SOLUTIONS.

Math 259 _ ___Winter 2009

Recitation Handout 4: Proving Vector Identities

The purpose of this recitation is to give you some practice at establishing vector identities (or
formulas), especially those that include dot or cross products.

When you attempt your proofs, you may make basic assumptions about the vectors. For
example, in a three-dimensional situation you can assume that the vectors you are working with
are three-dimensional vectors. However, it is not sufficient to choose a few specific vectors and
‘show that the identity is verified for them.

1. Consider two three-dimensional vectors @ and ». Show that:
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2. Consider three three-dimensional vectors 4, b and . Show that:

(@xb)xz =(a=c)p-(b+2)a.

Let & = <a,,a,, a;>, b = <bi, ba, b3V and

N .
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Then:
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3. Consider the parallelogram formed by two three-dimensional vectors, @ and b, as shown
below.

Show that the area of this parallelogram is equal to ‘Ei x b

Oon ene..ho;nd the oreo of He Pa\.M“elosr‘am s
| —
the area of the reclangle with lenghh Iy )
ond widt 121 sin(8), The area is:
- .

| . . |
Next we will Show +hatr Jax b [=]2l1b | sin(0).
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—-3 [~ — -
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_ by b "’34

= <a7'b3~q3b“-, Q3b'—-Q'b3,a,b,_"b,q2>
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So that: |Txb | = (q._bs—asbz)z—l- (a3b, -9 by)" + (@ b.-b, a.).
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. |
Now, a ¢ b _ cos (9) So ‘H‘\Qi“i
2 1%
'Z:o; = ?I'T;, Co.s(@)
Next, ncte +hat:
|a]* |T:]z-(5.'-g)z = |&x5b|"
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becauwse When o< B <7 - sin(e) vo.
This ghows +hatr (in addile~ o being equal o

the area of Hae Po\f‘c\lleiojf“mm )) l?ll?] Sin(e)
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15 also equal to |a x b ] This means that the

orea of +he parallelo grom is aljo egual e @< 57 1.
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4. Suppose that P and @ are distinct points on a line, L, in three-dimensional space. Let A
be another point in three-dimensional space that does not lies on L. (For example, see the
diagram given below.) The points A, P and Q form a triangle. The height of this triangle,
d, gives the minimum distance from the line L to the point A.

Let u denote the vector from point A to point P, v denote the vector from point A to
point Q and w denote the vector from point P to point Q. Show that:

d=]ﬂf§|
7]
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hand 'Hré. area ©F the I-rf'cxngle.

Nows, on o©ne
;orﬁed Ey the three vectors is
Acea. = J-:'_' (Base) ( He.iﬁht)

= L.|lwl d

L 3

On +Hhe othe- ha..no\, +the areo of the "'T*fct.ngle.
s half of +the areo of dhe p'qrallelospm £o rrne el

- -
by U and Vv. By the previowns resultt,

Area = "El:l—l?" v I

Ec‘uqh’r\cj e Fweoe 'e.x.pwm“om ‘F‘bf argea, oncl

simpla‘Fyinﬂ given :
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The determinant of a three-by-three matrix is a number given by the formula:

5.
4 G On
deti|ay Gy  dy || =000y + Qp0,a0;) + Q30 Oy = 305,051 = 01,0y, 0y — 0,055,
ay  dy  ds '
Consider the triangle with vertices located at (x,, y,, 0), (x,, ¥, 0) and (x,, y;5, 0). Show
that the area of this triangle is equal to one half times the absolute value of the
determinant of the matrix:
I x y
1t x, v
I x; ¥,
- -
LHs = L det I 2o Y
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' X2 Y2
|V X3 Y3
.
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= f—?.(""-)"s + XY, + YiXs ~ Vi X Ya X3 X'YS)
' . . pPreviows ~o blem
Using +he Same nokaiien & the Pr% P y
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o=z X=X 2~Y3, © 7
(xtJYt;°) - 3, y y"
Q ——
= - V = <Xy=-%3,¥,-Ys, 0>
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—p
W= KXa=%X,,Yu=Y,, 0>
(x o v To co te the area of
' ¥e,°) 0‘3:)’3,") mpu
Hhis 'H'a'anjk, , WeR can Plug _

the above vectors inko:
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Area = T v ‘
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Nowo,
i - 2
U X -\? = det ? - *
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The area of +he +~r-s_‘om3le. is  Fhent
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