SoLuTION S

Math 122 Fall 2008

Handout 13: Using Convergence Tests

Determine the convergence or divergence of each of the following series. In each case, demonstrate that
" your answer is correct in a step-by-step fashion using an appropriate convergence test. Be sure to
explicitly state which convergence test you have used and show that it can be used with the series you are
working on. Be careful to show all of your work and how the convergence test justifies your answer.

- 12 n +1
a) Does the following series converge or diverge? E
@ : : e Zan’ 22n+1

CONVERGENCE TEST USED:
The ath term tes+ Lo~ d fuergence.

STEP-BY-STEP JUSTIFICATION:
I +thiak +he  series diverges because the
largest pewer in +he numerator of aa (n?) ir
+he same @n Fhe |0~f’3£.r+-' pewer of n in +he
de-nom;r\‘a*f“of.‘, .
To show +his T will use +he Nnth Ferm test,
da = 12n%* 4 24n + 12

4naz — 2 + 1.
Lim g, = ki 1Za%*+24~+12 — o
n—>s o , N>R Lar -~ 2N + |

Since Lim g, # O Crhe a™ derm test 3ive_r

N o
ob

Har s 1Z(n+1)* diverges,
n=t 4n*—-2nt+|

FINAL CONCLUSION: CONVERGES
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(1) A

(b) Does the following series converge or diverge? E n+l

n=1

CONVERGENCE TEST USED:
Alternah ng Ser ies test

STEP-BY-STEP JUSTIFICATION:

I +hink +he Se.r-}e;‘ Converges becaunse 1+ if
alfernariag =+t =4 = ... and the langes+ powlrs
ofF N In the cle_nomfnq-i-m-(ﬂ') (s lauj.gr Hhan
the loargest power of N in  the e adon (n"z),
To show Fhis L will use +he alteraarng
fenies fech Sethng A= ([, there are

n+ i

-h.oo COHQ[I.HOM qn‘ mus ob_ey A
(1) O < An+1 < an for each Vvalue of N

(L) Lim g, = O
n—y oo

‘
. {x+1) —
For (ondiHeoa (I), note: d (J;>= 2 ~

dx. | x+1 (<+1)2>
—_ | . l\[—
= - =X
(x~+ 1 Y
For Condition (), Lim N _ Lim 0 _ o
: n—>e n+| n ~Poa T )

series Satis Fes Cohd-'-HW

Since e Iafiinite ‘
ctl+€_{'na,ﬁr)3 series FeAt glIves

(1) an~d (JI'), +he
o0
+Hhat }_-_ M QQ/\V‘Q#&—E‘S'

n=, n -4 |

FINAL CONCLUSION: o DIVERGES
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n
(© Does the following series converge or diverge? E e_n

CONVERGENCE TEST USED:

T n4egral +est,

STEP-BY-STEP JUSTIFICATION: R
I +hink +his Series Converges _becaum_ e In

the denominator . gm:n_,o.s much ™More GL_ul'cKJy 'TLHCLI'\

N T Yhe Aurecalor,

To show +his T will uge the integral +eg#
with f(x) = x/e* = x - e,"x, :
Te wuse rHhe i‘n‘l{ami {esr we mash ‘F"fﬁf}' e @7’

+hatr For 17\)

() £(x) > © (b)Y FHxX) <O

: X '
Condition (&) " f(z) = \3; f'v = positice
¥ %
Condibion(b)! f(x)= e -xe = (I-x).e

When X210, |—=x <0 W\Qk-l‘n.j f'(x)<O0.

Te deo the infegral  deot  we mwi calcalar !
. - Inateqrale by paris
=~ ] - X —_— le a X . A dx_ - Vf: e_.x
fl xe “dx = ), e w=x,

= Lim - X e_—x - &
a—y oo |
= L..irv‘\ _q-e"d e—a -) - = ’Ze_dl
- +€e +te

a—p o9

Since tha fmpropa.mr‘\ integral
tesd gives Hheat 3 hen also Convergel,

n=|

FINAL CONCLUSION: ( CONVERGES ) DIVERGES

Conuerges, the {ntegezl
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o 2
()
Does the following series converge or diverge? - E 1000"

n=1

(d)

CONVERGENCE TEST USED:

Rat+io Test

STEP-BY-STEP JUSTIFICATION:

I +hink ‘H-\i.r series will divergs because
even though +he 10007 | +he denominato
grow! capidly , (n!)? in +he numeraler Growds

en MOre PqPid’Y' | .
To show +his T wrll use e rafio Fest with

2,
= — )

an = (nt) ond Gy = ((n-!-l);l‘?‘ .

jooo " looo _
C‘.arry.‘f\j out The steps in +he ratio test:
angy _ (a+D* jooo™ _ (n+1)?
L]‘m A | _ I-—!‘M (ﬂ"l‘!)" _ + oo
Hh—>oo U n T h~>oo lcco '

Since +Hhis Uy s SPe.ov}e/" Hhan 1, Ahe

o (n’ )2' .
raho +est 3'-\re_r Fhat SN c);verjtaj‘_
nz, Jooop"

FINAL CONCLUSION: ' CONVERGES
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a -3
d Does the following series converge or diverge? E
( ) g rg g n3 + 16

CONVERGENCE TEST USED:

Comparcison +est.

STEP-BY-STEP JUSTIFICATION:
I +hink +his seriesr will converge. This is becawig
for very large values of n:

n—32 — n -+ P’—eanu.‘i's ~ i ‘
3 ~ 2
n + 16 ns + Paanuf: . n
N s 1, ‘
oW hz_;‘ /nz- 5 o p-Series Wikh p=2 5o r
- | © A-32
Converges, r g ess Hhar > cdeey
: = | 1'13‘?'!6

So Me-H'\?r\c:.) Strmilar.

] Nn—3
Iw(” se “}“‘VQ, C.OMPo\piqu 4est L&Jl}"'\ On =

n*tle

To do  +he CoOmp arison fes+ woe sk E\Jf\c\ ba
so thar: (I) @a = b, and () 3 .-, ba
Converges, —Do?ng +Hhis !

n*+ 16 = n

L |

2

<,
n*+16 T  p3
Sface n-3 < n:
- - l
n 2 < n—-23 < _2%_. = —
n3 + 16 N3 N n

- SQ'H*irx.g ba :-_m th SO\.HJO.,E\-M (I-) To .Sa'i-f.f‘)cy-(ﬂ')
note thay Z, ., ba = .., Yar, o p-serie, with
p=2 > |, so Z.a:=‘ ba con verged, The compariden

+est bBien 3?\16’_.5 Huat Zi,(n—a)/(n3+f6) Converges.

FINAL CONCLUSION: DIVERGES




SOLUTIONS

“QOverall Game Plan for Using Convergence Tests:

When you first see the series, try:

The ™™ kerm test for d ivergence.
If that doesn’t work and you notice that the terms of the series alternate between + and —, try:
The al-!-emnqh'nj serley +esh,
If the first test didn’t and the series is not alternating, next try:
The inkegral Fest,

*  Use this test also when:

Qn Corcejponds +o an F(x) +hat lco]c.r'eq.ty o fn—}egra—}e,

*  When using this test, remember to:

Check FHhat £(x) > O and {'(x) <0 over
the, x-valuts Yyou will integraie.

If you-get a formula for f(x) that is too hard to integrate, try:
The ratio Fes+
* Also use this when:

Qn /avoluesg expone.nh'a.i.! and /or factomiall,

-If all else has failed, try:
The compacriSon +est,

*  When doing this, remember the convergence results for p-series:

w n
2. ——E-—- Conderyes Ve P > | and di verges
n=1 nf
(F P =,
ANSWERS:
(a) Diverge. b Converge. (c Converge. (d) Diverge.

(e) Converge.



