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Math 259  Winter 2009

Recitation Handout 9: Lagrange Multipliers

The method of Lagrange Multipliers is an excellent technique for finding the global maximum
and global minimum values of a function f{x, y) when the values of x and y that need to be
considered are subject to some form of constraint, usually expressed as an equation g(x, y) = 0.

The image included here, for example, shows a graphical solution of the constrained
optimization problem: Find the global maximum and global minimum of f(x, y) = x + y subject
to the constraint x* + y* = 1 (or g(x, y) = X + > — 1 = 0).
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The constraint x* + y* = 1 can be visualized as a circle in the xy-plane which is then projected
onto the graph of z = fix, y) = x + y. The points we are looking for are the points on this
~ projected circle that have the highest and lowest z-values.

As indicated in the diagram, these are the global maximum z = V2 (which is attained at the point
(x, y) = (V2/2, ¥2/2)) and the global minimum z = —v2 (which is attained at the point (x, y) =
(=V2/2, v2/2)).
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Steps in Solving a Problem Using Lagrange Multipliers

To solve a Lagrange Multiplier problem to find the global maximum and global minimum of f{x,
y) subject to the constraint g(x, y) = 0, you can find the following steps.

Step 1: Calculate the gradient vectors Vf. and Vg.

Step 2: Write out the system of equations Vf = A-Vg.

Step 3: Solve the system of equations to find all points (x, y) that satisfy Vf = A-Vg and
glx, y) =0.

Step 4: Evaluate f{x, y) at each of the points found in Step 3. The largest value of f

obtained will be the global maximum and the smallest value of f obtained will be

the global minimum.
Example
Find the global maximum and global minimum of f(x, y) = x>y subject to the constraint:

2+ y2 =.3.
Solution
In this problem, g(x, y) = x* + y* - 3, so that:
Vf =<2xy,x" > and Vg=<2x2y>.
The system of equations Vf = A-Vg is equivalent to:
2xy =2Ax and X =2X.

If A =0then x* = 0 so that x = 0. Substituting this into the constraint equation given that y = =V3.
Next, if A = O then x* = 2y*. Substituting this into the constraint equation gives y = =1 and x =

+v2. The collection of points that solve the Lagrange multiplier equations and the values of the
function f are summarized in the table given below.

X y f(x, y)
V2 1 2

-2 1 2

V2 -1 -2
-2 -1 )

0 V3 0

0 -3 0

The global maximum of fis 2 and the global minimum of fis 0.
are illustrated on the next page.

This problem and these points
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Note that (as indicated by the table) the global maximum and global minimum are not attained at
unique points. In Lagrange multiplier problems with a certain level of geometrical symmetry, it
is common for the global maximum and global minimum of fto be attained at several points that
satisfy g(x, y) = 0.

Example
In this example you will calculate the minimum distance from the rectangular hyperbola
xy=1
to the origin. (Because this problem probably appeals very strongly to your geometric intuition,
you will have a good way to check if your final answer is correct.) Here is the problem

expressed as a Lagrange multipliers problem:

Find: The global minimum of f{x, y) = x* + y* subject to the constraint g(x, y) = xy - 1 = 0.
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Solution

1.

Use the diagram provided below to explain why finding the global minimum of f(x, y) =

x> + y* subject to the constraint g(x, y) = xy — 1 = 0 will calculate the minimum distance
between the hyperbola and the origin (0, 0).

The distance betrween

(x,y) and (0,0) is:

d = \/ x* o+ y*

of H#his funchon will

be alHained ot +he same

?oini—(g) W’\CF‘Q ‘H’\Q Slobﬁ'

mir\:‘mum oﬁ

Flx,y) = x* + y* =d?

2. Calculate the two gradient vectors:

Vf = < 2x, Z)/>

Vg=<y, X >
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3. Create and solve the system of equations Vf = A-Vg.
AX = A Y N O,
ZYy = X X L ®

If wWe multiply @ by % and ® by y we gef:

22Xt = )Xy = '2.)/2 |
both X aad Yy

or Xz'::yz. Since X-y:..-'I)

mQH— have the Sam=e  Sigh So X =Y,

Subsﬁ‘,—uh‘nj X =Y inho Xy = | gives
_ o+t
xr =\ So x = X l an d y = = ‘
4. Copy the solutions of Vf = A- Vg that you found in Question 3 into the table given below

and evaluate f{x, y) = x* + y* at each point.

I l R
— 1 - 2
5. What is the minimum distance from the hyperbola to the point (0, 0)? Does this agree

with your geometrical intuition?

The minimum distance 15 N2



SoLUTIONS

Lagrange Multipliers in Three Dimensions

When solving a Lagrange multiplier problem for a function with three input values, say f(x, y, z),
and a constraint equation that also involves the three variables, say g(x, y, z) = 0, the steps that
you carry out are exactly the same. However, now you will have one additional equation to

solve, namely:

Example

In this example you will solve a problem of classical geometry — what is the volume of the
largest rectangular box that can fit entirely within a given closed surface. In this case, the closed
surface will be the ellipsoid:

2 2 2
% + % + % =1.
Solution
6. The object of this calculation will be to find the global maximum of the function:
fxy.z)=8xyz.

Use the diagram given below to explain why this formula will give the volume of ‘a
rectangular box that just fits inside the ellipsoid. (Hint: Use (x, y, z) to represent the
coordinates of the point in the positive octant where the corner of the box touches the
ellipsoid.) -

T4, Fhe Corner:
of +he box
IS loccﬂ-&d oy
(x,y,2) and the
box is symmedric
aboul the axes,
then t+Hhe leaghw
of +He Sides of

He box will be
lx’ z_y/ 2-%..

The volume of +He box s 4hen: V:l(z?()(?-Y)('L%)
= 88Xy Z,
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7. What is the constraint function g(x, y, z) in this problem?
R
8(11312) - — +‘l- + = -1
a* L+ ct
8. Calculate the two gradient vectors:

Vf — < 8yz, 8xz, 8Xy>
Vg=<a 2 )

9. Create and solve the system of equations Vf = A-Vg. (Additional space is provided on
the next page.)
a_‘l.
$xz = ZX vy ®
b'l-
Exy = Zr z @

Mulhply ©® by X, @ by Yy o~nd @ by 2 4o get:

2 2 A .
at b c?

Now, A =0 will give x=Y = Z = O which
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4o maximum Volume., So, we

cloes not Co(‘respor\c\
AN FO. In +his case :

\..0!'” asfuime

' Subs-h'm']'l'ma these (ato b} ( X,Y,z2) =0 “91\/%
x* l Vs | z* f
a> 3 bt - 3 cr 3

If x>0, y >0, Z >0 +hen:

ond maoximum Vvolume. s \

Copy the solutions of Vf = A- Vg that you found in Question 3 into the table given below

and evaluate f{x, y, z) at each point.

10.

f(% 3, 2)

8
Y5 Y| A ke

a/\(_:;_




