MATH 259 — FINAL EXAM

Friday, May 8, 2009.
NAME: SolUTioNS
Alexandra Oleksii Reshma Stephen William
Klimova Mostovyi Ramadurai Russel Boney
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Instructions:
1. Do not separate the pages of the exam.
2. Please read the instructions for each individual question careful]y
3 Show an appropriate amount of work for each exam question so that graders can see your final
answer and how you obtained it.
4. You may use your calculator on all exam questions except where otherwise indicated.
S If you use graphs or tables to obtain an answer (especially if you create the graphs or tables on
© your calculator), be certain to provide an explanation and a skeich of the graph to show how
you obtained your answer.
6. Be sure to use appropriate algebraic and limit notation.
7. TURN OFTF ali cell phones and pagers, and REMOVYE all headphones.
Problem Total Score
1 : : 11
2 8
3 10
4 10
5 ' 10
6 10
7 8
8 7
9 7
10 10
11 9
Total . 100




SOLWUTION S
1. 11 points.

In this problem the curve that you will be working with is the curve described by the vector function:
7(2) = (5 sin(z),5- cos(t),12¢) fort=0.
If you give any of your answers as decimals, include at least four (4) decimal places.

(a) (2 points) Find the unit tangent vector to the curve at the point (5, 0,‘ 6).
L)

rt)= < s Ccu({-)) - 5sin(t) , 1z 7

At the point (S, 0, 6T ) ot = /.

F (%) = < .O, -5

/

P2 >

VFUR) L = esy s = 0B,

Uark tangent veckror = < o, "’5/‘3 l'?-/lg >
. S,

(b) (3 points) Find the equation of the tangent line to the curve at the point (0, -5, 127).

At the point (od -5 lzm jl + = 7.

-

r ()= <=5, o 12 >

7

Equation of —I—a..nse.rﬂ— lae

<X, ¥, 2> = <o,-5 12> + t- <=5,0, 127

Continued on the next page.



SoLuTIONS

In this problem the curve that you will be working with is the curve described by the vector function:
r(t) = (5 -sin(z),5- cos(t),12t> fort = 0.

If you give any of your answers as decimals, include at least four (4) decimal places.

(c) (3 points) Find the length of the curve between the poihts (5,0, 6m) and (0, -5, 127).

' T
LensH-\ of Curve = I | 7 ’({-) I dt

T

—

T<
f \/?.Sc.o.sz (¢) + 25 S.t'nj'(’c) 'l- 144 dt

11/2

I
A

(d) (3 points) What are the coordinates (x, y, z) of the point that lies a distance of 26z along the curve
from the pomt ©, 5, 0)?

A+ +he point (0,5, 0) t = 0. We (want Fo Solve

the {ollowida LGILLG.HQ,\ for T

-
26Tt = f [ty | d¢E — 13-_(1-——0)
o

T = 27C ond .

[l

(X,Y, ) ( Ssin(’?-‘ll')) 5 cos (‘2.1:) , 12(7.7('))

(o, 5, z4c).

I



SoL.UTIONS

2. 8 Points. CLEARLY INDICATE YOUR ANSWERS.

In this problem, the temperature at a point (x, y, ) is given by the function:
2 2 2
W(x,y,z) =100-x"~y"-2"
where temperature is measure in degrees Celsius (°C) and x, y and z are all measured in meters.

(a) {4 points) Find the rate of change of temperature that a person would experienée if they started at
the point (3, -4, 5) and moved in the direction of the vector v = (3,—4,12). ‘Include appropriate
units with your answer. If you give your answer as a decimal, include at least four (4) decimal
places. '

Uni+ vector: l?' = \/32'4-(-4)1-!- (rz,)?' = I3,

u-_‘z '_\l/_j"V'—"- <343)—-4/’3,l2/13>.

(VI

VW = <—2x,"2y,;22>
VW(3,-4,5) = <-6,8, o>

ij’ W(BJ—‘QJS): <—6)8')MIO>.<3/,5)‘4/,3)JZ/,3>

- | F0O

= 3 = —-13.0769 °C/m

(b) (2 points) If the person is standing at the point (3, —4, 5), in what direction should they move to
experience the greatest raic of change of temperature? Give your answer in the form of a vector.

VW(3,”‘4-,5) = <~6, 8,—*]0)

{c) (2 points) If the person is standing at the point (3, -4, 5), what is the greatest rate of change of '
temperature that they could possibly experience? Give appropriate units with your answer. If you
give your answer as a decimal, include at least four (4) decimal places.

lvw(z,-4,8) = (e + 3™ + (=t0)*

= k1421 ¢y,



SOLWTIONS

3. 10 Points. SHOW YOUR WORK. NO WORK = NO CREDIT. *
Consider the curve defined by the polar equation:

F= 3+2-cos(9).
(a) (* points) Find the coordinates (x and y) of all points where the tangent line to the polar curve is

horizontal. Find the exact coordinates (x and y) of all points where the tangent line is horizontal.
Show your work and record your results in the table at the bottom of the page. No work = no

credit.
X(B8) = B cos(®) + 2 cos(e)

= . N Y(Q) .::. 3 sin(B) + 2 sin(e) cos(8)

{fr ’ r=3+2-cos(8)\ﬁ‘-.\"
/ h We want all  peints whers

{ i\
x'(e) # O,

{ "

ht
“ y'(e) = O ond

\ |

) ' ‘ill \/'(9‘) = 3cos(8) + L cos?(B)

| / _ - s(n‘(e)

\ S = 3 ces () 4+ 4cos(O) -2 =0,

~d 7 Lin‘r\.g He Quadrairc formula +o

Scolve for cos(g) 9gives:

cos(®) = -3 '.'.'.\"7-1*32

8

Il

C. 425390529+ and

=1L 17539053

8 = cos”'(0.4253905292) = 1131402945

X ¥

[, 638085 79s 3.484994 735
/.63 8085 %95 -3, 484994935

Continued on the next page.



SoLuTiondS :
: 5
Consider the curve defined by the parametric equations:
2 -2 —
x(t)=€ t"l"e ! and y(t)=3€2r —-GZI,

(b) (3 points) Find the coordinates (x and y) of all points where the tangent line to the parametric
curve is vertical. Find the exact coordinates (x and y) of all points where the tangent line is
vertical. Show your work and record your results in the table below. No work = no credit.

We woant +he points where dy IS ‘Mndﬁp—l‘ned, ie,
d X -

where dx = © and dy = o
dE

dt
dx 2t ~ 2t
_— = 2.e — e =
dt Z ©
.2k
e’ = e so t = O
When + = O, x(o) = 2
y(e) = 2.,
X _v




SecuTION S

4. 10 Points. SHOW YOUR WORK. NO WORK =NO CREDIT.

Find the exact area of each shaded region shown below. Show your work — no work = no credit.

You should not use your calculator on this problem for anything except evaluating functions or arithmetic.
In particular, you should not use your calculator to evaluate integrals or find anti-derivatives.

You may use the following trigonometric identities without having to verify them:

sin*(x) = %(1 - cos(2x)) cos’(x) = %(l + cos(Zx)).

(a) (5 points)

. Firsy cletermine the

.r""jr_‘_w"‘\
f" N \‘\.ﬂ‘ limids of N'\J-Ea raron
/ *! \
: 3 by 50’\/:'(\3 :
]llll &5: : ; r=COS(26) COS(Z@-) = 0O
' 26 = +
- Z
& = + &
Z.l-

| + cos(40) d6

= {
'Z(."‘[G + —"r— S{n(‘fe)]

—T/y

1

Continued on the next page.



SocuTioNS

Find the area of each shaded region shown below. Show your work — no work = no credit.

You should not use your calculator on this problem for anything except evaluating functions or arithmetic.
In particular, you should not use your calculator to evaluate integrals or find anti-derivatives.

You may use the following trigonometric identities without having to verify them:

sin®(x) = {1- cos(2x)) cos*(x) = 1{1+cos(2x)).

{b) (5 points)

Fl'r.si-, deteromine
= 3Sln(6) IOCD\HonS ofF -fﬁ"'ﬁ/SQCHOr\
‘Pcin‘}“S‘.

I + sfa(g) = 3 S7a(6)

2 sia(@) = |
sin(@) = Y5
6 = ¢ ; S 7T
&
=§_1I_ 6=T/Q ¢
6 TA@Q will be i"‘-\{
._\.‘ , o . . / “mf;l"s- & F fn‘]‘Qﬂr‘ch—fqn.
r =1+ sin(6)
- J sTe 2z
Aree = [ 4 st (@) = (1+ sin(e)® 4o
/A

| S/ :
2] 8 siat(8) =1 — 25ia(8) 4B
e

"

$™/

| ,
2 J; 4 = 4 ces(20) =1 - 25in(8) de

{4

1!

)
= [ 36 - 2 sin(28) + chs(e)Jrﬂ/G

i

I
A



Sol.uTIONS

8
5. 10 points total. SHOW YOUR WORK. -

In this problem the function f{x, y) will always refer to the function defined by the formula:

f(x,y)=x2+y2~x—y+1_

(a) (4 points) Find the x and y coordinates of any critical points of f{x, ¥). Record your results in the
table below.
(b)

(2 points) Classify the critical points that you found in Part (a) as local maximums, local
minimums or saddle points. Record your results in the table below.

, B _ 2
fa =2 fyy =2 £, =0 D= fudyy ~(£,)° =450
fax 7> 0.
RECORD RESULTS FOR PARTS (A) AND (B) IN THIS TABLE:

x ¥y Classification Sz, )

Vz_ \/_1’- Local miniemunn ,/2..

(©)

{4 points) Find the global maximum and global minimum of f{x, y) on the disk where x° + y2 =1
Show your work and circle your final answer(s).

Use Lajr‘anse, Multpliers, Vi =

<2x=1, 2y -1 >
glx,y}) = x"-l-y?' -] =0, Vo

<zx , 2y >

it

V= A Vg Zx -1 = 2AX
SubshH+utre X=v Iinhe the

So X = Y.

cConshain +o 925‘:

2xt = | x = 1 Ux Y = .
¥ N4 | f(x,v) Comments
,/\FL_ ’/\5_— 0.585%%¢
—,/\/"2—. -t/\]—i- 3.4 )4 235 Global max.

Global min of Flx,y) = 7,

Globel max of ‘)C(K,‘() = 3._4]%2[33‘



SolwT/IONS
9
6. 10 points total, 2 POINTS FOR EACH CORRECT MATCH.

Match the contour plots with the functions given below. If you do not think that any of the contour plots
does a good job of showing the level curves of a particular function, write the word NONE next to that
function. u
CONTOUR PLOTI1 CONTOUR PLOT I

7

T _ I
== 7

CONTOUR PLOT IV
N L i ! <<<
@  flxy)= sin(wfxz +y%) CONTOUR PLOT = I
b))  flxy)=-~ ! CONTOUR PLOT = NONE
7 sin(x)
| (c) fy)y=4-x"-y* CONTOUR PLOT = T
@  flxy)=x*-y* CONTOUR PLOT = v

(€  f(xy)=sin(x)-sin(y) CONTOUR PLOT = uny



SaluTronNnS
10

8 Points. SHOW YOUR WORK.

(a) (4 points) Find an equation for the plane that includes both the point (1, 3, 0) and the line
(x,3,2)= (27,0 + t-(-LL1). |

Show all of your work and express your final answer in the form: ax+ by +cz=d.

Let ¥ = <2~1,F-3,1-0> = < {,4,1>

Neoermal vechor == <l,’+,l>x <""I/ I, 1 >
= d 7 k
{ 4 {

!

Equa"‘fOn oF Plana (mn.ny others possible) !

3(x=-1) -2 (y=-3) + 5(z -0) = O,

(b) (4 points) Let fx, y, z) = xyz and g(x, y, z) =x° + 3 ~ z. Find a three-dimensional unit vector
that makes both of the directional derivatives equal zero:

D,f(LL1)=0 and.  D,g(LL1)=0.
Ve, 0, 01) = <i,1, 1

V= <yz2, 2, xy >
Vol 1) = <z,2,-12

Vg =< 2x, Zy , = >

Want a vecho - v _PerPe,nclicula.r o bofh.
= 8 J

v =<1, 5,15 x <2,2,~1>
i 1 i




SOLWWTIONS
11
8. 7 Points. SHOW ALL WORK. NO PARTIAL CREDIT WITHOUT WORK.
Use Lagrange Multipliers to find the maximum and minimum values of the function:
f(X,y)=x_2y_Z

subject to the constraint:

2 2 2

x“+3y"+z° =1
Show your work and record your answers in the space provided below.
Vf= <|,"'2." -1 7 3(7(/‘/‘,3'):)(2-%3)/7"!' 2= = O

Vg = <2$(,6\// 2z 7

Vf = A Vg : I = 2%
-2 = é6 Ay or -1 = 3%y
-1 = 2xz
N i5 non-zero 50 X = J - - =1
' A AR
Thir means Z = — X ond Y = ”732; X . SUBJJ—;"}uh'nS

these into g = O gives:
S (FA) 0T = e oy
X Y z - Flx,y, %)
Ve s Lo 3 —Jeh

MAXIMUM VALUE OF flx, y):

MINIMUM VALUE OF f{x, y):




SoLuTioNS
13
9. 7 Points. SHOW ALL WORK. NO PARTIAL CREDIT WITHOUT WORK.

Evaluate the surface integral:

f f(x.y.2)ds

where flx, y, z} = 1 and 5 is the surface parametrized by:
r(6,p) =< (b +a cos((p))- cos(@),(b +a- cos(qo)) -sin(0),a - sin(g) >,
where @ and b are positive constants with 0 <a <band 0 < #=<2m and 0 = @ < 2m.

You should not use your calculator on this problem for anything except evaluating functions or arithmetic.
In particular, you should not use your calculator to evaluate integrals or find anti-derivatives.

—
re = <"‘(b-+a CQS((P))- Sl'n(Q), (b+ a Cas(@))'COJ(QJ, o >
o = <- asin(@)cos(8), ~ asinlp)sin(@), a cos(®p) >
- - -
re x f"e = \ T 'I—Z
- (b+ a os(P)) sin(6) (b+aceste)) cos (B) o
- a. sin{@)ces(®) - = asinllsing a cos ()
= < (b+a cos(p)) cos(0) a cos () , - (b+acos{@) sin() a c::'»'.s(tP)J
(b+ acos(P)) a sinlg) >
— - o
ll"axf“q)‘: \/ai-(b'l'OL-Cos(‘-P))z‘ = GL(b+0Lcos(§0))

st Fix,y,2)dS = ‘[Zﬂ‘/lw ob + a.’LCQs((p) dp de&

- Ay 2m
- 8.[0 ’[o..lotP T a* sin(tp)] 46

o

g -(ZWZ_TL ab d@
o

4 7<* ab



SoLWLWTION S
13

-10. 10 Points. SHOW ALL WORK. NO PARTIAL CREDIT WITHOUT WORK.

You should not use your calculator on this problem for anything except evaluating functions or arithmetic.
In particular, you should not use your calculator to evaluate integrals or find anti-derivatives.

(5 points) Let C be the path shown in the diagram given below. Calculate the value of the path

(a)
integral:
. . , Use Green's Theorem
f(y -x y)-dy+xy “dx. . 2
c with P (x,y) = Xy and
Qlxy) = y* - xty. Then :
e
fc xy*d x + (yi-xy) dy =
x+y*=4
T .2
f [ (Z’“ sin(g)cox(B) - 21 “Sin(©)cor(e)) rdedp
— 4 2
0,0 . (2,0) - _/ol [ —r¥sin (8) Cm(@):{ o do

= 'fo - 16 sfn(e)mg(e) de

[-8 sr‘nq'(e)]w* = -4,

(b) (S points) Let S be the surface of the sphere x° + 3* + z* = 4°, where a is a posmve constant. Let
F (x Y, z) =<x° , y ,z >. Calculate the value of the surface integral:

[[Feas.
S .
Use +Hhe Dfuergencg_ Tf-\aor-em_ Ve l-:. = 3'( x2 +>/L + 2_7-)
— -y ra i g - .
ff Feds = a .
s fo /o /c, 3 . pt sin(P)dp dpdb

n

il

™ .
Sin(yp) d @ 46

_—'5 j.ozﬂ [ﬁcgs(@)]:r

s 2T
é’: de
[+

t

§

H

(27T¢C a



SowLuwTIioONS
14
11. 9 Points. SHOW YOUR WORK. NO WORK =NO CREDIT.

In this problem you will be interested in the surface defined by the equation:
2 2 2
4x° =y +27°+4 =0,

(a) (2 points) Classify the surface (i.e. s it a plane, ellipsoid, hyperboloid of two sheets, etc.?)

The suerfoce s a Ry perboloidd 0f Hwo Sheeks,

(b) (2 points) 'Which graph (of those shown below) does the best job of showing the graph of the
- surface defined by the equation given above? CIRCLE ONE (AND ONLY ONE) GRAPH.

 Continued on the next page.



SolLuTionNns

SHOW YOUR WORK. NO WORK =NO CREDIT.

In this problem you will be interested in the surface defined by the equation:
2 2 2
4x -y " +27°+4=0,
{c) (5 points) Find an equation for the tangent plane to the surface based at the point:

(x,v,2)=(1,4, 2).

2.21' = -4 - q.xz- t 37'
== \/—2 -2x* + zy?
22 l | -l
— = = (7 - 2 2
oz | 12
—_— _— (-9 _ A
39 ?_(. L—-2x* + = yz') (y)
When X =1 ond y = 4 2% %
—_— = - ] —_—
o X Bj
Ec‘u_o.h'ér\

of  tenoentr plane:

—

Il

(x=1) + (g~ 4 = (2 ~2)

15



