SoLwTIoNS

‘Winter 2009

Math 259
Recitation Handout 1: Finding Formulas for Parametric Curves

The diagram given below shows an ellipse in the xy-plane.

1.
Ay
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I 1 > x
{a) Find equations for x(¢) and y(¢) that will describe this curve. Use the interval 0 <t=2m
x(¢) = -8 + 4 - cos (€)
3(-&:) = -3 + 2 sin(t)
begins

Other solubioas .a.r'-v_ Pos.sn'ble., This curve
at +he point (-1,-3) el S traced out A o

countenr clockwiise direechon.

How would you modify your answer to Part (a) if only the right hand half of the ellipse

(b)
was needed?
Chonge tHhe inrerval Gj. £-values From EO, ‘?.T!]
Yo [...11'/.‘,_) 11/3_]- '
(¢) = How would you modify your answer to Part (b) if the initial and terminal points of the

curve are reversed?
If we want +to we 4+he interval of £ -values

[—1!'/; ,' 1::/2-] : 'H-\M e Can c_h_a.aae_ +he cqu;a.HoM fo:

x(t£) = -6 ~+ 4.cos ()
y£) = -3 — 2-sinl¥)

(other opproaches wre Pos:ible.)
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2. Consider the line segment shown in the diagram below. |
Ay ' . .
4 -
[ --
-
2
1 — : '
3ra.p‘\-For ,.-”(Ku,YJ: (I,I)
- I [ | | ] I |
0 1 2 3 4 5 6 7

(a) - Find a pair of parametric equation and an interval of £-values that correspond to the line
segment pictured above, and that line segment only.

x(£) = [-(1-¢) + 6t = 1+5¢t
yi&) = - (1-¢) t 3-% b+ 2+

)]

Teterval: 0 £ £ £ 1.

(o+Hher selutens are possible.)

(b)  Suppose the lowest f-value in your interval is f = a. Sketch the graph you would get if
you were to plug values of ¢ that are less than 7 = g into your parametric equations from
Part(a). The graph i5 & ConHauahion of +he aboue line

I+ exitndo 4o tle kbt of the line segment.

(¢)  Suppose the highest z-value in your interval is ¢ = b. Sketch the graph you would get if
you were to plug values of ¢ that are less than 7 = b into your parametric equations from
Part (3). "The groph s a coalauatNen ©oF Hhe abouve line,

T+ exitads do the right of +he liae segment,
(d)- Find a pair of parametric equations that specify the straight line that passes through the
point (1, 1)} and is perpendicular to the line segment pictured above.

Twe poinks on Ha PUPmdlcular line are (1,1) aand
6). The Paﬂamg"‘l‘lc— Eiuahor\g for the line

-l
'jo'“ﬂ Hherough ‘Hv.o-?. points are!
x(t) = - (1—¢) + ~-i-t

(1—¢) + 6 = I+ 5t

| — 2t

]

y(+)
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‘3. The Earth orbits the sun with an orbital path that is actually an ellipse, but which is so
close to being a circle that we will assume that the orbital path is circular. The Moon
orbits the Earth in an orbit that is also very close to being circular (so we will assume it to
be a circle also), as shown in the diagram' given below.

Aphelion i e = Parihelon

Perigee Y | Apogee

 Moon Orbit £

Earth _Dmﬁf T

Throughout this problem we will assume that ¢ represents the number of days after
midnight on January 1.

(@  The mean distance from the Earth to the Moon is 384,400 kin. Suppose that at time 7 =0
the Moon starts at the point labeled “Apogee” in the above diagram and starts to orbit the
Earth in a counterclockwise direction. Imagine that the Earth is fixed at the point (0, 0)
of the xy-plane. Find a pair of parametric equations to describe the motion of the Moon
around the Earth. . :

Note +hat i+ takes oapproximaiely 2% days For the
Moon 4o go around the Earth once. '

l

x(£) = 3%4 400 - cos (_72;-_3_ {:) |

y{(+)

i

384 400 - Su‘n(ﬂ. t).
22

' Image courtesy of NASA, http://www .nasa.gov



SoLVuTION S

Aphelion Parihelon

Earth Orbit .

(b)  The mean distance from the Earth to the Sun is 149,600,000 km. Suppose that at time 7 =
0 the Earth starts at the point labeled “Perihelon” in the diagram (above) and immediately
starts to orbit the Sun in a counterclockwise direction. Imagine now that the Sun is fixed
at the point (0, 0) of the xy-plane. Find a pair of parametric equations to describie the
motion of the Earth around the Sun.

¢« Notre +hat 1+ takes appmxfmai*tly 365 days fo~ +he Earh
+o 90 arcund the Sun  once,

x(€} = 1449600000 cor(_;-_-.gs__t)

ylt) = 149600000 - Si'r\(';'zrs _t)

(c) Imagine again that the Sun is fixed at the point (0, 0) of the xy-plane and that at time ¢ = 0
the Moon starts at the point labeled “Apogee” on the above diagram. Bearing in mind
that the Moon orbits the Earth and the Earth orbits the Sun, find a pair of parametric
equations fo describe the motion of the Moon around the Sun.

We can a'u.o-l" add tHhe +wo sers of paramelric e.cLuLa:Hons

4o get +he combined mehon,

' z AL
X(€) = 149600000 - cos(?:'; t) + 384 400- c.os(_.zz. )

: ; | . sin [ ET
' y(ﬂ = 149 600 00O. Sm(-g‘-z-:—;-t) + 384 400 m(?..z t)s
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4. Inasearch and rescue mission, a Coast Guard cutter is searching for a yacht that is lost in
~ the fog and in a state of distress. Imagine that the area of ocean that the fog covers is like
the xy-plane. Let z be the number of hours that have passed since the yacht was reported
overdue and the Coast Guard search began. )
The position of the yacht at time 7 is given by the pair of parametric equations:

xy(t)=41-4 and yp(t) =21k,

where k is a constant. The position of the Coast Guard cutter at time ¢ is given by the pair
of parametric equations: :

xee() =3¢ | and ycg(t)= 2 =2¢-1.

(a) If it is determined that k£ = 5, does the Coast Guard ever find the yacht?
To fFad £, Solue X, (%) = X (€), 3t = 4t—4 |t=4

Plug t=4 inte y,(t) 4o get: Y, (4)= §-5 =3
Plug £ =4 inte yeo(4) 4= gaf: Yee(4)=16-8-1 = 7.
Siace Yy () F Yeol) +he heo boaks never tome rogethen

(b)  Find the values of k that result in the Coast Guard eventually finding the yacht.
Know +hat X, (&) = Xeo(£) only when t=4,

Find wvalue(s) of Kk that solve Y\'("‘J = Yo (4).

78‘- kK = % so |K=I

(© At the time that the Coast Guard finds the yacht in Part (b), which vessel is sailing the
fastest? (Your answer may contain the constant k.)

Yacht! Speed = \/x; (4)2 + 7; (4_)2'

=y e+ 4 =iz

Coast Guard' Speed = :‘c' (‘-l-)L + Y;Q_UI-)Z
&

=Jq9+3 = V&5

The Coash G'uard Cutler~ S Sa”u‘q‘j ‘H'ul.. Fasteot
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5. A hypotrochoid is a curve formed when a circle rolls around inside another circle, like
-~ the ball in a game of roulette rolling around the track of the roulette wheel. Formally,
imagine a point on the edge of a circle with radius a (with 0 < a) that rolls around the
inside of another circle of radius b (with 0 < a < b) as shown below. The curve traced out

by the point on the smaller circle as the small circle rolls around is the hypotrochoid.

The smail circle turns in this
* direction as it rolls

¥

The small circle advances in \The point on the small circle
this direction as it rolls - that traces out the hypotrochoid

(a) Use the diagram provided below to sketch the hypotrochoid.
AY

The curve

kel.rl 5031\5 A

in the |

Sctme b

forhion

Powt this

point. \ J -

o

NOTE ! This is .q sketth, Your sketch should be similar
I+ does po+ have 4o be ideahical.
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) (b) Find a pair of parametric equations (x(8) and y(6)) that describe the hypbtrochoid. Itis.
fine for your equations to include the constants a and b.

NOTE: The suggested parameter, 0, is the angle between the line segment joining
the centers of the two circles and the y-axis, as shown in the diagram
below. If you believe that another parameter will be easier to use, feel free
to use it — but make sure you define the alternative parameter clearly when
you write down your solution!

AY

The coordinales of
e coaker of
the small circle

are  given by*.'

X = (b=-a): (~sin 8)
(G---b). sin(e)

H

y = (b—a): cos (@)

As t+he small circle rolls, the arc leaghh that it covers
is b-§. If +he angle +hat +he small circle has
turned around its own center~ is P theal:

a-¥Y = b g
so ¢ = —:— . e The next diagram Shows Fhe
senall  circla aad +Hhe ma.rk.lcd point on rts ldge.

(See nex+ page) The distances ng—w-!ef\ +he center

of +he small circle and fFhe marked poink A

ba_H\ +he X auxd % direchons ot given by ¢



Poink of contact with large

“ircle e Mn—~direcHon:'

PDishance = &« Sin 09"9)

. b —a
a: sin ( . 9)

. g -direchon!

It

Distance = °'°c°$(‘F"'e)

= a: cos(b""‘-Q)

- 8

Addir\j these distances +o thea X and 8. coordhinales

of the center of the sfonall Circle  giveo +he pqmme_}m‘c

eq’uaﬁom 1

x(8) = (a- E)- s}n(e) + a- :ir\(—b?"‘-e)

o.

y(8) = (b~ a) - cos(8) + a- co.s(ﬁ:__";..g)



