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Abstract

We prove the existence of small solitary waves for one-dimensional
lattices of particles that each repel every other particle with a force that
decays as a power of distance. For force exponents o + 1 with % <a<3,
we employ fixed-point arguments to find near-sonic solitary waves having
scaled velocity profiles close to non-degenerate solitary-wave profiles of
fractional KdV or generalized Benjamin-Ono equations. These equations
were recently found to approximately govern unidirectional long-wave mo-
tions in these lattices.
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1 Introduction
In this work we prove an existence theorem for solitary waves of small amplitude
in an infinite lattice of particles which all interact with each other through long-

range power-law forces. The equations of evolution that govern the particle
positions z; (required to increase with j) are

Bj=—a) <($j+m — )" = (- fﬂjfm)_ad) , JEL (1.1)
m=1
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When 1 < a < 3, we showed in a previous work [16] that the unidirectional
propagation of long-wave solutions of (1.1) is formally governed by the nonlocal
dispersive PDE

Oyu + udyu + H|D|%u = 0, (1.2)

where H is the Hilbert transform and the dispersion term f = H|D|*u has
Fourier transform f(k) = (—isgnk)|k|®a(k). Subsequently, Wright [23] has
rigorously proved that long-wave solutions of (1.1) are close to solutions of
(1.2) over a suitable long time-scale provided o, < a < 3, where o, ~ 1.48.

It is our aim in the present paper to prove that the system (1.1) admits
exact solitary wave solutions for speeds slightly exceeding the ‘sound speed’ ¢,
which is the maximum speed of linear waves and is given by

Ca =V Oé(O[ + I)Ca ) (13)

where ¢, = > .2 n™* denotes the Riemann zeta function. We will find such
waves by approximation to solitary waves of (1.2), which were first proved to
exist by Weinstein [22] and Benjamin et al. [3]. The waves that we approximate
need to have a non-degeneracy property proved for a class of solutions including
ground states by Frank and Lenzmann [7].

In the case a = 2, the system (1.1) is an infinite Calogero-Moser system. For
this case, in [16] we also established explicit formulas providing solitary waves
having any supersonic speed ¢ > c¢o = 7. The proof exploited some of the well-
known completely integrable structure of finite Calogero-Sutherland systems to
find periodic waves.

Our present study builds instead on the formulation and methods devised
by Herrmann and Mikikits-Leitner in [15] in order to find solitary waves that
approximate KdV solitons for particle lattices with forces of any finite range.
The work [15] in turn improved and simplified the method earlier employed by
Friesecke and Pego in [3] to obtain such a result for Fermi-Pasta-Ulam-Tsingou
(FPUT) lattices, which are lattices with nearest-neighbor forces. Vainchtein [21]
has recently reviewed the literature concerning solitary waves in particle lattices
of various kinds.

We seek solitary waves having the following form:

zi(t) =j—Ux), x=e(j—ct), =c2+e" (1.4)
Consistent with the formal long-wave scaling found in [16, Thm. 2.1] we take
p=a—1 v=o-—2.

For waves of the form in (1.4), the particle velocity &;(t) = ce*U’(x). As we
discuss in Section 3 below, the scaled velocity profile W = U’ needs to satisfy
a nonlocal, nonlinear eigenvalue problem, which formally reduces in the limit
€ — 0 to a nonlocal quadratic equation, namely

W + k3| DIFW = 1roW?, (1.5)
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where k3 and k2 are positive constants as found in [16]; see (3.15) and (3.17) be-
low. Solutions of (1.5) provide solitary waves of (1.2) after appropriate scaling.
A profile W satisfying (1.5) is called non-degenerate if the linearized operator

L+ =I+K3|D|“—/{2W, (16)

acting in L?(R), has one-dimensional kernel spanned by the derivative W'.
As stated by Frank and Lenzmann [7, p. 262], for (1.5) to admit any solution
having finite energy (i.e., in H*/2(R) N L?*(R)), it is necessary that

3<a<3, (1.7)

due to Pohozaev identities. (See [1, sec. 3.5] for the key to the nontrivial proof
of these identities.) Consequently our results for 1 < o < 3 will be restricted to
the smaller range in (1.7). For all «v in this smaller range, however, ground-state
solutions (positive, even, energy-minimizers) exist and are proved in [7] to be
non-degenerate. Moreover, any solution of (1.5) must be positive, as discussed
in Section 5 below.

To find profiles of solitary waves of (1.1), similar to [8] and [15] we formulate
a fixed-point equation and regard it as a perturbation of a corresponding fixed-
point equation for solutions of (1.5). We analyze the fixed-point equations,
however, in the space of even functions in H*(R), rather than in L?(R) as was
done in [15]. This has the natural advantage of working in a Banach algebra of
functions, and we obtain further simplification by initially seeking less precise
control over the size of the correction. In principle, spectral analysis of the
linearization of the fixed-point equation could have become more complicated
in H'(R) instead of L?(R). But we were able to substantially simplify spectral
analysis in H'(R) by extracting from [15] a key compactness argument and
casting it into an abstract form; see Lemma 4.14 below.

The plan of this paper is as follows. In Section 2 we develop preliminaries.
We derive the fixed-point equations governing solitary wave profiles for (1.1)
and its formal limit (1.5) in Section 3 and precisely state the main theorem.
In Section 4 we prove the existence of solitary wave profiles for (1.1). For
% < a < 3, given any non-degenerate even solution Wy € H*(R) of (1.5), when
¢ — ¢q is positive and small we find a (locally unique) scaled profile W, = U’
that is even, positive, and close to Wy in H', providing a solitary wave for
(1.1) as in (1.4). We carry out a fixed-point analysis based on a quantitative
fixed-point lemma from [8]. Control over the deviation |W, — Wy|| g1 comes by
adapting the rigorous residual estimates of Wright [23]. When a = 2 and € is
sufficiently small, the waves we find here agree with the ones provided by the
implicit formulas in [16]; see Subsection 4.6.

We establish positivity and smoothness of the profiles W, in Section 5. There
we also show that the unscaled velocity profiles, given by v.(z) = ce*W(ez), are
analytic as functions of wave speed. We study a Hamiltonian energy H for the
solitary waves of (1.1) in Section 6. For o = 2 we find explicit formulas by using
results from [16]. The sign of dH /dc agrees with the sign of a— 3 when the latter
is non-zero, for sufficiently small € depending on «. In a variety of lattice wave
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and other Hamiltonian wave stability problems, a change in the sign of dH/dc
has been associated with transitions to instability; e.g., see [1 1, 12,9, 10, 21, 5, 6].
Whether this may be the case for systems such as (1.1) remains an open problem.

The value a = 2 is L2-critical for (1.5). In this regard it is curious that
Wright’s result in [23], showing that solutions of (1.2) approximate long-wave
solutions of (1.1) over long times, is valid for all a in a neighborhood of 2.

In the interest of brevity, we do not address the range o > 3 in the present
paper. In that range naturally one expects a KAV limit, but also one should be
able to treat a much more general family of interparticle forces. In particular, the
case of alternating signs studied formally in [10] seems particularly challenging

and deserves a separate study.

2 Preliminaries

The Maclaurin series for Z(r) := a(1 — r)~*"! takes the form

> ala+1)---(a+k
20) =Y oprt, = 2OF 0D 2.1)
k=0
The coefficients oy, are defined differently than in [16] for present convenience.

In the standard Sobolev space H® = H*(R), s > 0, we use the inner product
given in terms of the Fourier transform f(k) = 5= [¢ f(x)e™"** dx by

(e = [ (1+ ) G i (2.2
We recall that for each s > %, there is a constant Cgs > 1 such that

fllae

We take the inner product in L? = L*(R) identical to that for s = 0 above.

We let L2, denote the subspace of even elements of L2, elements f for which

f(=z) = f(z) for a.e. z € R (or equivalently f(—k) = f(k) for a.e. k € R), and
we let HS,, = H* N L2,,. The space L(H?) is the space of bounded linear
operators on H?, equipped with the operator norm.

Following [15], we will make heavy use of the symmetric averaging operators

A,, defined for n > 0 on H*® for s > 0 by

If9llms < Ch-

gllgs forall f,g € H®. (2.3)

n/2
A, () = %/ RIS (2.4)
-n

which satisfy
f(x + %77) - f(l‘ - %77) = nAn(awf)(x) = naz(Anf)(x) ) (2'5)

—

Ay f (k) = sinc(§nk) f (k) . (2.6)
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Here sinc(z) = (sinz)/z. From the Fourier representation it is clear that the
operators A, map H* into H s+ continuously. Moreover since sinc(%nk‘) lies in
[—1,1] and converges to 1 as n — 0 for any &, it is clear that A, is nonexpansive
on H* and converges to the identity strongly (but not in operator norm). That
is, for any f € H® we have

Ay flles < [1f1lae (2.7)

and
1A f — FI% :/R(l—i—k:Q)s]sinc(%nk)—1\2\f(k)|2dk—>0 (2.8)

as n — 0. Because |1 — sinc z| < §2? for all z it also follows

2
lAnf = Fllae < 37l fllress (2.9)

for all f € H**2. Note further that A,f is even if and only if f is even.
Moreover, if f is even and unimodal (i.e., even, and decreasing on (0,00)) then
A, f is also, since for f smooth we have 9,(A, f) < 0 by (2.5).

3 Equations for solitary-wave profiles

In this section, we follow the approach of Herrmann and Mikikits-Leitner in [15]
to formulate a fixed point equation whose solution provides velocity profiles of
solitary waves for (1.1).

3.1 Equations for profiles on lattices

Due to the ansatz (1.4), by (2.5) and since 4 = o — 1 = v + 1 we can write
Tjpm — x5 =m— € (U(z+em) — U(x)) = m(1 — e AW (z + 3me)),
Tj—Tj_m =m— € (U(x) — Uz — em)) = m(1 — " A, W (z — 2me)),

where
w=U".

By consequence,

(Tjym — ;)" = Z(" ApeW (2 + Sme)) m™ 7,

a(z; — xj,m)_o‘_l Z(e* AW (2 — %me)) m~o L

and after taking the difference and using formula (2.5) again, we find that for
system (1.1) to be satisfied it is necessary and sufficient that

2 « _ = me L
Pe* 0, W (z) = Z}l T OrAmcZ (" A W) (3.1)
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We seek (weak) solutions of this equation in H!. By requiring that
HCi|W]|gr <1, (3.2)

we ensure that the MacLaurin series for Z(e*A,,.W) — Z(0) converges in H*,
avoiding the singularity of Z(r) at » = 1. Since Z(0) = «, we thus find it
necessary and sufficient that W should satisfy the nonlocal nonlinear eigenvalue
problem

oo
2 er
W = — A (Z(" ApW) — ). 3.3
W = 3 L A An V) = ) (33)
As in [15], we recast this equation by collecting linear terms on the left-hand

side and separating the quadratic terms. Recall that ¢ = €* + a1 )., ~; m™®
from (1.4) and (1.3), and define B

Zs(r) = a(l — 7‘)7"‘71 —a —ayr — aor?, (3.4)
BW =W +a; Z W A% W), (3.5)
m= 1
= Q2 Z me »AmeW) (36)
m= 1
-y 6_0 Apne Zs (€ Ay V). (3.7)
m=1 m

After substitution and further dividing by ¢ we find (3.3) equivalent to

BW = Q (W) + Z(W). (3.8)

3.2 Formal limit equations

The operator B, is a Fourier multiplier, with @/(kz) = b.(k)W (k) where the
symbol b, is given by

1 — sinc?(3 kme)
=1 E _—2 .
be(k) =1+ alem 1 (me)e (3.9)
We have
1 <be(k) <etail, forallk, (3.10)

so B, is bounded on H® for any fixed € > 0, with nonexpansive inverse B; 1.
For 1 < a < 3, similar to what was noted in [16], the sum in (3.9) approxi-
mates a convergent integral. Indeed, as h — 07,

mh
Sa(h) = aih Z —Smc N K3, (3.11)
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where, with notation consistent with [16, Thm. 2.1],
o0 1 oo 2 2
K3 = al/ 1= sine (z/2) dz. (3.12)
0 z

Since b (k) = be(|k]) = 1+ |k|*~ 1S, (€|k|), we have that for each fixed k € R,
be(k) — bo(k) := 1+ k3|k|*™ ' ase— 0. (3.13)
We let By denote the Fourier multiplier with symbol by (k), writing
BoW = W + k3| D|* W . (3.14)
We remark that due to the formula for the integral in [16, Remark 3], we have

™, a = 27
e {—2sin(§m)r(1 —q), ac(1,2)U(2,3). (3.15)

For the quadratic term in (3.8), we find that Ac(Amcf)? — f2 in H® for
any f € H® with s > %, by using the strong convergence property (2.8) and the
fact that H?® is a Banach algebra. Hence by dominated convergence,

1Qc(f) — Qo(f)||lgs = 0 ase—0, (3.16)
where
Qo(f) = sraf?, Ko = 202Cq - (3.17)

We will establish a rigorous bound on the higher-order term Z. (W) later.
For now, we note that it is formally O(e*) since Z3(r) = O(r3). Thus we expect
that as € — 0, (3.8) should approximate equation (1.5), which we can recast in
the form

BoW = Qo(W). (3.18)

This equation determines the profile of solitary waves of speed ¢ = 1/ of the
nonlocal dispersive equation

K104 + Koudyu + ks H|D|“u = 0. (3.19)

According to [16, Thm. 2.1] and the rigorous results of Wright [23], this equation,
with K1 = 2¢,, is the correctly scaled formal limit of (1.1) consistent with the
long-wave ansatz

xzj =7+ €'v(e(j — cat), €%t), u= —0yv.

3.3 Fixed-point formulation and main result

Similar to [15], our approach to find solutions of (3.8) is to fix a known even
solution Wy to (3.18), meaning an even solution of the fixed-point equation

Wo = F(Wy) := By Qo(Wo) , (3.20)
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and solve the fixed-point corresponding to (3.8), which is

through a perturbation analysis. We will suppose that Wy € HL,, is a given
solution of (3.18) that is non-degenerate. Recall this means that the linearized
operator

Ly =By —DQy(Wy), (3.22)

acting in L2, has one-dimensional kernel spanned by the odd function W{. By

a bootstrapping argument, it follows that Wy = By 1(%52W02) belongs to HS, .,

for all s > 0, hence is smooth. Moreover, Wy is positive, since W§ is positive

and the Green’s function for the operator By is positive (see Section 5 below).
Our main results are stated precisely as follows.

Theorem 3.1. Assume % < a <3 and Wy € H! is an even solution of (3.18)
that is non-degenerate. Then there exist positive constants g, §, and C such
that the following hold, for each € € (0,¢€q):

(i) G has a unique fized point W, € H}

ven

satisfying ||We — Wollgr < 4.

a—-1 ae(l,2],

i) |[We—Wollm <Cev, wh =
(i) | olls < Ce?, - where o {3—a a e (2,3).

(i11) We is everywhere positive.
(iv) W is smooth, with W € H*.

Furthermore, the map ¢ — v, € HY, ., from wave speed c to the unscaled velocity
profile v. given by

Ve(2) = ce"We(ez), A =c +e (3.23)
s analytic.

Note that the unscaled velocity profile function v, determines the particle
velocities according to ;(t) = v.(j — ct), cf. (1.4). Note as well that given
f € H},,, the dilation map € — f(e-) may not be analytic, or even differentiable;
thus we do not discuss the regularity of the map e — W..

4 Fixed-point analysis

In order to prove the existence of wave profiles as fixed points in equation (3.21),
we make use of the quantitative version of the standard inverse function theorem
stated as Lemma A.1 in [3] and proved there. Restated for clarity, it takes the
following form, in which || - || denotes the norm in E or the operator norm on
L(E) as appropriate.
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Lemma 4.1. Let F and G be C' maps from a ball B in a Banach space E to
E. Suppose uy = F(ug) and that L = I — DF(ug) is invertible with operator
norm ||L71|| < Cy < 0o. Assume that positive constants Cy, Co, 0 and § satisfy

00(01 + CQ) <f<1, (41)
1 (u0) — G(uo)|| <6(1—6)/Co, (4.2)
and that whenever ||u — ug|| <, u is in the ball B and
|DF() - DF(uo)]| < C1, (43)
|IDF(u) — DG(u)| < Cs. (4.4)

Then u = G(u) for some unique v € B satisfying ||u — up|| < J, and moreover
lu —uo|| < Co(1 —8)H[[F(uo) — Gluo)|-

We will apply this lemma to the functions F = F and G = G, on E = Hl _,

for e > 0 sufficiently small. The functions F and G, will be shown to be analytic
on a suitable ball in H'. The operator

Lo=1—DF(Wy) =1I-By'DQy(Wp) (4.5)

will be shown to be Fredholm, and is invertible because Wy is non-degenerate.
Establishing (4.3) will be easy. To obtain the residual estimate (4.2) we will
use rigorous residual bounds established by Wright [23]. Our proof of (4.4)
involves a contradiction argument based on a key compactness property. This
is essentially a distillation of Herrmann & Mikikits-Leitner’s proof in [15] of
invertibility in L2, for an operator analogous to I — DG.(Wj), uniformly for

even
all small enough € > 0. In the present context, uniform invertibility in H}

even

follows from conditions (4.1)—(4.4) together with a Neumann series expansion.

4.1 Analyticity and symmetry

We first establish the analyticity of various maps on H?, referring to [, Ch. 2.3]
for the basic theory of analytic maps on Banach spaces. Note the maps Qg
and Q. are continuous quadratic maps on H', hence are analytic. Any mono-
mial map f — fF is analytic, and compositions and uniform limits of analytic
functions are analytic. Regarding Z. we have the following.

Lemma 4.2. Let e,p € (0,1), and for R > 0 let
Br={feH" :Cx|fllm <R}

be the closed ball of radius R/Cyn in H'. Then Z.: B — I{l is analytic
provided e R < p < 1, and the following bounds hold for all f € Bg:

R\? R\?
V2.l < CaZs(p) (p) IDZDlewn < S Zyo) (p) |
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Proof. Recall the series expansion for Zs(r) = Y2, ayr® converges for |r| < 1.
Since || f*(|z1 < (Cra||f|lg2)* for all k, it follows that the Nemytskii operator
f = Zso f is analytic on the ball ép provided p < 1, with || Z5 o f||g: < Z3(p)
for all f € E}p.

Thus, for any R > 0 and each m > 0, the map W — A, Z3(e"* A, W) is
analytic on the ball Bp, provided e*R < p, and

M 3
[ AmeZs(e" AmeW)|| 1 < Zs(e*R) < Zs(p) (EPR) :

It follows that the series expansion for Z.(W) in (3.7) then converges uniformly
in H! on Bp under the same condition, with the stated bound on the H® norm.

It is then straightforward to show in a similar way that that for all W € By
and V € H', since Z(e*R) < Z4(p)(e"R/p)?,

DZ(W)V = e " m™* Ape(Z4(e" AW ) (€' A V) (4.6)
m>1
and
R 2
ID20VV L < ) () IV
This finishes the proof. O

Regarding symmetry, we note that since the symbols of the operators A,,
B. and By are real, even, and bounded, these operators map even functions in
H? to even functions in H®. For s > % the monomial maps f + f* also have
the same property. From this and the lemma above we infer the following.

Proposition 4.3. The map F in (3.20) is an analytic map from HL., into
itself. For any ¢ € (0,1) and R > 0 such that e*R < 1, the map Gc in (3.21) is
analytic from Br N HY . into H

even even -’

4.2 Residual estimates

According to the definitions in (3.20) and (3.21) we can write
F(Wo) = Ge(Wo) =Re = S, (4.7)
where
Re =By Qo(Wo) — B 1Qc(Wo),  Se = B Z(Wh). (4.8)

We have ||Sc||z1 < || Z(Wo) ||z since BZ ! is non-expansive on H!, so we find
the following by simply applying Lemma 4.2 and recalling = o — 1.

Lemma 4.4. For all € > 0 sufficiently small we have ||Se|| g1 < Ce®~ 1.

For the term R, we claim the following.
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Proposition 4.5. For all € > 0 sufficiently small we have

Ce a € (1,2,
Ce3~* a e (2,3)

[Rellsr < {

The proof will be provided presently. But the last two results together
immediately imply the following residual estimate.

Corollary 4.6. For all sufficiently small € > 0 we have

Ce* ! ae(1,2],

[ F(Wo) = Ge(Wo)|[ 1 < {Ce3a a € (2,3).

To prove Proposition 4.5 we adapt Wright’s method of estimating residuals
in the long-wave approximation of (1.1) in [23]. We begin with an estimate on
the difference of quadratic functions.

Lemma 4.7. There exists C > 0 independent of € such that
1Qc(Wo) — Qo(Wo)[mr < Ce* ™"

Proof. First observe that

1Qc(Wo) = Qo(Wo)llt < ¥ 2| Ame(AmcWo) = Wellm . (49)

m>1
We claim that for some constant C' independent of € and m,
[(Ame(AmeWo)? = Wil < Cm?e®. (4.10)
Indeed, by the triangle inequality,
[Ame(AmeWo)® = Wellar < [1(Ame = 1) (AmeWo)?[|
+ [[(AmeWo)? = Wil

from which one can infer (4.10) by using (2.9) and the H? regularity of Wj.
Using the estimate (4.10) in (4.9) for small m, we find

[1/€] [1/€] Ceo1
> m T Ame(AmWo)? = Wil < Y m™*C(me)* < Tt
m=1 m=1 -
In the last line, we used a simple integral bound ZHZJ m2 e < 3_%60‘73 as in

[23]. For large m, we simply bound the norms in (4.9) by a constant, and get
through a similar integral bound

(% Clea—l
Z %”Ame(AmeVVO)2 - W(?th < ,
m a—1
m>|[1/€]

where C’ is another constant independent of € and m. O
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Next we deal with estimates on differences of symbols and operators.

Lemma 4.8. For all € > 0 sufficiently small we have (i) For all k € R,

_ _ C|kle a € (1,2]
be(k) ™" —bo(k) ' < Y
o)™~ bolk)] < {C|k|3ae3a ae(2,3)
(ii) For each s > 0 and all f € H*3,

C’EHfHHS‘*'1 a € (1a2]7

Bl Bt . <
H( € 0 )fHH - {063—a||fH5+3a a € (2,3).

Proof. First we note the estimates

_ 1 — sinc?(mh/2) _
_ pl-« - e e A 11—«
Sa(h) =h'"" )" — < 7%, (4.11)
m>1
- _ bo(k) — be(k)| _ |k|*~ " |Sa(ek) — ks
b= (k) — b ()| = [0 =
o) = 0B = = et boCF )b ()
|Sa(ek) — K3l
< = 4.12
- Iigbe(k) ’ ( )
since by its definition in (3.13), bo(k) = 1 + x3|k|* 1.
Now we invoke Lemma 3 of [23], which directly implies that for all h > 0,

s -mi= (S 150

Part (i) follows using this in (4.12). Plancherel’s identity yields part (ii). O

Proof of Proposition 4.5. From (4.8) and the triangle inequality, we get
[Rellm < [1Qe(Wo) = Qo(Wo)llzr + (B = By ) Qo(Wo)ll e »

which are estimated respectively by Lemmas 4.7 and 4.8, using smoothness of

Wp. Considering each case « € (1,2] and (2, 3) gives the desired result. O

4.3 Derivative estimates

Here our goal is to prove derivative estimates which will entail the conditions
(4.3) and (4.4) in Lemma 4.1. In fact, we seek to prove the following.

Proposition 4.9. (i) Given any C; > 0, if 0 < § < C1/k2Cr then
HD./_'.(W) - D]:(WO)HL(HI) S HQCH1||W - WO”Hl S Cl

for all W € HY with |[W — Wy||gn < 6.
(ii) For any W € H*, the operator DF (W) is compact on H*'.
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Proposition 4.10. Given any Cy > 0 there exist positive constants 6 and €
such that whenever € € (0,¢) and |W — Wyl g < 6 we have

[DF(W) = DGe(W)| zczy < Co.
Proof of Proposition 4.9. Define N': H' — L(H*') by
NW)f =B (Wf). (4.13)

Then DF = ko, and Proposition 4.9 follows immediately from the following
lemma. O

Lemma 4.11. (i) For any W1, Wy € H we have
INW) = N(W2)| ey < Crn[Wh — Wallg
(ii) For any W € H*, the operator N(W) is compact on H*'.
Proof. For all V € H' we have
NW)V — N(Wo)V = By (W, — Wa)V).

Since By! is nonexpansive on H' the estimate in (i) follows.

For part (ii), assume at first that W € C°(R). Then the operators N (W)
and N (W') are compact on L? by the compactness criteria in [13], since the
functions by 1 W and W’ are continuous and vanish at co. It follows easily
that N (W) is compact on H!. For a general W € H!, choose a sequence of
functions W,, € C>°(R) approximating W in H'. Then part (i) implies N'(W)
is approximated in £(H') by the compact operators N (W,), hence is itself
compact. L]

Proof of Proposition 4.10. Recall ko = 2a5(, and
DF(W)V = By Y (DQo(W)V) = ko N(W)V = koBy H(WV),

DG(W)V =B (DQ(W)V + DZ(W)V),

where

DQ(W)V =203 Y ™ Ape((AmeW)(AmeV)) -

m>1

Based on the multiplicative inequality for H' and the non-expansivity of By L
B!, and A,,., the proof of the following lemma is easy and is omitted.

Lemma 4.12. For all W € H' we have

IB-H(DQe(W) — DQc(Wo))llz(rry < k2Clrn [W — Wol| .
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By this result and the bounds on DZ. in Lemma 4.2, to prove Proposi-
tion 4.10 it suffices to prove that

||861DQ0(W0) — Be_lDQE(W())HL(Hl) —0 ase—0. (4.14)

Key to our approach is the following result on operator norm convergence
of Fourier multipliers. It will be proved in the subsection to follow, by use of
Plancherel’s identity and a proof that b.(k)~! — bo(k)~! uniformly in k.

Proposition 4.13. As e — 0 we have |B71 — By () — 0.

Taking this for granted at present, since DQ,(Wy) is uniformly bounded we
infer that to prove Proposition 4.10 it suffices to replace B by By ' in (4.14),
i.e., to prove

1By ' DQo(Wo) — By " DQe(Wo) |l c(zry — 0 as e — 0. (4.15)
To proceed we define operators N, and Ny by
Nof =B (A Wo)f),  Nof =By (Wof). (4.16)
Evidently by Lemma 4.11 we have that
Ny = Nollzary < Can[[(Ay = DWollpr — 0 as n — 0. (4.17)
And we may write

By DQ.(Wo)V =203 Y - m™* ApeNmeAmeV . (4.18)

m>1

Since A, is self-adjoint and A, — I strongly as n — 0, we can use the fact
that Ay is compact and the abstract Lemma 4.14 below to conclude that

| AN, AL — NOHE(Hl) —0 asn—0. (4.19)
Then (4.15) follows by dominated convergence from the fact that

B(]_lDQO(WO) - B(]_ngé(WO) = 2052 Z mia(NO - AmeNmeAme)~

m>1

Modulo the proofs of Proposition 4.13 and Lemma 4.14 to come, this completes
the proof of Proposition 4.10. U

4.4 Lemmas on compactness and Fourier multipliers
4.4.1 Compactness and operator convergence

Lemma 4.14. Let X be a Banach space. Let S,T € L(X), and assume T is
compact. Let (Sp)n and (Ty,)n be sequences in L(X), and assume | T, — T — 0
as n — oco. Then:
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(i) If S,, — S strongly, then ||S,T, — ST|| — 0.
(ii) If the adjoints S} — S* strongly, then |T,,S, — T'S|| — 0.

Proof. To prove (i), suppose the claimed convergence fails. Then there must
exist a constant ¢ > 0 and a sequence (z,), in X such that ||z,|| = 1 and
¢ < ||(SpT, — ST)zy|| for all n. However, since T' is compact we may pass to
a subsequence (denoted the same) such that Tz, — y for some y € X. Then
Thxy, — y also, while

(SnTn — ST)xp | < [|Sn(Trzn — Y| + |(Sn — S)yll + 1Sy — Tzn)| -

But the hypotheses ensure this tends to 0, since ||.S,, || must be uniformly bounded.
This contradiction proves (i).

For (ii) we note that the compactness of T on X’ implies the compactness of
its adjoint T™ on X*, and that

[T Sn = TS|l = 15,1 = S*T™].

Then applying part (i) to the adjoints yields part (ii). O

4.4.2 Convergence of Fourier multipliers

Due to Plancherel’s identity it is evident that

1B = By Ml egmny < wole) = iugﬂ)e(k)*l — bo(k) 7' (4.20)
S

Then Proposition 4.13 is implied by the following.
Lemma 4.15. As e — 0 we have wy(€) — 0.
We prepare for the proof with some lower bounds on b (k).
Lemma 4.16. Fiz hg > 31/Cat2/Ca- Then there exist positive constants vy, va
such that
1 El“=t, |kl <h
be(k) > 4 - TR IR < /e (4.21)
Ve~ |k| > ho/€.

Proof. 1. Suppose h := €|lk| < hg. Recall from (3.11) that S,(h) — k3 as
h — 0T. Since S, is continuous and positive, it attains a positive minimum on
[0, ho]. That is, there exists 4 > 0 such that

Sa(h) > 11 for 0 < h < hyg, (4.22)
and hence
be(k) > 1+ v1|k|*™Y for e|k| < ho. (4.23)
2. Now suppose h = €|k| > hg. Then
>, 1 —sinc®(3mh) . 4sin*(3mh) 4
;TZCQ—;WZ@—?CMQ-
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But since h > hg, we get S (h) > a1, (1 — %) . Then
be(k) =1+ |k|*71So0(h) > 1+ voet ™™, (4.24)
where vy = 8a1§ah§_1. The lemma, follows. O

Proof of Lemma 4.15. Since b, and by are even, it suffices to confine attention
to k > 0. Recall from (4.12) that

< |Sa(ek) — k3] .

ot () = b5 ()] < =2 (4.25)

€

Let & > 0. We proceed in three steps. 1. Choose hs > 0 such that whenever
0 < h < hs,

1Sa(h) — k3| < Cy 16 (4.26)

Assuming 0 < ek < hg, since b.(k) > 1 we find from (4.12) that
b (k) — by ' (k)| < ColSalek) — k3| < 6. (4.27)

2. Next, assume hs < ek < hg, where hg was introduced in the previous lemma.
By (4.11) we get

|Sa(6k) - ’{3| < hzls_aCa + kg =: C.
Then from the previous lemma, it follows

|Sa(ek) — k3] < CoCy

C
O (k) T 14 mket

S C()Clhtlsiaea_l . (428)

3. Lastly, assume hy < ek < oco. With the second bound from the previous
lemma, we get

Salek) sl _ CoCt ar.

Co be(k) =

(4.29)

Using the inequalities above, we see there exists ¢g > 0 (depending on §)
such that for all € € (0,¢p) and all k € (0, 00),

b (k) — by ' (k)| < 0. (4.30)

This finishes the proof of the lemma. O

4.5 Existence proof

We are now in a position to prove the part of Theorem 3.1 concerning the
existence and local uniqueness of solitary wave profiles, by invoking Lemma 4.1
to obtain fixed points of (3.21) for small € > 0.
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Proof of Theorem 3.1 (existence and local uniqueness). Let E = HL ., and sup-
pose Wy € E is a non-degenerate solution of (3.18). Then ug = Wy is a fixed
point of F = F in E. The operator Ly = I — DF(Wy) on E is Fredholm
due to Proposition 4.9(ii) and has trivial kernel in E, hence is invertible. Let
Co = ||£5"||lz(m) and choose positive constants 6, C; and Cp such that (4.1)
holds, i.e., Co(C1 + C2) < 0 < 1.

Let R > Cy1||Wo|lg1 and let

B={f€E:Cyl|flm <R}

By applying Corollary 4.6 and Propositions 4.3, 4.9 and 4.10, we can find posi-
tive constants § and € sufficiently small, such that whenever 0 < € < ¢y, then:
(i) F and G, are analytic on B,
(ii) the residual bound (4.2) holds, and
(iii) whenever ||u — ugllg < 6 we have u € B and estimates (4.3) and (4.4)
hold.

Then with G = G,, Lemma 4.1 applies and we conclude that for every € € (0, ¢p),
G has a unique fixed point W = W, € HL ., satisfying |[W — Wy|lgn < 4.

even
Moreover there is a constant C' independent of € such that

Ce* ! ae(1,2],

W, — W 1 < C||F(Wp) — Ge(W, 1<
| ol < CIF(Wo) = Ge(Wo)llu {C’e?’_a a€(2,3)

the last bound being due to Corollary 4.6. O

4.6 The Calogero-Moser case

In the case a = 2 that corresponds to an infinite Calogero-Moser lattice, we
recall from [16, Theorem 1.1] that traveling waves in the form z;(t) = j—p(j—ct)
1

exist for any ¢ > ¢, = 7w, where the function ¢ = ¢(z) takes values in (—%7 5
and is determined for all z € R by the implicit equation
(* —72)(z — ) = Ttanmp. (4.32)

We seek to relate the velocity profile v.(z) = c¢’(z) to the fixed point W,
provided by Theorem 3.1 with Wy taken to be the ground state solution of
(3.18) (known to be non-degenerate by [7]). Here, equation (3.18) takes the
form

1
W + 7|D|W = 5(27rW)2 , (4.33)

since ko = 472 and k3 = m when a = 2. Using that f(z) = i/(z + i) satisfies
f =if?, one can check that a solution of (4.33) is given by Re f(z)/7. By the
classical uniqueness result of Amick and Toland [2], this is the only solution of
(4.33) in HZ .. Therefore,

even-*
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Corollary 4.17. If a = 2 and € > 0 is sufficiently small, then the fized point
W, from Theorem 3.1 with ¢* = w2 + ¢ precisely satisfies @' (2) = eW,(ez), where
@ satisfies (4.32).

Proof. Let ¢ = 72 + €. Define ¥, by ¢/(z) = €} (ez) where o, satisfies (4.32)
with z = j—ct. Since ¢ determines a solitary wave for (1.1) by [16, Theorem 1.1],
and by the discussion in Section 3 above, 1. must satisfy the fixed point equa-
tion (3.21). From Theorem 3.1, W, is the unique fixed point of (3.21) satisfying
W — Wyl < 6. Thus to show ¥, = W, it remains to show |4, — Wol|g: < 0
for small enough € > 0.

Now, by differentiation of (4.32), one derives that

1
(x—ep)2+nm2+e’

Ye(z) =

Then it straightforward to check that 1. converges to Wy in H' as € — 0 due
to the boundedness of 9. and 1. By the local uniqueness in Theorem 3.1, the
proof is complete. O

5 Positivity and regularity

In this section we establish the positivity and regularity properties of the velocity
profiles that were stated in Theorem 3.1.

5.1 Positivity

First we remark on reasons why any solution Wy € H' of (3.18) is positive.
As we have pointed out, the Green’s function for By = I + k3|D|* is positive.
This follows by scaling from [7, Lemma A.4]. Alternatively, it can be proved by
invoking Kato’s formula [17] to show that for any A > 0 and s € (0,1),

. 00 45
A+ |D|* *I:SH”TS/ tr—A)"'dt, (5.1

(A+1DI7) 7 A2 + 2X¢5 cos(ms) + tQS( ) ’ (5-1)
and using the positivity of the Green’s function for t/ — A, which in dimension
one is e"/ﬂx|/2\/f. Curiously, we can get a third proof by taking the limit ¢ — 0
in the next lemma, which we will use to study (3.21).

Lemma 5.1. Let f € Hl,,. If f is positive (resp. unimodal) then BZ1f is
positive (resp. unimodal).

Proof. The proof is essentially similar to one provided in [15, Cor. 2.7] for the
corresponding operator in the case of finite-range interactions. From (3.9) we
may write be(k) = 1+ a1(ae #(1 — jc(k)), where

je(k) = ¢ > m™sinc®(Lkme). (5.2)

m>1
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Then j,. is even, takes values in [0, 1], and is the symbol of the Fourier multiplier

=Y mTA (5.3)

m>1
The operator norm || Jc|| £y < 1, hence by Neumann series expansion,

00
et

‘76n
a1Ca ;::0 (14 e /arlo) 1’ (5.4)

B =

€

and the series converges in operator norm. Suppose f € H., ., and f is positive
(resp. unimodal). Since the same is true for A,,.f, for all f, we infer that J.f
is positive (resp. unimodal). By induction, the same is true for Jf, for all
n > 1. It follows that B! f is positive (resp. unimodal) as well. O

Lemma 5.2. Let f € H}, . with Cy1| f|lgr < 1. Then G.(f) is positive. More-
over, if f is unimodal, then G.(f) is unimodal.

Proof. From the definitions (3.6)—(3.7), we find

Q)+ 2N = Y~ Anc ol Anc), (5.5)

m=1

where Zo(r) = a(l — )7 ! — a — ayr. Because Zj is strictly convex with
Z5(0) = Z4(0) = 0 we have Zy(r) > 0 for 0 < |r| < 1. Because A,,. preserves
positivity, by Lemma 5.1 it follows G.(f) is positive. A similar argument applies
to the unimodality statement. O

Proof of Theorem 3.1(positivity). The positivity of the fixed points W, of G,
proved to exist in Section 4.5 follows immediately from Lemma 5.2. O

Remarks on unimodality. Regarding the question of whether W, is unimodal if
Wy is, we can only reiterate what was said on this subject by Herrmann and
Mikikits-Leitner [15, p. 2065]. Unimodality would follow, if, starting from Wy,
one could show that W, arose as a fixed-point limit of a suitable variant of the
(unstable) iteration scheme

W Ge(W) = BZH(Qe(W) + Z(W)),

Perhaps for this one could use Petviashvili iteration [20, 19], say, or compactness
arguments similar to those Herrmann used in [13] for nearest-neighbor forces.
Also see [14]. The analysis involved is outside the scope of the present paper,
however.
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5.2 Regularity of velocity

We will prove that the fixed points W, are in H* by a bootstrap argument
based on equation (3.3). We provide details since the terms in the infinite series
depend on m (though weakly).

Proof of Theorem 3.1(regularity). Throughout the proof we keep € € (0,¢p)
fixed and write W = W, and a,, = ¢*A,,.W. By the choice of ¢ in the
existence proof we have that Cy:|lan,||gr < e#R < p where p < 1. We note
that for every m > 1 and every k > 1, we have Z(k) o Ay, — Z(k)(O) € H! with

1Z%) 0 ayy — Z20(0) |5 < 2% (p) = Z2M(0), (5.6)

due to the fact that the Maclaurin series for Z(r) has positive coefficients and
unit radius of convergence.
We will prove by induction that for every integer n > 0, W € H"*! and

AW = Z M= Ame(Z1 0 am)™ (5.7)

m=1

where Z1(r) = Z(r) — «, with the series converging in H*. This holds for n = 0,
since W € H' and (3.3) holds in H'.

Now fix n € N and suppose W € H"™*! with (5.7) holding in H!'. Then
W e O™, (Z10am)™ =(Zoa,)™, and by the Faa di Bruno formula,

n) n 1k n a%) k;
(Zo am) = Z (k) (Z o (lm) . H (]') 5 (58)

keA,, j=1

A= k= Gk €80 Y = (1) =

=1

and |k| = k1 + ...+ k,. From (5.8) and (5.6), it follows easily that (Z o a,,)™
is bounded in H' uniformly in m, by writing

20K o q,y = 70K o a,, — 2K (0) 1 2(%D (0)

and using the the Banach algebra property of H' together with the fact that
a1 < [|e#W ) || g1 for all m.

The map A,,. is bounded from H' into H? with bound independent of m.
(The bound depends on € but it does not matter here.) We infer therefore that
the series (5.7) converges in H?. Hence W € H"*2 and (5.7) holds in H! with
n replaced by n + 1. This completes the induction step, and finishes the proof
that W € H*. O
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5.3 Regularity in wave speed

In this subsection we prove the part of Theorem 3.1 stating that the unscaled
velocity profile is analytic as a function of wave speed. Similar to what was
done in [8], we look at a fixed scaling, and apply the analytic implicit function
theorem in complexified Banach spaces, as provided by Berger [4, Section 3.3B].

Let W, be the wave profiles provided by the existence proof in Subsection 4.5
for 0 < € < ¢y. Fixing some such ¢, define

Wes(x) == " Wyelnz), B =n", (5.9)

whenever 0 < ne < eg. This function is related to the unscaled velocity profiles
described in (3.23) by

vo(2) = ce" W, glez) with ¢* =c2 + Bet. (5.10)

Thus, to study the regularity of v, as a function of ¢, it suffices to fix € and
study W, g as a function of 5 in an interval around 3 = 1. Define

eﬂ—ﬁl+alz I A2 ). (5.11)

m>1

Proposition 5.3. (1) For 0 < ne < €y, W, g satisfies the traveling wave equa-
tion

(2) Moreover, there exists an interval (6 ,B+), which contains 1 and depends
upon €, on which the map B+— W, 5 € H, is analytic.

even

Proof of (1). Using the scaling formulas in the following lemma, we get that
W g solves the traveling wave equation (5.12) after setting é = ne and multi-

plying
(BeWe)(nx) = (Qe(We) + Ze(We))(nz) (5.13)

by n?H. O
Lemma 5.4. We have

0" (AmeWe)(nz) = (AmeWe ) () , (5.14)
kHAmE[(AmeW )]k(ﬁfﬂ) me[(Amewe,B)]k(x) ) (5.15)
AnmeZ3 (" (AmeWe))(nz) = Ame Z3 (e (AmcWe p)) () - (5.16)

Proof. Through the change of variables z = ny, we get

1 mé/2
N (AmeWe)(nz) = poop / We(nx + 2) dz

—mé/2

1 me/2
_ L / Wep(x+y)dy = (AmcWep)(x) .

me J _me/2
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Similarly, for all k£ > 1,

1 mé/2
N A e (AmeWe) ¥ (nz) = mé/_ o " (AmeWe)(nz + z)} dz
me/2
e W)y

= Ame[(AmeWaB)]k(w) .

Finally,
Ame Za(@ (AmeWe) (1) = 3 e Ame " (A Wo)l* ()
k>3
= Zak.Amg _A,mW”@)] (m)
k>3
= A Z3(e"(AmeWe g)) () . =

Lemma 5.5. The mapping B — B;é € L(HY) is analytic on (0,00).

Proof. First, by linearity of the inverse Fourier transform, it suffices to show that
B+ b_ € L™ is analytic. Let §o € (0,00). Naming f(k) = [k|*~'Sa(e[k]), we
get

1 1 1
T B TR T B+ fR) BB

_ _l)n _ n
‘;}(ﬁow(k))nﬂ(ﬁ ol

granted that |3 — S| < Bo, since f(k) > 0. Hence, the mapping is analytic. O

Lemma 5.6. Let ¢ > 0. The operator G. : (0,00) x (Br N HL.) — HL..
defined by

Ge(B,V) = B_5(Qe(V) + Zc(V))
s analytic, jointly in B and V.

We omit the proof of this lemma, as it is straightforward to justify local
convergence of power series expansions given the results of Lemmas 4.2 and 5.5.

Proof of Proposition 5.3 (2). For small enough e, it follows from estimates in
Theorem 3.1 that I — Dge( ) is invertible. This is the partial derivative of the
function f(3,V) :=V — G(B,V) with respect to V, at the point (1, W,) where
f vanishes. Using the joint analyticity to develop a power series expansion at
the point (1,W,), we can extend f to be analytic in a ball around (1, W,) in
the complexification of the real Hilbert space R x HY .. The Frechét derivative
Dy f at this point is the natural extension of the real operator I — DG (W)
and remains invertible. We can deduce then from the analytic implicit function
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theorem (see [4, Theorem 3.3.2]) that for some interval (3_,3,) containing 1,
there exists an analytic mapping 8 — W, s taking values in HZ ., (complexified)

such that W, g is a solution of (5.12). But by local uniqueness, we deduce that
Wep =Weg. O

6 Hamiltonian energy and wave speed

Let us study the behavior of the Hamiltonian as a function of wave speed. We
have not yet written a Hamiltonian for system (1.1), due to complications over
convergence of the double sums that appear. To proceed we describe a potential
function related to the force function Z(r) = a(1—r)=~1 = 372, ayr¥, defined
so that ¢2(0) = 0 and ¢4(r) = Z(r) — «, whence

> o _11"k
@2(r)=(1—r)*a_1_arzzi’“k : (6.1)

k=2

The lattice Hamiltonian, kinetic, and potential energies are regarded as func-
tions of the particle positions ; and momenta p; = &; and are given by

H=K+P, K=Y 13, P=> > m es(rjsm;), (62)

JEZ JEZ m=1

where the quantities ry ;, representing normalized relative compressions, are
defined via
1—rgy; = LZ — %
—J
In particular, note
(@jgm — )" =m (1 = 7jpm, )

It is straightforward to check that the canonical Hamiltonian equations for H
yield (1.1) and that H is finite and constant in time for solitary wave solutions.
The main result in this section is the following result which links the value of
the Hamiltonian to an approximation of the squared L? norm of the unscaled
velocity profile

&;(t) = ce'Welez), z=j—ct.

Theorem 6.1. For the Hamiltonian H evaluated along the family of solitary
waves given by Theorem 3.1, we have

H = n (/R 2 Wo ()2 dar + ow) , (6.3)

Cili: = (2u — 1)e+2 (/R EWo(x)? dr + 0(1)) ) (6.4)

Thus for o # 3, sgndM /dc agrees with sgn(a — 2) for small enough € > 0.
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For the Calogero-Moser case o = 2, when the solitary waves are determined
through (4.32) by [16, Theorem 1.1}, we can be more explicit.

Theorem 6.2. In the case a = 2, for the solitary waves determined by (4.32),
for every wave speed ¢ > 7 we have

H=1(-7%.

To study the Hamiltonian on solitary waves, we write the waves provided by
Theorem 3.1 in the form

zi(t) =g —q(f —ct), &;(t) = —p(j —ct),

temporarily suppressing dependence on wave speed (and with apologies for the
sign reversals but noting 9;¢ = p = —c¢¢’). With z = j — ¢t we then have that

q(z +m) —qlz
Ti+m,j = 5;@Q(z) = M .

m
As in [8], we average the Hamiltonian over a time interval [0,1/c] to reduce it
to an integral over R. Because dz = —cdt, we find the expressions

1/c oo o
H=c Hdt = c/ (%p(z)2 + Z m7a¢2(6$q(z))) dt
0 — m=1

o0 o0
— [ (68 + Y m e nGiae))ds (69
- m=1

Although the lattice system (1.1) does not admit a continuous spatial sym-
metry, we note that traveling wave profiles are nevertheless formally critical
points of an “energy-momentum” functional ‘H + ¢Z, where Z is the Noether
functional associated with the (Lagranian) translation invariance of (6.5) and
is given by

7- [  p()0.q(2) ds. (6.6)

Indeed, setting to zero the variations of ¢Z + H with respect to p and ¢ yields

0= cdq(z) +p(2), (6.7)
0=—cdp+ Y m (z(a,:q(z)) — Z(5tq(z — m))) , (6.8)
m=1

which are the correct equations for solitary wave profiles. In other words, on soli-
tary wave profiles we have 0H = —cdZ, a fact which will simplify a monotonicity
calculation below. (This functional Z differs from the physical momentum 3 iDj
generated by the translational symmetry z; — z; + h, however.)
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Proof of Theorem 6.1. With these relations established, let us now insert the
scaled form of solitary wave profiles provided by our main theorem. We indicate
by subscript the dependence of the profile tuple u. = (g., p.) upon wave speed
c. In particular, our ansatz (1.4) and the relation U’ = W, yields

Q(Z) = EVU({E) ) p(Z) = _CGZQ(Z) = _CEHWe(x) ) (69)
with © = ¢(j — c¢t) = ez. Then, we have the relation
§ta(z) = ' A We(z + me),

and, using the facts that po(r) = O(r?) and W, € H!, we obtain
H(ue) = 21 /R( 2+ Z m” o (" ApmeWe(z ))) dzr, (6.10)
T(ue) = —e*#71 /RCWS(JJ)Q dz . (6.11)
Write @3(r) = Y pes a—17"/k, so that @a(r) = %Oq?"z + p3(r), and define

PQe = al/zm A’rneW )) (612)

/ Z m~ 03 (" A We(z)) da . (6.13)
In terms of these expressions we have
H(u,) = 21 (/R AW?2 dx + Pa,e(We) + P, ) : (6.14)
Proposition 6.3. As e — 0 we have
H(ue) = e#1 </R EWE dx + O(e”)) .
Proof. 1. By Theorem 3.1 we have that ||W, — Wy||g1 = O(€7), hence

/W?dm—/WOde
R R

< C|[W,. — Wol|p2 < Ce.

2. Noting that

< Ol Ame(We = Wo)|2 < C€,

(Am€W€)2 d:zzf/(AmEI/VO)2 dx
R R

straightforward estimates imply

‘,PQ,e(We) - PQ,e(Wo)l S CG’Y.
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Furthermore, by using (2.9) and the regularity of Wy we get

/(,axmwo)2 dx—/WO?da:
R R

so by splitting the sum in (6.12) just as in the proof of Lemma 4.7, we find

S CHAmeWO — W0||L2 § C’(me)z,

‘PZG(WO) — %Oq(a / Wo2 dx| < Ce'. (6.15)
R

3. By arguments nearly identical to those that establish the estimates for
Z3 in Lemma 4.2, we find that

|Ps,c| < Cet.

4. Recalling that ¢2 = a1(, and ¢? = ¢ + " and p > v, the proof is finished
by using the estimates in steps 1-3 to estimate the terms in (6.14). O

This proposition establishes (6.3), and it remains to discuss the monotonicity
of solitary-wave energy as a function of wave speed. Define

Wo5(x) = n*Wo(nz) where n=gYH.
Through scaling, we find Wy g to be a solution of the limiting equation

BogV = Qu(V), Bog=pI+ k3|D|*, (6.16)
which reduces to (1.5) when g = 1.

Lemma 6.4. We have

7] 2,u71/ 5
2Wo— W, = w2, 6.17
/R I W R (047

and that as € — 0,

—0. (6.18)

B=1 H1

0
[350%5 - w00
Proof. 1. We have
/WOQ,B(CU) d$:52/WO(51/“az) dszQ_l/“/Wg(z) dz. (6.19)
R R R

Hence at g =1,
d 0] 2u—1
— [ W? da::/2W — Wy gdx = /W2dx. 6.20
dﬁ/]R 0,8 R 086 0,8 L R 0 ( )

2. From differentiating the traveling wave equations, (5.12) for W, 3 and (6.16)
for Wy g, against 3, we get

Ve = %WE,B‘le = _(I - Dge(We))_l(Be_lwe)a (621)
Vo im g Wos| | = (1 = DF(W) (55 'Wo). (6.22)
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The convergence V, — Vj in H! is obtained through the operator norm conver-
gence B! — By' and the estimates in Proposition 4.10. One should note that
we lack a rate of convergence due to our result for B! — Byt O

Lemma 6.5. We have that as e — 0,
d ) 20— 1
—H(ue) = 2636“71L / Wg dx + o(e" ). (6.23)
de 12 R

Proof. Using the definition (5.9) of W, 3 and with the scaling ¢? = ¢2 + BeH,
from (6.11) we get

Z(ue) = fc/(e“Weﬂ(ez))Q dz = —ce? ™1 / Wf/_;(x) dx . (6.24)
R R
Then, fixing € and differentiating in 5 at 8 = 1, since df3/dc = 2ce™* we find
d 0 dp
—Z(u, :—2“—1/ 2 .(2)dx — 2“‘1/2W6 — W, gdx —
I (ue) € RWE’ﬁ(Z) T — ce A ﬁﬁﬁ pdr— 4
= O(# 1) — 262! / 2W, V. dz . (6.25)
R
Recalling that dH = —cdZ, we have
d
d—?—l(uc) =2c3e ! / W, Vo dx + O(e2* 1) . (6.26)
¢ R
Expanding ¢? = ¢2 + ¢* and using the previous lemma gives
d
—H(ue) = 2c3 et / 2Wo Vo dx + o(e* ™)
de R
2u—1
= ZCie‘“lL / We dx + o(e" ™). (6.27)
K R
This completes the proof. O
Now, through multiplying (6.23) by
de _ pe ' pet! 2u—1
ot — O(e2
de 2c 2¢Cq, +0(e )
we deduce (6.4). This completes the proof of Theorem 6.1. O

We conclude by calculating the Hamilonian in the case of the Calogero-Moser
lattice when o = 2.

Proof of Theorem 6.2. We have H(u,) — 0 as ¢ — 7 by Proposition 6.3, so

the claimed formula H(u.) = 1(c? —7?) follows by integration from the formula
dH dZ
% = _CE = C’ (628)

which holds due to the following computation. O
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Lemma 6.6. When o =2, for all ¢ > m we have I(u.) =7 — c.

Proof. For a = 2, the solitary waves satisfy z;(t) = j — ¢(j — ct) with ¢(2)
satisfying (4.32). Hence ¢(z) = ¢(2), so from (6.6) and (6.7) it follows

dop 2 12 gy
T(u, :—c/ () dz:—c/ —dyp,
( ) R dZ _1/2 dZ

since ¢ — +1 as z — +oo. Differentiating (4.32), we see

d
(? — %) = —(p( 2+ w2 tan® 1),

dz
whence 12 y
Using the substitution cy = wtan 7y one finds the claimed result. O
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