition
D\ D; into M shells D5 \ D(j+1)5’ and rewrite the term above into a sum over
the shells:

js(uaD\DéaD)+~7€(w7D\D57Q\D5)

M-1

= Z (ja(uijS \ D(j+1)S7D) + je(waDjS \ D(j+1)5>Q \ D&)) :
=0

11



Therefore, provided we choose M > C/o, by (3.4) there exists a distinguished
0 <j < M —1 such that, denoting D := ng, we have
J(u,D\ D3, D) + J.(w, D\ D;,Q\ Ds) < o. (3.5)

Within the shell D\ DS’ we will further consider shells of width & < 6. For
0 <i< K —1 with K the integer part of 6/(2¢), define the shells

A; = {x € D|ie < d(x,0D) < (i + 1)e}. (3.6)

Furthermore, denote d;(z) := d(z,dD;.).
Consider the sum

I:_Z(j /DR\DS fu— wl min{m(l), wr (d;x)) djx) } da, (3.7)

which is bounded above by the integral

We observe that the integral in (3.7) is not taken over the slice A4;, but rather

over D;c\ D5 = A;U (D(i+1)a \ D(;). Since ¢ — wy (¢)t is increasing, the minimum
is determined by whether e < d;(x) or d;(z) < ¢.

Fix x € D\ Dj, and let i, € NN [0,2K] indicate the unique slice A;, such
that @ € A, . If |i —iy| > 2, then d;(x) > &(|i — iz| — 1). Using again the fact
that ¢ — wy ()t is increasing, we estimate

I_(Z_lmi“{“(”’”l (7) 707}

By hypothesis (H2*), this is finite, so the integral (3.8) is bounded above by a
universal constant times |[u — w11 (p\ p,). Since ux —wy — 0 in L'(D\ D;) as
k — oo, this can be made as small as desired in the limit, so in particular we
choose it small enough so that

12



Since K is of the order 2%7 there exists 0 < i < K — 1 such that

€ €
U — wjw dw—i—/ U — wlw () dx
/ | | ' ) D(z+1)€\D5| | ' dl(x) dl(x)

Now, partition €2 into 4 disjoint sets:

(3.9)

P = Ds, Q = D(i+1)a\D57 R = Ai, SI:Q\DiE.

Define v := ¢pu + (1 — p)w, where cp is a smooth cutoff function with ¢ =1 on
PUQ,p=00n5, and |[Vo|lw < 2 (by (3.6) the width of R is of order ¢). If
we rearrange the nonlocal interactions appropriately, by (3.2) we can bound

ja(U,Q) < ja(ua D) + je(waQ \ Dé) + jE(U7R)

1
+ J(v,P,RUS) + Jc(v,Q,RUS) +2J(v, R, S), (3.10)

so inequality (3.1) is established if we show that each of the last four terms goes
to zero in the limit.
First, we bound J (v, R). Using convexity of the map z ~ |z|?, we have

[0(y) = v(@)* < July) — u(@)* + [w(y) — w(@)* + |u(z) — w(@)le(y) — o),

where the notation A < B means that there is some universal constant C' such
that A < CB. Therefore, we can bound

J:(v,R) £ J.(u, R) + J-(w, R)
+—/ / Ty — D)le(y) — p(@)]? dylu(z) — w()P? d

By (3.5), the first two terms are < ¢. Since |u — w| < 2 and |p(y) — ¢(x)] <
3(LA Ly —=|), by (3.9) and Lemma 3.2, we obtain

1 ) 2
Za/R/RJE(y—x)lw(y) — ()" dylu(z) — w(z)|" do

IM
< J/|u—w|dx
2¢e R

9M 5 o
20.)1(1) ’

<

Therefore, J:(v,R) < 0. }
Next, we bound J. (v, P, RUS). Since |v(y)—v(x)| < 2 and d(P, RUS) > §/2,

13



we can bound

Je(v,P,RUS) = 45/ /RUS y —x)|v(y) — v(z) | dy dx

7// Je(y — z)dydx
€ Bs o (z)°
// h) dhdz

5/(2)

S ~— W1 = .
o o

We will estimate J.(v, @, RUS) in two steps. If z € Q,y € S, then |y — x| >
di(z) and |v(y) — v(2)|* < 2lw(y) — w(z)]? + 2|u(z) — w(z)|?. Therefore, using
(1.6), (3.5), and (3.9) we get

(UQS)<2\Z-(’LUQS+*// y — ) dy |u(z) — w(x)|? de

< 27:(w, @, 5) + /'“ '1(dl-fx>>djx>d“’

So.

On the other hand, if z € R,y € @, then |y — x| > d;+1(z) and |1 —
¢(z)] < 2d;41(2) by the gradient bounds on ¢. Furthermore, by the convexity
of z = [2[%, also [u(y) — v(@)]* < 2fu(y) — u(@)]* + 2/1 — ¢(z)*u(z) — w(z)*.
We thus have

(v R, Q) <2J5(u R, Q
// Jo(y = 2) dy|1 — o(@)?u(z) — w(x)|? da

<27 (u, R, Q)
9 £ dit1(x)
- — dz.
2 [ () “H e - vl s
Note that ( j = 1forall z € R. Since wy(t)/t < My for all t > 1, we have
w1 ( c ) di+1($) < MJ»
di+1(l‘) 3

for all € R. Taking this into account, and again using (3.5) and (3.9), we
deduce that
J-(v, R,Q) S 0.

Therefore, combining these results, we get

J(v,Q,RUS) S0

14



Lastly, we bound J.(v,R,S). If z € R,y € S, then |p(z)| < 2d;(z) and
lo(y) — v(x)? < 2u(y) — u(z)|? + 2|¢(z)|*|u(x) — w(x)|>. Therefore, using the
same argument as that to bound J:(v, R, @), we get

J-(v,R,S) S o.
Substituting these bounds into (3.10), this gives (for arbitrary o > 0)

limsup J¢, (vk, ) < limsup (J;, (ug, D) + Te, (Wi, 2\ Ds)) + Co,  (3.11)

k—o0 k—o0

where C' is a constant depending only on M.

All that remains is to bound the potential term W, (v, ), but for this we
can follow exactly the same argument as [23]. Letting 0 — 0% completes the
proof. O

4 I'-Limsup Inequality
The proof of Theorem 1.1(3) is a simple consequence of the following theorem.

Theorem 4.1. For every u € BV (Q;{—1,1}), there exists a sequence uj — u
in LP(Q) such that

limsup F¢, (u;,Q) < / Y(vy) dHN L
Jj—oo Su

Proof of Theorem 1.1(3) supposing Theorem 4.1. Let €; — 0 and u € L*(Q). If

u ¢ BV (Q;{-=1,1}), then F(u) = 400 and there is nothing to prove, so suppose

u € BV (Q;{-1,1}). Now simply apply Theorem 4.1. O

We will first prove Theorem 4.1 for BV functions with polyhedral jump sets,
then address the general case. In order to do so, we will need a fixed profile to
glue across facets of the polyhedron, interpolating between optimal profiles in
different directions.

Fix a mollifier § € C°(RY) such that suppf C Bi(0), [pnOdz = 1,
and |VO|eo < 2 and define 6,(z) := 7=V@(x/7) for all 7 > 0. For any
u € BV (Q2;{-1,1}), define

Ue 1= u * O, (4.1)

to be our fixed profile of scale €. By construction, .(z) € [—1,1] for all z € Q.

Proposition 4.2. Let u € BVj,.(RY;{~1,1}), and for every e > 0, let @ be
defined as in (4.1). Assume there exists a bounded polyhedral set ¥ of dimension
N —1 such that S, = %, let ©VN=2 be the union of all its (N — 2)-dimensional
facets, and let (XN72)% := {x € RN |d(x,2V~2) < §}. Then, there exist con-
stants oy, > 0,C = C(J,p,X) > 0 such that for 0 < & < 6 < dx, we have

Te (e, (EN72)0) < CSHN2(2V 7).

15



Proof of Proposition 4.2. Write (XV~=2)? as the disjoint union of two sets,
C? = {x e (BN |d(x, 2V 7?) < ¢},
OO i={z e (BN |d(x,2N"2) > ).

Note that the near field set C? is nothing more than (XV~2)<.
We can break up the kinetic energy into near and far field interactions on
these sets as

T (e, (BN72)?) < 27 (i1, €2, (SN 72)°) + 272 (@i, C72).

Using the inequality 0 < |t (y)—tc(2)|* < (2|ly — x| A 2)2, we can apply Lemma
3.2 to get

- - 1 _ -
i CLEN ) = [ ] - o) - a )P dyds
9 Cc3 J(nN-2)8
< M eNed)
5 MJEHN_2(EN_2) S MJ5HN—2(EN—2)’

for € and ¢ sufficiently small.

For the second term, we note that #. = +1 on C‘f, and that the subsets
{@. = +1} and {@. = —1} are separated by a gap of size 2c. Denote by CJ
and C° the parts of C’g where . equals +1 or —1 respectively. Applying the
Blaschke-Petkantschin formula (Lemma 1.5) to this term, we get

ue,C’5 / / y—x)dydx
C‘S cs

— [ ol e ) a @) ()
Graff(N,1) LﬁC‘S LnCc?
=- / A(L)d Y (L)
Graff(N,1)
1
=~ / Az +RE) dHN " (z) dHNT1(€),
2e SN-1 Jel
(4.2)
where we have defined A: Graff(N,1) — [0, 00) by
/ / y—a)|y — x|V dH (y) dH (z). (4.3)
LnCy JLNC?

Since the integrand in (4.3) only depends on terms of the form y — z, the
integrand is independent of 2. Furthermore, note that A(L) # 0 only if L
intersects both C’jf_ and C?; that is, if 2 € CO|¢t, where U|H denotes the
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projection of U onto the hyperplane H. Therefore,

A(z + RE)

— [ el ) i)
(z+RENCE J (z4+RENCE,

- / / Ty — o)y — 2|V dH (@) dH (y)
REN(CS —z) JREN(C? —2) (4.4)

< Xesjex (2) /__ / Jo ((t = $)E) |t — s|N " dt ds

-1 0
:EXCASIEL(Z)/ /1 JE(t — 5) dt ds,
—o0

where we define J&(t) := J(¢&)[t|V L.
Set F(§) := f:olo [ JE(t — s)dtds. Substituting (4.4) back into (4.2), we
get the estimate

(i, C. /SN ] Xene PO Y @ anY g
= [ HECE R aY (45)
< [ AR D PO aY )

Recognizing (XV72)%|¢+ = (BV-2|¢1)? € ¢+, we can apply Lemma 1.6 to
X = ¥N=2|¢t in the hyperplane ¢+ 22 RV =1 to get that for § < 1,

HN—l((ZN—Q)éKL) 5 6HN—2(ZN—2|§L) S 5HN_2(EN_2).

Substituting this into (4.5), we find
Ta C S UV [ R ant )
SN—-1

To conclude the bound of the far field terms, it only remains to show that

17



F € LY(SN=1), but this is a consequence of hypothesis (H2*). To be precise,

/SN_1 F(&) dHN7Y( /SN / / JE(t — s)dt ds dHN T (€)
=/SN71/2 / JE(t) dt ds dHN 1 (€)

S/SN l/oo/oo L Je () dtds dHN 1 (¢)
:/SN 1/2th5 / ~dsdtdHN71(€)
S/N l/goot,]f £y Int dt dHY =1 (€)

195

/ (W) k| In|R| dh < +oc.

Combining the near field bounds and far field bounds, we conclude. O

The proof of the I'-limsup requires the following two lemmas, from which
Theorem 4.1 will follow. The proof of Lemma 4.3 is identical to step 2 in the
proof of Theorem 5.2 in [2], so will be omitted (see also [13, Lemma 7.3]).

Lemma 4.3. Let P be a bounded polyhedron of dimension N — 1 containing
0 with normal v, let p > 0, and let P, be the N-dimensional prism {z + tv|
xeP,te(—qi)} Define w”: P”—HR by

(z) +1lifz-v >0,
w”(z) =
—1lifz-v<0.

Then, for every n > 0 there exists a sequence {us} C LP(P,;[—1,1]) such that
ue = w” in LP(P,) and

lim sup Fe(ue, Pp) < HY"H(P) ((v) +n).
e—0
Lemma 4.4. Let u € BVj,.(RY;{—1,1}) be such that there exists a polyhedral
set 3 of dimension N — 1 such that S, = X. For every o > 0 there exist

p >0 and § € (0,p) with the following property: for every e; — 0 there exists
v; € LP(XP;[—1,1]) such that v; =u on ¥\ ¥P~° and

lim sup F, (v;, % / Y(vy) dHN 1 4
J—00
Proof. The proof of Lemma 4.4 is very similar to the proof of Lemma 7.4 in
[13], but with some simplifications made to adapt to our functional.
Let dx, > 0 be as in Proposition 4.2, and fix 0,6 > 0 with 6 < min{dx,c}.
There exists p € (0,5) and a finite number of bounded polyhedra P!,. .., P¥ of
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k

dimension N — 1 with normals v!,...,* contained in the facets of ¥ such that

the closed prisms ﬁlp are pairwise disjoint and

k
S\ Py c (=), (4.6)

Find R',..., R* bounded polyhedra of dimension N — 1 also contained in the
facets of ¥ such that the closed prisms are disjoint and P* CC R! for each i.
Fix 7 > 0 such that nHY~1(2) < /2, so that by Lemma 4.3 for each
polyhedron R’ there exists a sequence {u’} C LP(R};[—1,1]) such that u} — u
in LP(R}), and
limsup F, (uj, By) < HY LR () + ).

j—o0

Choose 0 < § < min{p/2,5} and, as in (4.1), define 4; := u x 0.,. We apply
the modification theorem, Theorem 3.1, with 2 = Rz and D = (Rf))g to glue
together u and @; to create functions v; € L*(R}) satisfying

L. v = u} in (R))as,

2. vh =y on R\ (R})as,

3. and

limsup Fr; (vj», Rf)) < limsup (FEJ. (u;, (RZ)(;) + F, (uy, Rf) \ (RZ)Q(;)) )
j—o0 j—o00

(4.7)

We now have to bound F_, (i, R, \ (R})2s). As in the proof of Proposition

4.2, to bound J., (@, R} \ (R})25), we break up the shell into a near field and
far field;

Cji={x € R\ \ (R})2s | d(z, R') < e;},
Cji={xc R\ (R})2s | d(z, R) > &5}
Therefore,
ey (g, RN (Bi)as) < 27, iy, Cy. R\ (Rb)as) + 272, (i, C).

and, as in the proof of Theorem 3.1, again the first term is < 5032 by Lemma

3.2, where C i is a constant depending on Rf). We break up C'j into the following
four sets



so that by additivity of 7,
TI-; (15, Cy) < Te, (4, Cf ST UCT ) + Te, (5,5, 87) + T, (6, Cf UST,C).

The first and third terms involve sets at distance > p — 2§ + £, so by Lemma
3.3 they will tend to zero as j — co. By (4.6), the sets Sji are actually both

subsets of (XV~2)9+20 ¢ (¥N=2)39 50 by Proposition 4.2, the second term is
< &; therefore, we get

limsup J¢, (uJ,R \(RZ)Qé) (4.8)

j*)OO

We can also bound the potential energy by noting that W(u) = 0 on C’j,
and so

lim sup W, (uJ,R \ (R )25) = limsup W, (i, Cj) < My Chid, (4.9)
Jj—o0 j—o0 ’
where My = max(_; ;) W. Combining inequalities (4.8) and (4.9), we have
that R
limsup F, (i;,Cj) < k16,

Jj—oo
for a constant x; independent of u. This, together with (4.7) and by Lemma
4.3, yields

limsup F, (11;, Rf,) < limsup F, (u;, RZ) + K10
Jj—o0 Jj—oo . . (4.10)
< HYTHR) (W (') +n) + ka6

Define v; := v; in Rﬁ), and vj :=1u; on A, := ¥\ Ule Rﬁ,. Then v; — u in
LP(%P) and v; = u on X\ £P~0 for j > 1.
By additivity of W, we obtain

k
W, (vj, %) SZ 5 (05, RY) + W (v5, Ap), (4.11)

but v; = @; on A,, and i; = +1 for z € %%, so we can bound
Wk, (vj, Ap) < We, (a7, (BV72)7 N D)
< %MWEN ((ZN—Z)& A EQsj)
< ]\;WCE&HN_Z(EN_Z),
where ¢y > 0 is a constant depending only on ¥. Combining the above inequal-

ity with (4.11), we get

k
W, (vj,%°) §Z ,(vj, R -I-MWcEO"HN 2(=N=2), (4.12)
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To bound the kinetic energy, we use additivity to get

;751 U], 'Ule +22t7€ U37PZ7ZP\R§))

=1

I\Mw

(4.13)
+g78J(UJ7 ZN 2 +Z\78] U]7R;)aR%)'
175]

The sets in the second and fourth terms are at a fixed distance apart, so the
corresponding terms tend to zero in the limit as j — oo. By Lemma 4.2,

Tey (07, (EN2)7) < moHN—2(2N2),

where £ does not depend on v;. Combining this inequality with (4.12), (4.10),
and (4.13), we get

lim sup F, (vj, ) < / ()M RN (D)
P

Jj—o00

+ k16 4+ MypesHY 2(2N72) 4 ko VN 22N 2).
Since nHN~1(¥) < ¢ /2, we can conclude by taking ¢ sufficiently small. O

From here, the proof of Theorem 4.1 follows from Lemma 4.4, approximating
a general u € BV (RY;{~1,1}) by functions with polyhedral jump set (cf. [2,
Section 5.4], [13, Theorem 7.1]) and diagonalizing. We sketch the proof below.

Proof of Theorem 4.1. By [4, Lemma 3.1], for every u € BV (Q;{—1,1}) there
exists a sequence {u} in BV(Q;{—1,1}) converging to u in L'(Q) such that
each jump set S, is the intersection of 2 and a polyhedral set of dimension N —
1. Furthermore, since 9 is upper semi-continuous, by Reshetnyak’s convergence
theorem (see [25]), we have that

limsup/ (v, ) dHN ! S/ Y(vy) dHN L
ll/k Su

k—o0

Therefore, it is sufficient to prove the theorem for functions with polyhedral
jump set.

Let u € BV(Q;{—1,1}) be such that S, = QN X with ¥ a bounded polyhe-
dral set of dimension N —1. For all o > 0, let 0 < § < p and v; be as in Lemma
4.4. Define u; € L?(R) by u; := v; in ¥ and u; := v in Q \ X*. Since v; = u
on XP\ =% for j > 1, we have that u; = u on Q \ X~°. Therefore,

WE.(UJ',Q) S ng(vj,zp), (414)

J

for sufficiently large j.
On the other hand, we can estimate J, (u;, ) by

Te, (17, Q) < Te, (07, 5°) + 22, (uj, 2P0, Q\ 2°) + T2, (u, @\ 2770, (4.15)
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Since d(Xr~%,Q\ ¥*) > §, we can apply Lemma 3.3 to the second term to get
the inequality

1 €j
. p—0 P J . 2
Te,; (u, P70, Q\ XF) < 251 (—6)/Q\u](x)| dx.

Therefore, as j — oo, this term vanishes from (4.15). Similarly, the third term
tends to zero by Lemma 3.3 since  \ £?~? can be partitioned into two sets, on
one of which v = +1 and on the other u = —1, separated by a gap of width
2(p —9).

Therefore, by (4.14), (4.15), and Lemma 4.4, we have

limsup F;, (uj, Q) < limsup F¢, (v;,%,) < / Y(vy)dHN T + 0.
Jj—ro0 J—ro0 b))

Since we can construct such a sequence for each o > 0, we can diagonalize this

family to get a sequence {u;} such that

lim sup F, (uy, 2) g/qb(yu)d’HN_l,
b

j—o0

concluding the proof. O
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