SoLuTION S

Math 120 ' Winter 2009

Recitation Handout 9: Optimizing the Desigh for Bottled Water

Today’s recitation will focus on optimization problems. These are problems where you are try to
find the maximum or minimum value of a quantity (usually subject to a constraint).

For each of the problems you will attempt on today’s recitation, you will be trying to minimize
the surface area of a water bottle with the constraint that the volume of the water bottle has to
equal a certain fixed value. '

The specific goals of today’s recitation are for you to:

1.

Use geometrical formulas for perimeters, areas, volumes and surface areas to create
functions for surface areas and volumes.

Locate the critical points of a function by calculating the first derivative of a function f
and then solving the equation:

fi{x)=0.

Recall the relationship between the behavior of a derivative and the concavity of the
original function (see table below).

Secnm_i Derivative is ... Derivative is ... Original function is ...

Positive Increasing Concave up

Negative ' Decreasing . Concave down

Zero Neither increasing nor decreasing Possibly at a point of inflection

Use the change in sign of the first derivative evaluated near a critical point to classify the
critical point as a local maximum or local minimum.

Use the sign of the second derivative evaluated at a critical point to classify the critical
point as a focal maximum or a local minimum.

The overall goal in each of the optimization problems you will complete
during today’s recitation will be to find the most environmentally friendly
dimensions for each common way of designing a plastic water bottle.
The amount of plastic used to manufacture the bottle is proportional to the
surface area of the bottle, which is why we try to minimize the surface
area each time.

However, the surface area formulas that you set up will normally involve
at least two variables. You will also typically set up an equation for the
volume of the bottle. This equation (sometimes called the constraint) will

The aquapod may be the
most environmentally
friendly water battle as its
shape is close to a sphere.

allow you to eliminate one of the variables from your surface area
formula.
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How environmentally friendly is a FIJI brand plastic water bottle?

Fiji brand bottled water comes in a bottle that closely resembles a rectangular prism with a
square base (see the picture). These bottles contain one point five liters of water (which is the
same as 1500 cubic centimeters).

1. The amount of plastic that is used to create the water bottle will be most closely related to
the surface area of the bottle. '

Because the actual bottle slopes at the top, this is actually pretty hard to calculate. As a
first attempt at this problem, we will use the surface area of the simplified version of the
water bottle that is shown below.,

Find a formula (involving x, L and numbers) for the surface area of the water bottle.

Surface aren = ZXL + 4 - L.
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The total volume of a bottle of FIJI brand water is 1500 cubic centimeters. Express this
fact as an equation involving x, L and numbers. :

x*. L = 1500

Use your answers to Questions 1 and 2 to create a formula for the surface area of the
bottle that involves only the variable x and numbers.

L = | 500

2

X
P'\.La Hms fn%o He | formula )be_‘ Surface

acea  to  liminate L

Surface area = S = Zx® - Lx ('5)?:)

I

2x%* 4 6000
X
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4. Find the value of x that makes the surface area as small as possible.
ds |
—_ (ala}
d x >,
X
4' x® o & 000
3
X = 1S oo

_ )
A = (.'500)/3 > 1L 44F] em

R

5. Find the value of L that makes the surface area as small as possible.
- 500 .
2. [l
(1.aavtl)

6. How do you know that the values of x and L that you found actually give the smallest
surface area possible? Use the first derivative of surface area to confirm that this is the -
case.

X

First derivative - 0.568 0 0.63)

The negairive fo positive St‘gﬂ chan ge N the
/
First derivative Shows 4hal %X = (Is500) /s 91 vers

o local Minicmum 'Fﬁr’ surfeace areaq,
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How environmentally friendly is an Evian brand water bottle?

One point five liter (1500 cubic centimeters) bottles of Evian mineral water come in a bottle that

consists of a cone and a cylinder.

A

3h

ol

7. Find a formula (in terms of r and &) for the volume of the Evian water bottle.

= V.= gmr*-h + T®r*(3R)

Volume =

I\

Ko} 2
Y mr® h,
2 N
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8. Find a formula (in terms of » and k) for the surface area of the Evian water bottle.
Remember (as we learned in class) that the surface area of a cone with height & and
radius r is given by:

S=mrr*+h*.

Surface area = S = ’rtr'-\/r'"-l-l—uz
| + 2r- (3h)
+ Tr*

'-":"“\/r'z'-{- h©

4+ 6Wrh + TeT

i

9. Use the volume formula that you found to eliminate 4 from the surface area formula.
- |O R — e
V = = ™ rt. h = O

Reour-rc»nae_ +o make h  the Sub jeck of -H-a.i_c

QcLu.o.Her\'. )
L= 1500 _ 450
A T rt T rz

-3

Subshtfure  Fhis joto +Hhe formula For~ Saurface
areo !

S = ’Tlf‘-\/r."-.p. (ﬂ_SP_.)Z +67CF(.%5_9_.> -+ Tr?*

T l"?"

T \/r’q—‘-‘n"- 2 + ki + wr*
r - |
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10.  What is the value of r that gives the smallest possible value for the surface area of the

botile?
ds [ 403 3 (450)° 2F00
—_ = r~ = ———-— - = O
r ( Tr ~7 rz + emr
| 450%
2-\/ 4 + S
-Tc?.. P?—

This s a very di FA'cul t e,aLuuq.‘Hon to golve For
uSina o j(‘ou'ohfnj colculate~ To solve Hae

€quaten 3iv~e/p '

r = 6.359824 §

11.  What is the value of 4 that gives the smallest possible value for the surface area of the
bottle? :

h = - 3'54|38 rn

T (6.3598) "

12. How do you know that the values of r and £ that you found actually give the smallest
surface area possible? Use the second derivative of surface area to confirm that this is the

case.

-3
- 4S50 z
= '""(r“"—r ) - (‘hr'?'_- 3(450) )
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-Plu.ggin.j r=6.357% into +his 95\/@_5 -d—:; > O,

l r=6.359%
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Summary

13. Examine a FIJI and an Evian water bottle. Which seems like the most wasteful?

I suspect the FITI bottle is more waskeful. This is

9 9iven Velume with the smalles+ Poss bl Surface area,

14.  According to the values of x and L that you calculated, what is the smallest possible
surface area for a FIJI brand water bottle?

‘Surf-cuc-e area = é'(ll-QQ?l)z= 186¢.2/65 cm?

15. Use a ruler to measure the actual dimensions of a FIJI brand water bottle. What is the

actual surface area of the bottle?

From the actual botle, X = 8cm ond L= 22c¢m

Surface area =& 822 cm ‘

16. By what percentage does the amount of plastic in the FIJI bottle exceed the minimum?
) — €32 — T8¢ Joo
T 86 |
17.  According to the values of » and % that you calculated, what is the smallest possible
surface area for an Evian water bottle?

SurfFace orea = b9F 0346 cm?

18.

Use a ruler to measure the actual dimensions of an Evian water bottle. What is the actual
surface area of the bottle?

From the actual bettle, ¢ R 4em and A X Tem.

Surface =~ 838 em?

19, By what percentage does the amount of plastic in the Evian bottle exceed the minimum?

. 35~ 697 100
/o = ' X
69 F /

= 20.2 %

20.  Which of the two bottles (Evian or FIJI) is actually the mast wasteful?

Evian appears 4o be more wastef~ ).



