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Dielectric elastomers have significant potential for new technologies, ranging from soft robots to
biomedical devices, driven by their ability to display complex shape changes in response to electrical
stimulus. However, an important shortcoming of current realizations is that large voltages are required for
useful actuation strains. This work proposes, and demonstrates through theory and numerical simulations,
a strategy to achieve large and controlled actuation by exploiting the electromechanical analogue of the
Treloar-Kearsley (TK) instability. The key idea is to use the fact that the TK instability is a symmetry-
breaking bifurcation, which implies the existence of a symmetry-driven constant-energy region in the
energy landscape. This provides for nonlinear soft modes with large deformations that can be accessed
with very small external stimulus, which is achieved here by applying a small in-plane electric field.
First, the bifurcation and postbifurcation behavior of the electromechanical TK instability are established
theoretically in the idealized setting of uniform deformation and electric field. Next, building on this,
a finite-element analysis of a realistic geometry with patterned top and bottom electrodes is applied to
demonstrate large and soft shape changes driven by small voltage differences across the electrodes.
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I. INTRODUCTION

Soft electromechanical elastomers, also known as
dielectric elastomers (DEs), wherein mechanical deforma-
tions can be driven by electrical stimulus for actuation,
present tremendous potential as transducers for soft and
biologically inspired robots, biomedical devices, and
energy harvesting, among other applications [1–12]. The
actuation mechanism in DEs is typically achieved through
a capacitorlike design where a dielectric elastomer film
is sandwiched between two compliant electrodes: upon
application of a voltage difference across the electrodes,
the electrostatic (Coulombic) force between the elec-
trodes due to the electrical charges compresses the DE
in the thickness direction causing—through the Poisson
effect—the DE to expand in the lateral direction [13–15].

However, because the Poisson effect is typically fairly
small, DEs typically require high voltages to induce a
usable deformation. Consequently, the high fields drive
electromechanical failures such as pull-in instability, elec-
trical breakdown, and buckling instability [16–18], which

*Contact author: dkatusel@andrew.cmu.edu

limit the performance. To increase the deformation and
delay and/or suppress instabilities, mechanical prestretch
and prestress are often introduced before applying volt-
age [7,19–21]. Other methods to improve the performance
of DEs include the introduction of mechanical constraints
[16,22], using dielectric films without electrodes [23], or
harnessing instabilities for improved functionality [21].

Dielectric elastomers have also been used in multilayer
configurations to increase stability, hence allowing one
to bypass the need to apply a prestretch to the material
[24]. This strategy also eliminates some electromechan-
ical instabilities such as wrinkling that would otherwise
limit the amount of deformation achievable. Multilayer DE
actuators have been applied to flapping-wing robots [25],
haptics [26], and inspection robots [27].

In this work, we exploit the Treloar-Kearsley (TK) insta-
bility to theoretically and computationally show the pos-
sibility of large shape transformations in DEs with small
applied electric field. The TK instability is a symmetry-
breaking pitchfork bifurcation that occurs in polymeric
materials in the mechanical setting: under symmetric load-
ing, a stable asymmetric stretching can be observed in
addition to the unstable symmetric stretching [28–31]. This
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was recently studied in the electromechanical context in
DEs to elucidate the interplay between the TK instability
and pull-in instability under applied voltage [32].

A. Contributions of this paper

This paper proposes a strategy to exploit the symmetry-
breaking feature of the TK instability to achieve large
mechanical deformation with small electrical stimulus
(Fig. 1). Specifically, considering a specimen that is ini-
tially a flat circular disk, we can mechanically induce the
TK instability to cause a shape change to a flat disk with
elliptical cross section. There is clearly a broken symme-
try: the principal axes of the elliptical cross section are free
to be oriented in any direction. All directions have the same
energy, and this provides a flat region in the energy land-
scape. Specifically, once the TK instability has occurred
and the cross section is elliptical, we can continuously
change the orientation of the principal axes without any
energetic cost. This flat region provides for the existence of
a nonlinear soft mode, i.e., we can achieve large mechan-
ical deformations that require no energy. Given this soft

FIG. 1. Bifurcation schematic illustrating the TK pitchfork
instability. Here F12 and F11 − F22 quantify the shape of the cross
section, and t̂0 quantifies the mechanical load. For low loads, the
stable configuration is circular, shown by the solid line. For large
loads, the circular configuration is unstable, shown by the dashed
line, and the surface of revolution is the stable configuration that
corresponds to a large set of constant-energy configurations. It
is then possible, for a fixed load, to move along circular paths
on the surface of revolution for zero energetic cost—i.e., a soft
mode—simply by using the orientation arctan Ê2/Ê1 of a small
in-plane electric field to break the symmetry.

mode in the energy, we next apply a small in-plane elec-
tric field that breaks the in-plane symmetry and nudges the
system to orient the principal axes along the field. Chang-
ing the in-plane orientation of the field causes the principal
axes to follow along, thereby providing large deformations
that are readily controlled by a small field.

In Sec. II, we summarize the large-deformation nonlin-
ear electromechanical model starting from a free-energy
formulation. By minimizing the free energy, we obtain
the partial differential equations (PDEs) and boundary
conditions that define the electromechanical equilibrium
state.

Next, in Sec. III, we perform a theoretical bifurcation
analysis in an idealized setting. Assuming a homoge-
neous deformation and a uniform electric field applied
through affine voltage boundary conditions, we simplify
the full PDE model to an algebraic system. This enables
us to examine the bifurcation and postbifurcation behav-
ior, specifically understanding the effect of applied field
on the onset of the TK instability and the postbifurcation
symmetry breaking.

In Sec. IV, we solve the equilibrium PDE numeri-
cally using the finite-element method (FEM) in a realistic
geometry that is potentially amenable to fabrication and
experimental characterization in the future. Specifically,
we consider a circular disk with patterned top and bot-
tom electrodes that can be individually addressed in terms
of applied voltage. By changing the voltages at the var-
ious electrodes, it is possible to approximately mimic an
in-plane applied electric field that has various orienta-
tions. We demonstrate that changing the electrode voltages
appropriately leads to the large and soft deformations
predicted by the idealized theoretical analysis.

Finally, in Sec. V, we apply the numerical approach to
examine a realistic multilayer DE actuator configuration.

II. FORMULATION

This section describes the electromechanical free-
energy formulation, focusing on the presentation of the
model, which will be analyzed in subsequent sections. We
use boldface to represent vectors and tensors, and subscript
0 to denote quantities in the reference configuration. We
use ∇ and ∇0 to denote derivatives with respect to x and
x0, respectively.

A. Variational principle and field equations

Consider a DE specimen occupying the domain �0 and
boundary ∂�0 in the reference configuration, and � with
boundary ∂� in the deformed configuration. The mate-
rial points in the reference and deformed configurations
are denoted by x0 and x, respectively, and the deformation
gradient by F(x0) = ∇0x consistent with the deformation
map x = x(x0); we further define J = det(F) > 0 as the
Jacobian. The electric potential φ(x) and electric field
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E(x) are related by E = −∇φ. The polarization field in
the material is denoted as P(x).

The total free energy of the system is formulated [33] as

ψ[x, P] =
∫
�0

W(F, P)+ ε0

2

∫
�

|E|2 −
∫
∂�t0

t0 · x

+
∫
∂�

φ(ε0E + P) · n. (2.1)

Here W is the free-energy density per unit referential vol-
ume; the second term is the electrostatic field energy,
noting that ε0 is the permittivity of free space; the last two
terms are the contributions from the mechanical and elec-
trical boundary conditions (BCs), respectively; and ∂�t0 is
the part of the boundary ∂�0 where the traction is speci-
fied with n the outward normal. The electric field in (2.1)
is computed by solving the electrostatic equation

∇ · (ε0E + P) = −ε0∇2φ + ∇ · P = 0 in �, (2.2)

subject to the BCs that φ is specified at the electrodes and
(ε0E + P) · n = 0 on the portion of the boundary where
there are no free charges. We note that this is an approxi-
mation that neglects the external electric fields outside the
specimen [34,35].

The pullbacks to the reference configuration of E(x) and
P(x) are defined following [36,37] to be

E0 = FTE, P0 = J P,

and the pullback for the electric potential is defined to be
φ0(x0) = φ(x(x0)).

The dielectric elastomer is assumed to be incompress-
ible, which requires that J = 1, and is imposed by intro-
ducing a Lagrange multiplier p(x0). The Lagrangian for an
incompressible material, written in terms of the pullbacks,
has the expression

�[x, P0] =
∫
�0

W(F, P0)+ ε0

2

∫
�0

J |F−TE0|2

−
∫
∂�t0

t0 · x +
∫
∂�0

φ0J F−1(ε0F−TE0 + P0)

· n0 −
∫
�0

p(J − 1), (2.3)

where n0 is the outward normal to ∂�0.
Setting the functional derivative of � with respect to

x(x0) to 0, with the constraint (2.2), we obtain the follow-
ing equations that represent mechanical equilibrium in the
bulk and the boundary conditions:

∇0 ·
(
∂W
∂F

+ �0 − pJ F−T
)

= 0 on �0, (2.4a)

(
∂W
∂F

+ �0 − pJ F−T
)

n0 = t0 on ∂�t0 , (2.4b)

(
∂W
∂F

+ �0 − pJ F−T
)

n0 = 0 on ∂�0 \ ∂�t0 .

(2.4c)

We have defined

�0 := E0 ⊗ J F−1(ε0F−TE0 + P0)− ε0J
2

|E0|2F−T

as the Piola-Maxwell stress tensor, and T := (∂W/∂F)+
�0 − pJ F−T as the total Piola-Kirchhoff stress tensor.
The PDEs and BCs in (2.4) define the boundary-value
problem (BVP) that must be solved for the equilibrium
configuration.

Similarly, setting the functional derivative of � with
respect to P0(x0) to 0 gives the usual local relation
between the electric field and polarization density at a point
−∂W/∂P0 = E [38].

B. Material model

We assume that the energy density W(F, P0) is addi-
tively composed of a mechanical strain energy den-
sity Wm(F) and an electromechanical energy density
Wel(F, P0).

For the mechanical term, we use an incompressible,
isotropic, hyperelastic Mooney-Rivlin model [39], that
can be connected to statistical mechanics and network
elasticity [40,41], with the form

Wm(F) = μ

2
[(I1 − 3)+ γ (I2 − 3)], (2.5)

where μ and γ are material parameters, and I1 = tr(FTF)
and I2 = 1

2 [tr(FTF)2 − tr((FTF)2)] are the invariants of F.
All quantities will be nondimensionalized with respect to
μ and we set γ = 0.3 for all numerical calculations.

For the electromechanical term, we use a linear isotropic
dielectric with P = ε0χE, where χ is the scalar dielec-
tric susceptibility. In Ref. [42], it was shown that the
dielectric susceptibility derived from statistical mechanics
is an anisotropic function of the deformation. However,
for simplicity, we assume that χ is isotropic and inde-
pendent of deformation. Defining ε := ε0(1 + χ) to be the
permittivity, we write the electromechanical energy as [43]

Wel = 1
2J

P0 · (ε − ε0)
−1P0. (2.6)

We note that, though ε is independent of deformation,
Wel involves the deformation through the presence of J =
det F and because P0 depends on F through the pullback
relation.
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III. BIFURCATION AND POSTBIFURCATION
ANALYSIS IN AN IDEALIZED HOMOGENEOUS

SYSTEM

In this section, we examine the TK bifurcation in an ide-
alized setting—with deformation and electric field being
uniform through the specimen—to simplify the PDE (2.4)
to an algebraic system of equations. The algebraic sys-
tem can be solved to obtain closed-form expressions that
elucidate the role of mechanical load and electric field
orientation in the electromechanical TK bifurcation.

A. Simplification of the differential equation to an
algebraic system

The necessary conditions for the onset of the symmetry-
breaking instability are determined through a linear
bifurcation analysis on a DE specimen subject to both
mechanical loads and electrical stimuli. We consider a
disk-shaped specimen, and the deformation and electric
field are both assumed to be homogeneous under the
applied loads. This enables us to simplify our analysis for
TK and pull-in instabilities, but restricts it to situations
without buckling instabilities.

The Cartesian coordinates of material points in the ref-
erence configuration are of the form x0 = (x1, x2, x3) =
(R cos θ , R sin θ , x3), where R is the radius of the disk and
θ ∈ [0, 2π). The corresponding spatial position of these
material points after deformation is of the form

x = (F11x1 + F12x2, F21x1 + F22x2, F33x3),

with deformation gradient

F =
⎛
⎝F11 F12 0

F21 F22 0
0 0 F33

⎞
⎠ . (3.1)

The components F13, F23, F31, and F32 are negligible
because the specimen has a thickness that is small com-
pared to its radius.

The mechanical load is applied uniformly on the entire
lateral boundary by specifying the traction Ter = t0, with
t0 = t0er and er = (cos θ , sin θ , 0). The top and bottom
faces are traction-free, i.e., Te3 = 0. The term t0 · x in
(2.3) evaluates to Rt0((F11x1 + F12x2) cos θ + (F21x1 +
F22x2) sin θ). The energy contribution due to the applied
traction can now be written as

∫
∂�t0

t0 · x = RHt0
∫ 2π

0
(F11 cos2 θ + F22 sin2 θ

+ (F12 + F21) cos θ sin θ)R dθ

= πR2Ht0(F11 + F22). (3.2)

The voltage boundary condition has the affine form φ =
−Eext · x and is applied on the entire boundary ∂�, where

Eext = (E1, E2, E3) is a constant vector with the physical
interpretation of a uniform applied electric field [44–46].
The internal electric field that is generated by this bound-
ary voltage is computed from (2.2) and evaluates to ∇φ =
−Eext.

The energy due to the electric field corresponding to the
second and fourth terms of the right-hand side in (2.3), by
using (2.6) and under the assumption of a homogeneous
deformation, simplifies to

ε

2

∫
�0

J |F−TEext|2 +
∫
∂�0

φ0Eext · n0

= −πR2H
ε

2
|F−TEext|2, (3.3)

where we have used the prescribed affine voltage boundary
conditions and the divergence theorem.

Using all the simplified expressions from above, the
mean free energy, in terms of components of F and Eext,
can be written as

1
πR2H

ψ[F11, F12, F21, F22, F33]

= μ

2
((I1 − 3)+ γ (I2 − 3))− t0(F11 + F22)

− ε

2
(F22Eext

1 − F21Eext
2 )2F2

33

− ε

2
(F11Eext

2 − F12Eext
1 )2F2

33 − ε

2
(Eext

3 )2

F2
33

− p(F11F22F33 − F12F21F33 − 1) (3.4)

This generalizes the expression from Ref. [32], which was
restricted to out-of-plane electric fields.

B. Analysis

Unlike the classical purely mechanical analysis [29], we
cannot assume here that F is symmetric and diagonalizable
in terms of principal stretches. In fact, we find below that F
is generally not symmetric when there is an in-plane elec-
trical field. That is, the initially circular specimen deforms
to a more general shape than an ellipsoid, though it is very
close to an ellipsoid for the realistic values of the electric
field that we use here. We therefore cannot use the strat-
egy of working in the principal basis of F, and instead
choose a Cartesian coordinate system that, without loss of
generality, is oriented such that E2 = 0.

The linear bifurcation analysis is carried out by solv-
ing the equilibrium equations (2.4) under the assumption
of homogeneous deformations—which leads to the field
equation (2.4a) being trivially satisfied—with the total
energy given by (3.4). The boundary conditions (2.4c) with
zero traction on the top and bottom faces lead to the normal
stress component in the thickness direction being zero, i.e.,
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T33 = 0, and enables us to eliminate the pressure p . Fur-
ther, the in-plane stress components T11, T12, T21, and T22
associated with the boundary condition (2.4b), in which the
normal corresponds to the radial directions, leads to

T11 = t0, T12 = 0, T21 = 0, and T22 = t0. (3.5)

To simplify, we compute T11 − T22 = 0 and T12 − T21 = 0
to get, respectively,

− Ê2
1F22F−1

33 + (F11 − F22)[(2γ − Ê2
3)F

−4
33

− (2γ − Ê2
1)(F

2
12 + F2

22)− 2 + 2F−3
33

+ 2γ (F2
11 + F2

22 + F−1
33 )] = 0 (3.6a)

and

Ê2
1F12F−1

33 + (F12 − F21)[(2γ − Ê2
1)(F

2
12 + F2

22)

− (2γ − Ê2
3)F

−4
33 + 2γ (F2

11 + F2
21 − F−1

33 )

− 2F−1
33 (F

2
11F2

22 − 2F11F12F21F22 + F2
12F2

21)] = 0,
(3.6b)

where we have introduced the nondimensional electric
field Êi := Eext

i /
√
μ/ε, i = 1, 3.

In the absence of electric fields, i.e., Ê1 = Ê3 = 0, this
agrees with Kearsley’s theoretical analysis in predicting
asymmetric deformation beyond a critical load [29]. Fur-
ther, Ê1 introduces an asymmetry in the plane of the
dielectric such that F is not symmetric, i.e., in general,
E1 �= 0 =⇒ F12 �= F21.

(a) (b)

(c)

FIG. 2. Bifurcation diagram of the DE disk. Panels (a) and (b) show that the effect of the in-plane field on the bifurcation behavior
is minimal in terms of modifying the bifurcation load, but they are essential in breaking the symmetry by nudging the circular disk to
adopt an elliptical cross section whose smaller principal axis is aligned with the applied in-plane field. Panel (c) shows the much more
significant impact of the out-of-plane field in changing the bifurcation structure.
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FIG. 3. The variation of the components of F with the orienta-
tion of the in-plane electric field in the bifurcated state. We notice
that the circular disk takes on an elliptical cross section, with the
minor principal axis aligned with the electric field. We highlight
that F12 �= F21 but their numerical values are very close to each
other, which indicates that the disk is close to, but not perfectly,
elliptical.

C. Results and discussion

The stability of the dielectric elastomer is studied by
using the energy of the system to derive conditions under
which a bifurcated solution will occur. The implicit func-
tion theorem provides the condition for bifurcation to
occur by determining the solutions for a vanishing Hes-
sian matrix. For our numerical results, we will minimize
the energy density in (3.4) for various loading cases to
study the deformation while keeping the axes in the current
configuration fixed.

Figure 2(a) shows the effect of the electric field
on the deformation. Initially, at t̂0 = 0, we observe
that (F11, F22) = (1, 1) when Ê1 = 0, that (F11, F22) =
(0.98, 1.01) when Ê1 = 0.25, and that (F11, F22) =
(0.93, 1.04) when Ê1 = 0.5. We highlight that Ê1 intro-
duces an asymmetry in stretches between in-plane direc-
tions 1 and 2. As t̂0 increases, both F11 and F22 increase
while maintaining the asymmetry at a small value below
a critical load. The solution, then, bifurcates when the
load exceeds the critical value and the asymmetry in the
stretches increases dramatically. We note that, for Ê1 =
Ê2 = 0, there is an unstable solution where F11 = F22 as
demonstrated in Refs. [29,32]. However, when we intro-
duce in-plane components of electric field, this acts to
perturb the symmetrical state of the dielectric, leading to
only bifurcated solutions.

In Fig. 2(b), the orientation of the in-plane electric
field is changed to be aligned along the 2 direction. We
observe the same behavior as in Fig. 2(a), but with mag-
nitude reversed between F11 and F22, showing the clear
role of the in-plane electric field in biasing the bifurcated
configuration.

Figure 2(c) shows the effect of changing the magnitude
of the out-of-plane field on the bifurcation behavior. We
observe that, for Ê3 = 0.5, the TK instability is delayed to
a higher load value and the effect of Ê1 on the deformation
is reduced.

In Fig. 3, we plot the change in the components of F
with respect to the orientation of the electric field, denoted
as α := arctan Ê2/Ê1, while keeping the magnitude of the
electric field fixed at 0.1. The mechanical load is fixed at
t̂0 = 6 and the through-thickness component of the electric
field is fixed at Ê3 = 0.1; note that these values put the DE
disk in the bifurcated state. As α changes, we can solve for

(a) (b)

FIG. 4. (a) The geometry of the DE specimen showing the applied traction and the patterned electrodes on the top and bottom
surfaces. (b) The voltages applied to the various electrodes as a function of time. However, we emphasize that the variation in time
is strictly for conceptual convenience. We do not consider any dynamic phenomena, and solve for equilibrium at each instant as the
voltage boundary conditions evolve.
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F from (3.5). We find that the deformation changes such
that the minor principal axis rotates to follow α, and the
specimen contracts in the direction of the electric field and
extends in the orthogonal direction. This is consistent with
Figs. 2(a) and 2(b) which correspond to α = 0◦ and α =
90◦, respectively.

IV. EXTENSION TO REALISTIC COMPLEX
GEOMETRIES

While the theoretical analysis above provides essen-
tial insights in an idealized setting, we complement it
by looking at a more realistic geometry that is solved
using the FEM. In particular, the assumption that the
applied boundary potential has the form φ = −Eext · x is
essentially impossible to realize in practice. Therefore, we
consider a specimen that has several distinct electrodes

on the boundary, each of which is held at a given volt-
age [Fig. 4(a)]. By changing the voltage in each elec-
trode as in Fig. 4(b), we are able to effectively rotate
the overall electric field vector to achieve the proposed
actuation mechanism. Further, we highlight that the elec-
trodes are on the top and bottom surfaces rather than
along the thin lateral surface, in the interest of provid-
ing a geometry that is potentially feasible for experimental
realization.

A. Patterned surface electrode geometry and voltages

As shown in Fig. 4(a), we consider a circular specimen
with a uniform thickness and a uniform applied traction on
the boundary. We restrain the body only to prevent rigid
modes. The voltage BCs are applied nonuniformly on the
top and bottom surfaces through an arrangement of eight
electrodes, and the voltages that are assigned to the top

×10–3

×10–3

×10–3

×10–3

×10–3

×10–3

×10–3

×10–3

(a) (b)

(c) (d)

FIG. 5. Snapshots of the deformed specimen as the electrode voltage evolves; the labels 1© – 4© indicate the times that are shown in
Fig. 4(b). The color indicates the electric potential. In panel (a), we have t̂0 = 0.54, which is below the bifurcation load; and in panels
(b)–(d), we have t̂0 = 4.5, which is above the bifurcation load.
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(a) (b)

FIG. 6. Top view of the electric field in the specimen at 2© and 3©.

electrodes are denoted in Fig. 4(a). The same voltages are
assigned on the bottom boundary. The remainder of the
boundary has no electrodes. While we choose eight elec-
trodes for convenience, it straightforward to have a larger
number.

The sequence of loading is as follows:

(1) The mechanical load t̂0 = 3.86 is applied while the
voltage is held at zero at all electrodes, over the time
interval t = 0 to t = 12 in Fig. 4(b).

(2) A constant nonzero voltage is applied to the elec-
trodes as shown in Figs. 4(a) and 4(b), over the time
interval t = 12 to t = 34. The mechanical load is increased
to t̂0 = 4.5 within this time interval.

(3) The mechanical load is held fixed at t̂0 = 4.5
throughout the rest of the calculation, while the voltages at
the electrodes are varied sinusoidally, with each electrode
having a different phase.

The equilibrium BVP defined by (2.2) and (2.4a)–(2.4c),
with the BCs described above, is solved using the open-
source FEM package FEniCS [47,48]. We used a triangular
mesh with quadratic shape functions for the displace-
ment and electric field, and linear shape functions for
the Lagrange multiplier. We performed a static three-
dimensional analysis with the voltage or load applied
incrementally.

Because the overall system is nonlinear with a con-
straint, we solve as follows. At each increment (either
traction or voltage), the electrostatic problem (2) is solved
first. The electric field thus obtained is used to solve
the mechanical problem (2.4a)–(2.4c). The mechanical

quantities are used to solve the electrostatic problem, and
the entire process is repeated until convergence.

B. Results and discussion

Figure 5(a) shows the deformed shape of the specimen
at a mechanical load t̂0 = 0.54 at time 1© [Fig. 4(b)] with
zero voltage applied at the electrodes. This load is below
the bifurcation load of t̂0 = 3.89 for the TK instability in
the absence of electric field [Fig. 2(a)]. Thus, the specimen
expands symmetrically into a circle with larger radius in
the plane while reducing its thickness.

As we increase the mechanical load to t̂0 = 4.5, the volt-
ages V1, V2, V3, and V4 are prescribed on the electrodes at
time t = 12 and held constant up to t = 35 [Fig. 4(b)]. The
electric field is no longer uniform; the maximum magni-
tude is 2.3 × 10−2, while the field in most of the material
is around 3 × 10−3, which is far less than those in the
analysis in Sec. III C. Thus, the TK instability will occur
very close to t̂0 = 3.89, which is the value for the purely
mechanical case.

(a) (b)

FIG. 7. Two-layer dielectric elastomer: (a) a schematic show-
ing the electrodes in the interface between the layers, and (b) the
computed stack assembled such that electrodes in contact have
identical voltages.
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In Fig. 5(b), at time 2©, we have t̂0 = 4.5, which is above
the bifurcation load, and the specimen is clearly elliptical.
Further, the electrodes set up an electric field within the
specimen that is fairly uniform [Fig. 6(a)], and the major
axis of the ellipse is clearly aligned with the overall electric
field.

Subsequently, as the electrode voltage evolves while
holding fixed the mechanical load at t̂0 = 4.5, the max-
imum and minimum voltages gradually change position;
Fig. 5(c) shows this at t = 84. The direction of the in-plane
electric field also changes accordingly [Fig. 6(b)], which in
turns causes the major axis of the specimen to rotate.

A similar result is shown in Fig. 5(d) at t = 109.

V. MULTILAYERED DIELECTRIC ELASTOMER
ACTUATORS

The design of dielectric elastomers for electromechan-
ical actuation has included multilayered DEs stacked to
enhance stability [24] and enabling actuation without
applying a prestretch. We analyze a simple multilayer con-
figuration to demonstrate that the electromechanical TK
effect provides a useful actuation mechanism in this setting
as well.

(a) (b)

(c) (d)

FIG. 8. Snapshots of the deformed specimen as the electrode voltage evolves [Fig. 4(a)] in the two-layer DE at a load t̂0 = 4.5 in a
postbifurcation state. In panels (a) and (b), the color indicates the electric potential, while in panels (c) and (d), the color indicates the
electric field magnitude.
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In our analysis, we stack two DEs with the electrodes
arranged in the pattern shown in Figs. 7(a) and 7(b).
The arrangement of electrodes in each layer is similar to
the single-layer configuration [Fig. 4(a)], and we ensure
that electrodes with the same voltage are connected at
the interface. The FEM calculations use similar bound-
ary conditions as those of the single layer, while enforcing
continuity of the displacement at the interface. A uniform
traction in applied to both layers around the circumference.

The FEM results show that the traction at bifurcation
is t̂0 = 3.89, which is the same as in the single layer. We
apply the same voltages to the electrodes as in the case of
the single-layer DE [Fig. 4(b)]. The postbifurcation defor-
mation in Figs. 8(a) and 8(b) has its principal direction
oriented in the same direction as the electric field in the
middle of the DEs shown in Figs. 8(c) and 8(d).

We highlight an interesting difference between single-
layer and multilayer DEs: the single-layer DEs deformed
such that the short axis was aligned with the average
electric field, whereas in multilayer DEs the long axis is
aligned with the average electric field. The reason for this
difference is as follows. In single-layer DEs, the alignment
is dominated by Coulombic attraction across the specimen:
the electrodes with the largest voltages attract and squeeze
the specimen, causing the short axis to align with the field.
On the other hand, in multilayer DEs, the electric fields
at the edges of the specimen between the patterned elec-
trodes dominate over the average field in the interior of
the specimen in determining the response, and these local
fields drive the long axis to align with the electric field.
The interactions between adjacent electrodes is amplified
due to the multilayer stacking configuration. This is tested
by changing the spacing and number of electrodes.

We highlight that, regardless of the orientation of the
deformation—whether the long axis or the short axis aligns
with the electric field—the key idea of exploiting the elec-
tromechanical TK instability is unchanged. That is, we
have a flat energy landscape, and rotating the electric field,
by changing the voltages on the electrodes, causes the sys-
tem to traverse the flat landscape and exhibit large shape
changes with negligible work.

VI. CONCLUDING REMARKS

We have presented a strategy to achieve large and soft
deformations in dielectric elastomers at low voltages by
exploiting the TK instability. In particular, the TK insta-
bility is a symmetry-breaking bifurcation that provides an
energy landscape that has a significant flat region. The
flat region allows for symmetry-related soft modes and it
costs no energy to move over this region of the energy
landscape. Consequently, by applying a small electric field
that appropriately biases the system, we show the possibil-
ity of nudging the system to a desired configuration. We
demonstrated this in an idealized system theoretically as

well as numerically in realistic single-layer and multilayer
DE configurations.

Our strategy of working near a pitchfork bifurcation is
analogous to exploiting a second-order phase transition
Fig. 1. If one could conceive of an approach that exploits a
first-order phase transition, it could be possible to achieve
much larger field-induced deformations, although possi-
bly introducing hysteresis. Woven structures are a model
setting to potentially achieve a first-order transition using
equibiaxial boundary traction [49], similar to the load case
studied in this paper.
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