MATH 259 — SECOND UNIT TEST
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Instructions:
1. Do not separate the pages of the exam. If any pages do become separated, write your name on
them and point them out to your instructor when you turn in the exam.
2. Please read the instructions for each individual question carefully. One of the skills being tested

on this exam is your ability to interpret questions, so instructors will not answer questions about
exam problems during the exam.

3. Show an appropriate amount of work for each exam question so that graders can see your final
answer and how you obtained it.
4. You may use your calculator on all exam questions except where otherwise indicated. However,

if you are asked to find an exact value of a quantity that involves an integral then you should not .
use calculator integration for this.

5. If you use graphs or tables to obtain an answer (especially if you create the graphs or tables on
your calculator), be certain to prov1de an explanation and a sketch of the graph to show how you
obtained your answer.

6. Please TURN OFTF all cell phones and pagers, and REMOVE all headphones.
Problem Total _ Score

T 1
2 i6
3 . 26
4 . 13
5 15
6 16

Total 100




SolLuTioNS
1. 14 Points. CLEARLY INDICATE YOUR ANSWERS.

Suppose that f{x, v} is a differentiable funciion of x and y and that:

g(it,v) = f(e“ +sin(v),e” + cos(v))_

Use the values given in the table below to calculate the partial derivatives indicated.

x,y) fx g(x, y) 9 8
ox Ay

(0, 0) 3 6 4 18

1,2) 6 3 2 5

(a) (7 points) 8. (0,0) US;'nj the Chain Rule:

23 _ 2f 2 (v, sin(v1) + 2f. 2 (e“-rco.sM)

du T 9x  Fu 2y du
= E.E...eu + ?_f..e'u
X Y

o

_9;.;(0;0) = f‘; (e°+xin(o)}e°+coj(o)) . e
+ £, (e°+sial0), e°+ cos(0)) - e’

= 2 4+ 5 =

(®) (7 points) gv(O, ) Using +He Chain Rule !

a—

av >

2’2_-— 2f cos(v) «+ %-(—-sfn(v))

gv(0,0) = £ (1,2) - cos(o) = £,(1,2) . sin(0)

—
L)



- SoLUTIONS

3
2. 16 Points. SHOW ALL WORK. NO PARTIAL CREDIT WITHOUT WORK.
In this problem you will be concerned with the function:
flx,y)=x"+y*-3x*+10y +6.
(a) (8 points) Find the x and y coordinates of all critical points of this function. Record your results in
the table provided at the bottom of the next page.
To Fnd eritical points, find Solubions of:
F —
2 . 3x* —gx =0 s x=0, X =2
X
of |
—_— 2y-+10 = O So y=—-5

Cal

The ¢ritical points are (0, ”_5) and (—2‘1“5).

Continued on the next page.



SolLLUTIONS
4
SHOW ALL WORK. NO PARTIAL CREDIT WITHOUT WORK.

In this problem you will be concerned with the function:

f(x,y)=x3 +y>-3x>+10y +6.

(b) (8 points) Classify each of the critical points of the function. Record your results in the table
provided at the bottom of this page.
2 f o*f

- = 6éx ~6 =0

&x 2% 2y

o f
Z = 2

oy

Tacobian Deierminant: D = .(67(—6) (2) — 02

For (x,y) = (o0, —5)

D = -12 < O
For (x,y) = (»,-s) D =+tI2 20
) : %

Fer (x,¥) = (2,~-5) 2™ _ & »o0
9dx?
¥ Classification
_ . Sacddle
O 5 —Pofnf‘
_ Local
‘Z. S miaimum




SoLUTIONS

3. 26 Points. SHOW YOUR WORK. NO WORK = NO CREDIT.

Consider a surface z = flx, y) where f{x, y) is a differentiable function. All that you may assume about flx, y) is
that:

O f2,1)=3.

(I The curves defined by the wvector functions F,(r) =<2+ 31,1 -2 341+ 17 >,
: ?'z(u) =<1+ _u2,2u3 —12u+1> and their tangent vectors lie entirely in the tangent plane to z
= flx, y) based at the point (2, 1, 3).

(2) (6 points) Find a unit tangent vector to the curve defined by the vector equation:
= 2 2
r(t)=<2+3t1-123-4t+1t" >

at the point on the curvé where (x,y,2) = (2, 1, 3). Poia f‘ ocecurs fo, t=0,
, .
R = <3, —2t, =4 +2¢)

Riy= <3,0, -4 [R] =" =5

Unit tangent vector = < 3/5" y 9, —‘t/s_ >

{b) (6 points) Find a unit tangent vector to the curve defined by the vector equation:
- 2 3
rz(u) =<1l+u"2u” -12u+1>
at the point on the curve where (x, y, z) = (2, 1, 3). Point oOccurs for u=|,

RW = {2y, 6u*, 2 >

V) = <a,6, 2% |RUN = Jarca = i

Unit +angent \I/e.c-l-O{’ = < 7‘/4,_* > %‘7‘:'_‘ ) .Z/Jir_z.r' >

Continued on the next page.



SOLuTkoNS

SHOW YOUR WORK. NO WORK =NO CREDIT.

Cons1der a surface z = f{x, 3) where j(x ») is a differentiable function. All that you may assume about f{x, v} is
that:

M A2, 1)=3.

(1D The curves defined by the wvector functions ﬁ(t) =<2+3t,1-23-dt+1*>,

?‘z(u) =<1+ u%,2u* =1,2u+ 1> and their tangent vectors lie entirely in the tangent plane to z
= f{x, y) based at the pomt (2, 1, 3).

(©) (10 points) Find an equation for the tangent plane to z = f{x, v) based at the point (x, y, 2} = (2, 1, 3).

Normal vector = < 3,0,—-4 7 x < 2,6, 27

= ( J K ¢ y
3 o -y 3 o
2 6 2 2 (4

= < 24, — (4, 18 >

Eguah‘on of 4—mnj-en+ plane :

24(,(....2) - 14 ()/.-I) + 18(2‘“‘3)

( M any e.cz_ui valent+ answers Pe ssible here. )
@ (4 points) Estimate the value of (2.1, 0.9). If you give your answer as a decimal, include at least four

(4) decimal places.

Re arcange +angent plane 4o make Z the Subjech:
o !
2= 3 - Zt(,_n) 4 [A(y-1)

Pluﬁ X =2.1 aad Y = 0.9 (oo +his:

Lt

24 14 (0.9 -
F(2.1,0.9) ~ 3 — -I—i(z.;—z) + :8(07 /)

f(21,0.9) ~x 2.7888



SoLUuTIONS

4. 13 Points. CLEARLY INDICATE YOUR ANSWERS.

In this problem you will always be concerned with the function:
2
fxy)=3xy+y”

(a) (5 points) Find the directional derivative of f{x, y} at the point (x, ) = (2, 3) in the direction given by
the vector Vv =< 3,-1>.

VF = <3y, 3x42y> 7] =dFT = Vo
V£ (2,3) = <9, 127> | .3 = <3/w)_.l»ﬁ?>'>

Dy £(2,3) = <4, 120X, U Y = U
| X 4.TF434

1)) (4 points) In what direction is the directional derivative of fx, y) at the point (x, y) = (2, 3)
maximized? .

Dicecton = Vf(z,?’) = <9, l'l?

(©) (4 points) Find the maximum rate of change of f{x, y) at the point (x, ¥) = (2, 3).

M aximum rate of chanqe = IV;C (2,2) !

= (9% 427

{1

225

u— 15'.‘



SoLuTioNS

5. 15 Points. NO PARTIAL CREDIT WITHOUT WORK.

A large rectangular wooden box with no lid (see diagram below) is to have a volume of 32 m’. Find the
dimensions that minimize the amount of \woepd used. Record your final answers in the space provided at
the bottom of the page.

The amount of weod

is Proporh'anal o Hae

Surfiace area,

S(xl Y, z) = 2xz2 +
Zy% + xy.

The volume 3ives the

Confiraint @
x.y, Z pd 32-
Z = 3%
. Xy
The  surface area lis F+hen : S(x,y)= €4 + 64 + XY.
Y X
Te fad +he crifical peoint(s):
25 _ —¢4 = =% -x* :
2 T 5 Ty S YESa e Ioaxso
os ~ | x - (64-~x32)=0
2y = 4 L+ x =0 ' =
y yz X =0 , X =4&
Clqs.riFy Critical point: X=4 Y =4
2*s [28 for
'9—;-{-:: ")‘("‘3"" >0 for X =4, D = (I?.S’)(l‘z.f) I >0 x=4
yY=4%.

FINAL ANSWERS:

4 m y= q’m z=__2-m

i

X




SotLuUu TIoONS

6. 16 Points. SHOW YOUR WORK AND EXPLAIN YOUR REASONING.

(a) (7 points) By making the substitution ) = "X, show that the limit:

Lim x?2

(x,y) —> (0,0) x*+y?

does NOT exist.

Subsh'-l-u'l'l’nj Y = m-X jivm:

x* x* [
"+ y* x: + mtx* | +m?

So that: Lim x* }
(xN=r(0,0) x>, y2 = (4 m?

As +his limit depends on +he valve m,
a.pproa.clair\s (0,0) alsng Y"m'x will,

For diCFerent values of m, 35\/2. di fFlerent

" . " 2
values for tYhe Limi b of X as
_ X+ y,_

(x,¥) = (0,0),

Continued on the next page.



SoLuTIONS, - o

SHOW YOUR WORK AND EXPLAIN YOUR REASONING.

() (9 points) Use the -0 definition of a limit to show the following.
| Lim S
(x,y)a(0,0)xz_{_yz_ ..
o xB
stepd: | FGy) = k| = -0
xz+ Y'Z-
= x| x*
'xz. + Y‘Z.a
Step 2.° Note +hat:
. A X
x* & X“+y 50 X < 1.
xt -+ Y‘L

x| = vy

So' ;F(x,y)ul...l < x| = l-\/x"w-y’:?
| T

K=1

Step3: Ler € >0 be given. Set &= &/

—r
e

&,



