SOLUTION S

Math 122 . Fall 2008

Recitation Handout 17: Radius and Interval of Convergence

Interval of Convergence

o

n - - . -
The interval of convergence of a power series: EC" - (x - a) is the interval of x-values that can be plugged into
n=0
the power series to give a convergent series.

The center of the interval of convergence is always the anchor point of the power series, a.

Radins of Convergence

The radius of convergence is half of the length of the interval of convergence. If the radius of convergence is R then
the interval of convergence will include the open interval:

(a-R,a+R).
Finding the Radius of Convergence

To find the radius of convergence, R, you use the Ratio Test.

n+l

Step 1: letaq, =cC, -()c - a)" and d,, =€, -(x - a)

( n+l
Gy _ Con(x—a) _Sun (x-a).

Step 2: ~ Simplify the ratio = -

' a, ¢, (x~a) c,
Step 3: Compute the limit of the absolute value of this ratio as n -~ oo,
Step 4: Interpret the result using the table below.

Limit of absolute value of ratio as n — . Radius of convergence, R.
Zero. : Infinite. The power series converges for all values of x.

N [x - al, where N is a finite, positive number. R= # The interval of convergence includes

(a —+,a+ #) and possibly the end-points X =@ - ~

—_ 1
and x=a+ N

Infinity. _ Zero. The power series converges at x = a and nowhere
else.

Are the end-peints in the Interval of Convergence?

Each of the two end-poinis (x = @ — R and x = @ + R} may or may not be part of the interval of convergence. To
determine whether the end-points are in the interval of convergence, you have to plug them into the power series
(one at a time) to get an infinite series. You then use a convergence test (0 determine whether or not the infinite
series converges of diverges. I the infinite series converges, then the end-point that you plugged into the power
series is in the interval of convergence. Otherwise, the end-point is not in the interval of convergence.

If you use the ratio test at each end-point you usually get an inconclusive test so it is best to try a different
convergence test when investigating the end-points of the interval of convergence.
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(a) Find the radius of convergence and interval of convergence for: ' 2 ) (x - 1)
n=1 n
‘ n-+ nt2
—1) n (1) ati
a = ¢ . (x=1) Oppy = ————— {x~1)
" n n o+ 1
n+2 _ nti
A,y  (=1)- n (~1)
a, N (-0 (-7
—_— ("" | ) r (7& — )
n-+1 L
Lo . v (=) -
imit of absolute value of ratio = L-venn (=1
 A> oo N+
= |x—-1].
1.

Radius o6& Conurrgoncee =

~ RADIUS OF CONVERGENCE:
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1
o _1 n+ )
Find the radius of convergence and interval of convergence for: E ( ) : (x - 1)

i
v

Endpoints: 41 —1 = O and 1 +1

Convergence or divergence at first end-point:
Plugging * = 0O inbo the power serieo glues

+he infvnide S_Qf‘eeﬂ'-

%) - 2n+}
E (—‘)M-‘. (__,)n - Z_(—'—)_—:: - g .....L
n=1 n n=y N n=i1 N

oo

. | )
Siace the harmenic Se_r‘a-e.o.( 2. ‘n—) o]l\/er*ﬁﬁ..i,
the power sewies diverges  when x=0 1f
P\uggzo\ ‘\(\. SO( x. =0 g .nc:d" Pq_r}- QF_ Hhe
\‘mrt)-uad_ of COF\UC/B%CQ.
4 Convergencej or divergence at second end-point:
Plugging =2 into fhe power serien giuke +he
infAnide Series’

: +1 o -
i” Ry = = (-0 _‘r'f' This is
n=1} n n=1

LY V ~ C
+he ql-!-ernah'r\a harmonic S€ri€s which o/\ue‘_rggﬂ'

A,
Ser a, =Y . Then © < il ©n Means that

—

£, < a g  l=im - lfm -——-‘ =0. S
O £ Q&a+i n o A_l_’w Qa = bten 3 e
. < “ —T‘Q/J"P i )ﬂ+| |
by +he A Hleraat noy Serieo . (-1 e

converges. Thir mesao +hat x=2 IS part

of +he Inferval of convergence,

INTERVAL OF CONVERGENCE: ( °©, 2 ]
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For convergence

: 2 2
- (b) Find the radius of convergence and interval of convergence for: 22 tex
n=0
2n ’n Za+d 2n+2
an, = 2. % Qnpet — X
: 2n+ 2 2n+2 2 2
_a”+1 — : —- 2 - x
.n =n —
a, 2
-
- 4 x
Limit of absolute value of ratio ' 4 — 4"" )
n—> oo ' :

Using Fthe catio reot,

4l=|* <)
lx |* < Yy
l-x_l < l:r..

RADIUS OF CONVERGENCE:

Vo
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. . . 2n | 2n
Find the radius of convergence and interval of convergence for: 22 X

n=0

End points: o - ‘/7_ —_ —'1/2_ and o -+ ’A__ — ,/L

Convergence or divergence at first end-point: |
?\“"93"’\5 x = __"/2. into the power Series gived
Hhe jafaite Serieon

= n -1 2n a2 ?_1'\ hiad
2. 2 ("2"_") = > Zn = 2 1.
nzo n=o 2 n=o

—This infinite Series diverges. SRE Qq = 1. Then

Lim g, = 1 #* O 350 the Taftaite Serieo

n—3 o ‘ |
diuergeo wsiag the n oFerm +eot+ for divergexe,

’Fh-ere«corg X = "’/_.2_ I§ not Par‘i‘_ of the
interval  o©of convergence. |
Convergence or divergence at sccond end-point:

Plugging x = Ya indo the Ppowen series Gives
tHhe inAnite Series . .

> 2 3)" =2 L&A =z

Eo £ . (2') = n=o 2,2'ﬂ n=o —

This infinrle series diverges. Set an = 1. Then
Lim an = 1 F O so the infinite Seies diverses
e ~th Jermn tent+ For dnwﬂmw_ .

Y - ‘ ' ~erval
Therefore x =Wz 15 not 'pqri- of e IRV
, .

of _COA\JU&MQQ e ithes,

INTERVAL OF CONVERGENCE:

| (_l/:..,. Vz)
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_ - 4" n
(c) Find the radius of convergence and interval of convergence for; 2'}‘1‘“ ’ (x - 3)
n=1
A n+| a+l
a = j-— (x--?))n Knatt = -———*Lf‘ (‘x.-3)
n
n n-tt
-+l
a,., 4! n (x~3)
— . n
a, 440 n -t | (-2)
= TANNS
(x-2)
N+ \
Limit of absolute value of ratio = L~ s~ i:L. x — 3 )
> oo| ML
= 4. |x—3 I

Radius of cngers:q_nce. = l/‘-i-

RADIUS OF CONVERGENCE:

,/Lf' '
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Find the radius of convergence and interval of convergence for: 2

4—'(;[——3)"
n

n=i

_ 3

, i 13
End points: 3—'-!‘?_- - AL 3_,_;_- = =

= and

4-

Convergence or divergence at first end-point: .
SubsHiuhing X = /g Into the power series §ives
‘H-\e_ infinite serien: '

S 4 (4-9) = g_q_(:_._>: $ 0"

n={

= 1
This iafinte series conversges. Setr an= '/y. Then
© <= < "L' So that O £ Gari < 2a., TaA addition,

[ERYNN Qn = Limm L. = O, So, by +he AH‘unaHf\g
n -0 N D

q L]
Series JTest, { (=D converges, Thir means Fhat
) ™

=l s in ‘H«e, interval OF (onvergene.

Convergence or divergence at second end-point: e
SubS-l—nJ-uhnﬁ K = |$/1+ into +he Pow-?.r‘ SQ{‘-&J 9 we
-Hr\e_ inFAnide. series:

" s 5 4 (;)" - s L.
n§| 4 . (— —g) T & - n =t n

This iafRanite secies d IVC(‘SQJ L»€-+ F(x) = '/X._ +hen
whea x>, FI=Vx >0 and £ "(x)= ~Yi2 <o,

(*Ldx = Lim (*Lax = Lim [ahxl]]
1A

a2l X a-» o
o> Q0 .
s L ai He end~
‘BY +he in—i-e.ar‘a_\ —}ea:ﬂ“’ Z—F\v diverge So e €N
n=|
poi(\'}" %0 = 13/4- i s r_}_g‘L‘ qur“}‘ of Ahe interwval of
Converence ,

INTERVAL OF CONVERGENCE: e 4.
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(d) Find the radius of convergence and interval of convergence for:
et sy O ep L B
1+2 (x+5)+(2!)2 (x+5) +(3!)2 {(x+5) +(4!)2 (x+5)" +...
' (zn).l n (‘2-n-|-2.)! AH
a = — - (x+5) Qaty = - (x-rS
. i)z 2z
(n! | ((arD))
2 atl
Apip _ @na)l ()" (x+5)
—_— = ‘ - -
a, (=)t ((aeY) (45
_ ('z.n-i-?.-.) (7—nft"l) '(x-I'S)_
(n+)(n+ 1)
= Z
40t Z  (x+5)
n -+ |
Limit of absolute value of ratio =  Lven Ga+2 (7(.-{“5)
n— oo n -t

= 4. |x+5]|

So e radius of Convergenc S ‘/4“.

l/
RADIUS OF CONVERGENCE: - 4-
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Find the radius of convergence and interval of convergence for

41 : o 3 8l
1+2-(x+5)+(2!)2-(x+5) +(3!)2-(x+5) +(4!)2- X+

Endpoints: -~ 5- 4L — —2{ and =85+ Y, = 11

Convergence or divergence at first end-point:
When you plug X =-21 into the powesr serics you get
%

Fhe infinite series:

2 ——m—(z" +5) > (). . This

azo  (n {)7‘ Azo (n! ) .o4n

fnfinite serien convergeo. Sef an = (2n)! Thar

(nt)* 4"
Aael = (2Za+ 1) aq SO Fhot O L ans Qi IHis
(zn +2.)
possible  (bur act easy) +o ob+am Hhat lim Gq = Q S
n-»0oo

Hat +he nlinite Serien Convergeo by the A'Wﬂah"\_‘)

Secries Tesh
Convergence or divergence at second end-point:

When you plt.uj x = —“7/4. into the power seriey you

get the (Afnite Series:
E (zn)! /-4 +5>" _ 2 (2n)] . This
n= o (nl)z- ﬂ

n=o (nl)* \ 4

infinite serieo dl\fex’gif
difficult 4o demon.a')\f“a}e, cigorously. To get an idea
try +he

of whethe~ the Serieo c.o«-\uepse,o o d-uerje.l‘
‘(‘o“omn\j MAPLE. Commands: _
fr=n=> sum((2x ) /Z7((KI)A2 x 44 k)

.. “M\"'(‘C(h)) BN = if\F’l‘(\l."'\/ >)'

aHl-\oua\'\ thic Js very

[_ 5.25 ? Hl‘f"?5>

INTERVAL OF CONVERGENCE:



SoLvuTIionN S

ANSWERS:

{a) Radius of convergence = 1. Interval of convergence is (0, 2].

(b) . Radiusof convergehce =0.5. Interval of convergence is (—0.5, 0.5).
(c) | Radius of convergence = 0.25, Interval of convergence is [2.75, 3.25).

(d) * Radius of convergence = 0.25. Interval of convergence is [=5.25, -4.75).



