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Instructions:

1. Do not separate the pages of the exam. If any pages do become separated, write your name on
them and point them out to your instructor when you turn in the exam.

2. Please read the imstructions for each individual question carefully. One of the skills being tested
on this exam is your ability to interpret questions, so instructors will not answer questions about
exam problems during the exam.

3. Show an appropriate amount of work for each exam question so that graders can see your final
answer and how you obtained it.

4, You may use your calculator on all exam questions except where otherwise indicated, However,
if you are asked to find an exact value of a quantity that involves an integral then you should not
use calculator integration for this.

5. If you use graphs or tables to obtain an answer (especially if you create the graphs or tables on
your calculator), be certain to provide an explanation and a sketch of the graph to show how you
obtained your answer.

6. If you evaluate an improper integral, be sure to use appropriate algebraic and limit notation.

7. Please TURN OFF all cell phones and pagers, and REMOVE all headphones.

Problem Total Score
1 16
2 20
3 , 30
4 .20
5 14
Total 100




SOLUTIONS.

1. 16 Points. SHOW ALL WORK. NO WORK =NO CREDIT.

Evaluate each of the indefinite integrals to find the most general antiderivative. Tn each case, show your work
and clearly indicate your final answer. No work, no credit even if your final answer is correct.

You may use the following formulas without having to justify them:
sin*(6) = £(1- cos(26)) cos*(8) = {1+ cos(26)).

You should not use your calculator on this problem for anything except simple arithmetic. If you need to find
any antiderivatives, you should show your work. Finding antiderivatives on a calculator is not acceptable.

@  (Bpoints) f tan’(w)dw

We will starlt by usinoy the identity
dont{w) = sec*(w) - L.
The integral con then be werithen ag:
S tan (w) dw = [ +an(w) sec(w) sec(w) dw
— [ ran(w) dw,

The fr\~l—{3r0\\ f«}—ar\(w) sec(w) sec{w)dw  can be computed by

u-sul sH Furon Using Y= sec(w) and du = sectwltan(w) dw,

S—Lan(w)s.ec(w)Sec(w)dw = _j'u dau = ’EUL“’C
= < sec* (W) +¢C

The integral [ Fan(w)dw can be rewriten ac 5200 o,

and Computed via the wu-gfUogH tution = cos{w) and
du = — Siﬂ(W)dW
j%—an(w)dw: jde = "J-L':—du::-——«ﬂn(u)*i—c

cQs(w)
—~ /Q,r\( |COS(W)\)+C

Il

Puﬂ'ir\g H~is  all —\-DSQ—FL\Q(‘:
_[+an3(w)dw = “\-Z sec ~(w) + fn( | cosCu) | ) + C.

Continued on the next page.
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Evaluate each of the indefinite integrals to find the most general antiderivative. In each case, show your work
and clearly indicate your final answer. No work, no credit even if your final answer is correct.

You may use the following formulas without having to justify them:
sin®(6) = 4 (1- cos(26)) cos*(8) = (1 + cos(26)).

You should not use your calculator on this problem for anything except simple arithmetic. If you need to find
any antiderivatives, you should show your work. Finding antiderivatives on a calculator is not acceptable.

(b) (8 points) f sin*(8)d6

We will  stard by using Hae |‘dan4—|'+-y "
sin® (%) = (1~ cos(2x)),

to rewride +he ir\’k-ear*ql a’s follows

_fsin‘*(@) do = f ('I‘-;__(l-'" ces(2.6)) )7_ d6e

—
——

il

'Lil: 5 (] - co:(zejjlde
%

f | = Zcos(28) + cos?(26)d©
o

et
—

T;' - '2‘,,‘5"“(?-9) + z—ifcmz(z_a}de
To evaiuate +he last inregral, note tHhat:
cos? (28) = 3 ( [+ COS(4~9))
so +hot fc:,s’-(z.e)de = ‘E j- (1 + c°s(49)) d6
= 40 T g sin(40) +C
Puthing all of +his together gives:

j Sir\q(e) de = "1;9—* %}‘Sfﬁ(le) + JS—Q + EL’Z-_ sin{4€) +C

il

2 — b e Loen
.5_9 ZSM(ZQ) e 3?_5 (4‘9) + C



STLWUWTIONS

2. 20 Points. SHOW ALL WORK. NO PARTIAL CREDIT WITHOUT WORK.

Determine whether each of the following improper integrals converges or diverges. Indicate your answer by
circling “CONVERGE” or “DIVERGE” next to each integral. If the integral converges, show why (e.g.
calculate its value). If the integral diverges, show why.

Limited partial credit may be for correct, appropriate work (if shown) even if your final conclusion is

incorrect. You should not use your calculator on this problem for anything besides arithmetic. In particular,
finding antiderivatives or evaluating improper integrals on your calculator is not acceptable.

3.4 p
(@) (10 points) f -3 Y CONVERGE
2 Y

We can c,owxpu’r-e_ t+he Yolue of +he i proper

in%—aﬂ ral dff"‘QC-Hy

34 _ L i b 4
f, 5= = e f vpret
= i Ll_ »Q(\.( l y...gl) 3
b- 3" g

Il

Lim 4.0 (| b=31)
b- 3~

It

- O

So +4he imPr"oPref‘ I‘r\’l‘e_sf‘al diverges.

Continued on the next page.



SOLUTIONS 5

Determine whether each of the following improper integrals converges or diverges. Indicate your answer by
circling “CONVERGE” or “DIVERGE” next to each integral. If the integral converges, show why (e.g.
calculate its value). If the integral diverges, show why.

Limited partial credit may be for correct, appropriate work (if shown) even if your final conclusion is
incorrect. You should not use your calculator on this problem for anything besides arithmetic. In particular,
finding antiderivatives or evaluating improper integrals on your calculator is not acceptable.

o0

X
w '
(b) (10 points) ex DIVERGE.
0

W e Can Compu‘l‘e_ Fhis fn&—a_o]ra.! o\?r‘ac‘Hy LkSTr\a

u-Sub s hution,

A x
‘S. -y dx — f X € d > .
ex SR = - 2x
ax
A du
- T “ dx =
Zje d x - 2%
= -1 e 4 ¢
2.
2
= -\, e,—.x + C
2.

Computing the improper in-i*egha.\:

=] . a
f X dx = i J X Jx

2 *
e o—ro Jo "
ey
= L_fm -1 ""Xz
= (<
o ©
’ 2
it # ¥
= [RRPEVN L __lie
o o0 2
-
2.

y
So +he impropec im+~e_3r-a~.l Converges to V2.



SOLUTIONS 6

3. 30 Points. SHOW YOUR WORK. NO WORK = NO CREDIT.

You should not use your calculator on this problem for anything except simple arithmetic. If you need to find
any antiderivatives, you should show your work. Finding antiderivatives on a calculator is not acceptable. No
work = no credit even if your answer is correct. Your answers may contain unspecified constants (such as M,

N, B and R).

You may use the following indefinite integral formula without having to justify it:

2 2

f 1 dx~larctan( ]+C
X +a a a

3x% + 4Nx + N?

(a) (10 points) Find a formula for the most general antiderivative of: f ( ) ( N)2 where N
X+

is a positive constant.

Use pacHal $Hrachons +o simplify +he formula
for £x)

Bxt 4 4Nx + NE A " B . C
x (x + N)? X X+ N (x+ND>
Addina the “three AFfracheonn aives !
2+ 4ANx + N* Alx+NI? 4 Bx(x+N) + € x
X{x + N2 B X (x+ N

Con c.e.n‘!-r'a'h"rua on the c\e_nomino.d-or_gl F'OIL.J‘nS o3, e.qua-Hnﬂ
Coelbficients of powers of K gives!

X A + B = 3
X 2NA + BN + C = 4N
X7 A-N*? = NZ%*
Se, A=, B=24 and C=20, This gives:
- LI 2
f:c(x)dx. = j = + f —y dx

il

(=) + 2 La(lx+N]) + C

Continued on the next page.
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You should not use your calculator on this problem for anything except simple arithmetic. If you need to find
any antiderivatives, you should show your work. Finding antiderivatives on a calculator is not acceptable. No
work = no credit even if your answer is correct. Your answers may contain unspecified constants (such as M,
N, B and R).

You may use the following indefinite integral formula without having to justify it:

f ! 2dx=l.’:trctan(£)+c.

x2+a a a

1
b 10 points) Find a formula for the most general antiderivative of: XxX)= where B
( ) ( p ) g g( ) x2_6Bx+13BZ

is a positive constant.

The denominator of 900 doeg not factor o we

wii il Uie Comple h‘ns +Hhz. Sq LU,
‘ 2
X% . tBx 4+ BB = XT-6Bx + 98" — aB* + 138
= (x—-38)" + 48~

U\Sir\.ﬂ Hhe ir\‘}tgra\_&—iom for ol 9i\re.n above:

\
f9mc“ a J (x - 38 + 48z %

= f X — 2B
—_— o chan
23 ( 2.8 ) + C

Continued on the next page.
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You should not use your calculator on this problem for anything except simple arithmetic. If you need to find
any antiderivatives, you should show your work. Finding antiderivatives on a calculator is not acceptable. No
work = no credit even if your answer is correct. Your answers may contain unspecified constants (such as M,

N, B and R).

You may use the following indefinite integral formula without having to justify it:

f 5 1 2dx=larctan(£]+c.
x“+a a a
x° + Rx* - 2R*x
{(c) (10 points) Find a formula for the most general antiderivative of: j(x) = : R where R
X+ ‘

is a positive constant.

We wifl simplify  the formaula for J‘("x,) b

”Polynomiod Ior\ﬁ o ivision,

| Xx* - R X
><.+2.R) x3’+ Rx* -~ 2 R* X
x> + 2rx”
~Rx*— 2R*X
~Rx* - 2R*X

o

fioodn =[G - R dx



(2)
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20 Points. SHOW YOUR WORK IN PART (b).

(10 points) The function g(x) is defined by the graph shown below.

\

Arrange the following five quantities from smallest to largest.

¥ @ Yg+kH3 @ [edx
k=1 1

rafa

3
O Yel+k
k=0

3 4
Eug(1+k'%)°32-+’§|g(l+k-%)-%

3
A%) 5 V) Yel+3+k-d3
k=0
L = ~ = T = pa <= T
SMALLEST LARGEST
(b) (10 points) How many trapezoids should you use if you wanted to approximate the value of
3
fsin(xz)alx using the Trapezoid Rule and with an error of less than 0.01? Show your work
1
o=l b=3. FUO= sink?) (= cos(x*)2x

£'%) = — sin(x?) - 4x* + 2 cos (x %),

Graphing £ ()| oetuween X=1 and X =3 gives K = 31.48

3
NOW) for dhe Ha?&%oid rule !Er"r-or'l = K~(b"CL3 So !
' 2. - N?

' 3
(31.98) (3~1) < 0.0
l2. - N &

N > ‘/ (z.99) 3-0)?
(1) {c.01)

'

N > 46.1736
To achieve desired accuracy WUse ot least 47 drapezoids
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S. 14 Points. SHOW ALL WORK. NO WORK =NO CREDIT.

Use the technique of Trigonometric substitution to evaluate the definite integral shown below. Show your
work and clearly indicate your final answer. No work = no credit even if your answer is correct.

You should not use your calculator on this problem for anything except simple arithmetic. If you need to find
any antiderivatives, you should show your work. Finding antiderivatives on a calculator is not acceptable.

1

'\/1 +z°

You may use the integration formula: f Sec(x)dx = ln(lsec(x) + tan(x)l) + C without having to justify it.

dz

»--Q-_5M

We will make +he sub shHtution z = ‘I“G\ﬁ(e)
dz = sec*(©)dE

With  Fhis, the inregral becomes:

J'-——-l-—-——-d'& = f ! . sec*(P)-de
Ji+ z? sec (&)

= f sec({6) d©

= fxx({ser_(e) + +cm(9)]) + C

Now ‘on(e) = 2z ancl Sec(®) = L+ 72* So

}

1
vadl=f«\(lz+m”f)+c
Evo\.lua-h"rxg +the definite inregeral:
& !
[, dz b (24 V8 = Ln (14 VD)

-

il

X 0.5622.619882

FINAL ANSWER: j' L g= An(24V5") = Anli+V2)

1+7°



