MATH 259 — THIRD UNIT TEST

Thuarsday, April 30, 2009.

NAME: SOLUTIONS
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Instructions:

Do not separate the pages of the exam. If any pages do become separated, write your name on
them and point them out to your instructor when you turn in the exam,

2. Please read the instructions for each individual question carefully. One of the skills being tested

on this exam is your ability to interpret questions, so instructors will not answer questions about
_ exam problems during the exam.

3. Show an appropriate amount of work for each exam question so that graders can see your final -
answer and how you obtained it.

4, You may use your calculator on all exam questions except where otherwise indicated. However,
if you dre asked to find an exaet value of a quantity that involves an integral then you should not
use calculator integration for this,

5. If you use graphs or tables to obtain an answer (especially if you create the graphs or tables on
your calculator), be certain to provide an explanation and a sketch of the graph to show how you
obtained your answer.

6. Please TURN OFF all cell phones and pagers, and REMOVE all headphones.

Problem : Total Score
| 18
2 16
3 18
4 16
5 16
6 16
Total 100




SoL.ULTIONS

1. 18 Points, CLEARLY INDICATE YOUR ANSWERS.

The Weber Smokey Mountain smoker (see picture) is a charcoal smoker for
cooking meat and other food. The smoker has a cylindrical middie section. The
top and bottom of the smoker are shaped like hemispheres. When all
measurements are made in units of inches, the volume of the smoker is the same
as the volume enclosed by the following three surfaces:

R (_z—24)2 =144  where z = 24.
. xX*+y’ =144

. xz—l_-y2+zz=144 where z < 0.

(a) (6 points) Write down a triple integral that will give the volume of the smoker using Cartesian
coordinates. You do not have to evaluate this integral. -

12 pJigy —x* f 24+ 14l —xt-y2
- ....J -y &

24+ N 1gy —xF~YE
o Volume = f f e YZ] "4 dz dxdy
- JT¥g=y® “Ni4y = xt-y? |

(b) - (7 points) Write down a triple integral that will give the volume of the smoker using cylindrical
coordinates. You do not have to evaluate this integral. '

wt pl2 p 244 iy -t
Volume = f f f

VO‘ume__ =

1 dz¢ dde

1. rdzdrdB

Jigy =%
' I iy 24 + iy <r<
or  Volume = f f

: o o -J14g —r2

(©) (5 points) Using your answers from above (or by any other method you know) find the volume of the
smoker. Include appropriate units with your answer. If you give your answer as a decimal, include at

least four (4) decimal places.

1 r dz der‘

Volume = %fm (12)% + 1 (12%)(24)

\""—'_"\/'——'_'—. N e .
Sphece of Cylinder of rodiuc 12
radias 12 and ln,e_-‘jh—}- AL

- 57460 T

Qo

[ & 0‘75 §13F cubic inches.



SOLUTIONS

2. 16 Points. SHOW ALL WORK. NO PARTIAL CREDIT WITHOUT WORK.

A rectangular wooden beam is cut from a log. The cross-section of the log has the shape of an ellipse (see
diagram below). When measurements are made in feet, the equation of the ellipse is:

xz+4y2 =4,

For a beam cut in the way shown in the diagram (below), the strength of the beam is: S(x, y) = 4xy. Find
the values of x and y that maximize the strength of the rectangular beam.

AY

Show your work and record your answers in the spaces provided on the next page.

There are many ways 40 Solve +his problem. We

will  use Logrange mulbpliers o Maximize

5(.‘9(-,3):: ‘ny Subject +o +he consteaint:
j(x,y) = X?‘ -+ L}‘y? - 4 = O,
VS = < 4y, 4x Vg = < Zx, 3y /.

The Lagra,ng_e_ multiplier System o©F E%uah'OnJ 15

I

Vs = ?\Vg or ! 4;'-}( 2 AX

4xX = 8 Ay

Additional space for your work is provided on the next page.



SoL.uTioN S

SHOW ALL WORK. NO PARTIAL CREDIT WITHOUT WORK.

A rectangular wooden beam is cut from a log. The cross-section of the log has the shape of an ellipse (see
previous page). When measurements are made in feet, the equation of the ellipse is:

x2+4y2=4.

For a beam cut in the way shown in the diagram (see previous page), the strength of the beam is: S(x, y) =

4xy. Find the values of x and y that maximize the strength of the rectanguiar beam. Show your work and
record your answers in the spaces provided below.

Mulh",ol?/ the Fest e_ci_uah'on b)/ X and the
Second f:y Y +o o btain

2N x - = 4xy = BAy*

N #F QO S X¥ = 4)’2 Sub.sh'-/—u'}—inj this into
the con shoink 9iveo

X% 4 x* = 4 or x = X2

! 4
= X = X —-—=

V2

and y:. z

X v S(x,y) Comments
JZ - Vs Ly . Grlobal max.
N2 | s — &

—\2 Zr T4

. ""'/\/—f 4 o

VALUE OF x THAT MAXIMIZES STRENGTH = N2 feet
'/
VALUE OF y THAT MAXIMIZES STRENGTH = V2 feet




SOLULTION S

3. 18 Points. SHOW YOUR WORK. NO WORK = NO CREDIT.

The diagram given on the left shows the solid §
bounded by the four surfaces:

. z=2-x"

. 7= x2

¢ y= 0

* y=3.
In this problem you may assume that all
measurements are in units of meters.
NOTE: You should not use your

calculator to evaluate integrals in this problem,
apart from working out arithmetic and evaluating
functions.

(a) (8 points) The solid § is composed of a material whose density is given by:
3
8(x,y,z) =1+ x+ y kg/m’.

Calculate the mass of the solid S. Clearly indicate your final answer. Include appropriate units with
your answer. If you give your answer as a decimal, include at least four (4) decimal places.

3 .
Mass = fo fl (r+x+y) (2 —-2x*) dx dy

3 I y :
= T~2%x"4 2% — 3 y — z dx d
[7), (2-2x X— 2x%+ 27 - 2x%y) dxdy
3 ' 3 }
=f I:'Lx-ix + XZ"-LX4+ZX>/—“"?’“X3Y dy
2

o 3 y
-1

:.-'~f3 ;
J E(l-f—y)dy

i

8 2373

<

Continued on the next page.



SHOW YOUR WORK. NO WORK = NO CREDIT.

The diagram given on the previous page shows the solid S bounded by the four surfaces:

In this problem you may assume that all measurements are in units of meters.

NOTE: You should not use your calculator to evaluate integrals in this problem, apart from working
out arithmetic and evaluating functions.

(b) (10 points) Find the value of ¥, the y-coordinate of the center of mass of S. Clearly indicate your
final answer. Include appropriate units with your answer. If you give your answer as a decimal,
melude at least four (4) decimal places.

- 3 A0
g = [ f_, y O+ xey) (2-2x*) dx dy

2.0

il

f: 5 (v + y7) dy

2.0

"

Flare )

20

(=)

{1
W
o



SOoLUTIONS

4. 16 Points. SHOW YOUR WORK. CLEARLY INDICATE YOUR ANSWERS,

In this problem, the path C is part of the graph of y2 = x from the point {1, 1) to the point (4, 8).
Calculate the exact value of the path integral:

fy-\/;'dx-f-x-\/;-dy_
C

Clearly indicate your final answer. If you give your answer as a decimal, include at least four (4) decimal
places.

NOTE: You should not use your calculator to evaluate integrals in this problem, apart from working
out arithmetic and evaluating functions. :

Firs} we mustk f~ad Pparamekic e'q‘_uah‘cr(\_&‘ for X

e xed =t 2t ¢ 4
| <t £ 4
ye) = 77
Then:
4 2
fctj'\/;dx = [ e ) dt
}
:’f‘* > 4t
’.
\ 3 Al
=Lzt ] = 2

4 iy iy
Xty = . 2 =2 = o4t
‘[—. X dy ‘ f' t £ z.t d

I
—
2
D ]w
.
N
iy
d\
1
g~
NI 2

Fi!\a\\y .

jc_ 3-J—><—clx + X X cly = 2! + 63 = “105__,
2. A

I

52.5000



SOLUTIONS :

5. 16 Points. SHOW YOUR WORK. _ CLEARLY INDICATE YOUR FINAL ANSWER.

The diagram shown below is the surface (from two different points of view) whose equation in spherical
coordinates is:

p=2a-sin(g),

where g > 0 is a constant. Find the volume enclosed by this surface.

NOTE: {a) You should not use your calculator to evaluate integrals in this problem, apart from
working cut arithmetic and evaluating functions.

(b) You may use the following antidifferentiation formula without justifying it:

fsin“(x)dx = sin’(x)cos(x) - Zcos(x)sin(x)+2x+ C.

27 T 2a- sin(P) '
fo f f p* sia(®) dp de d O

27 By ZQ-SI‘O(‘P)
- f f [-—é—-pz-sir\(@) dpdo
o o}

¢

tl

Volume

-___ & 2 7_;!( T 4
- 30' f f sin () dyp dOE

Additional space for your work is provided on the next page.



SoLuTIONS

SHOW YOUR WORK. CLEARLY INDICATE YOUR FINAL ANSWER.

The diagram shown on the previous page is the surface (from two different points of view) whose equation in
sphertcal coordinates is:

p=2a: Sin((p),
where @ > 0 1s a constant. Find the volume enclosed by this surface.

NOTE: (a) You should not use your calculator to evaluate integrals in this problem, apart from
working out arithmetic and evaluating functions.

(b) You may use the following antidifferentiation formula without justifying it:

| sin®(x)dx = 3tsin® (x)cos(x) - 2cos(x)sin(x) + 2x + C.

—_ 3 ' b
Volume = _Ba J-z'“ L sin®(@)cos(yp) - —'}-—-COS(LP)SiA(LP)—,—E"(P d6
| 3 o 4 8 8 .
= frtafsjm 46
2 3

I

2T a



SoLuwTiondS
10

6. 16 Points. SHOW YOUR WORK.

The intersection of the cylinder:
2
x*+yr=1
and the plane:

2x-y+z=4,

is an ellipse. Find the coordinates (x, y and z) of the highest and lowest points on this ellipse. Record your
final answers in the spaces provided on the next page.

We will use Lagrange maulkpliers o fHhcel e 3’0I=al

maxximum ond M AL AeY of

fix,y,z2) = £

Sub_s'&oi- +o tHe Conshaints
glx,y, ) = x%* 4+ y?* -1l =0
hix,y,2) = 2x—y —& — &4 = 0O,
Vf = <o, o0, | >
&

)

<2x, 2y, O>

Vh = < 2, -1, 12
The Lc:._cjromje Mult+iplier sys+em of equationg
Vf = ?\‘_Vc} + A VYh gives:

© = 2N, X + 222

O = 2N,y - A=

! Az,

i

Siace A, = | we can re weite +he et two

Additional space for your work is provided on the next page.



SOLUTION S
11

SHOW YOUR WORK.
The mtersection of the cylinder:
x4y =1,
and the plane;
2x-y+z=4,

is an ellipse. Find the coordinates (x, y and z) of the highest and lowest points on this ellipse. Record your

final answers in the spaces provided below.
A, X = -1

7\-; 9 = 1/2_
Substitutiag this Into 4he Hest

e ciua‘h'on.f as !

so 4hat x—-—"'Zg,.

Consheaint gives :

! .
(2-\/)7-* Yz = | So that y = = /\7—5—: ond

X = i"?‘/\]—sj

We will subsiztute Fhese Pel'n‘lnr. /nto +he Seconcdl
constvaint Fo  fyAd Zz an z = 4 - 2x + Y -

i

I
N
l
AN
4]
l
al~

oy = Ve oz

A

x= "5 9= Y

Point

Highest point on ellipse —_ — '
| i I 44 5

Lowest point on ¢llipse > |
2 & “4— 5




