SoLu TioNIS -

Math 120 - Winter 2009

'Handout 6: In-Class Review for Exam 1

The topics covered by Exam 1 in the course include the following:

VerHcal Astp'l-o-i-e/; ocCCcuUer ot

Functions and their representations.

Detecting functions from tables, formulas and graphs.

Domains of functions (particularly when defined by formulas).

Functions defined in pieces.

Increasing and decreasing functions.

Linear functions.

Quadratic functions.

Polynomial functions.

Rational functions.

Trigonometric functions (focus on sine and cosine).

Finding formulas for functions from graphs, tables of values or verbal descriptions of situations.
Finding composite functions, ,

Domains of new functions created from old functions (e.g. composite functions).

Limits of functions, including right and left hand limits.

Approximating limits by making tables of values.

Existence of limits from tables, graphs and formulas.

Calculating limits exactly using algebra and the Squeeze Lemma.

Limits as x — 00,

Limits where a function becomes infinite.

Horizontal and vertical asymptotes of a function (particularly a rational function).

Secant lines and average rates of change.

Tangent lines and instantaneous rates of change.

Calculating the derivative of a function at a point using the limit definition.

Calculating a formula for the derivative of a function using the limit definition.

Sketching the graph of the derivative when the function is defined by a graph.

Finding the maximum and minimum points of a function by setting the derivative equal to zero.
Calculating derivatives using the “short cut” rules.

Calculating derivatives using the product, quotient and chain rules (using formulas, given values or graphs).
Interpretation and units of the derivative,

- Find the horizontal and vertical asymptotes of the rational function:

x*-3x+2
A=

Use these values and the axes on the next page to help to sketch the graph of y = R(x).

R(x) = (x-2)(=x~1)
Co(x=3)(x+ 3)
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and X = -'3'
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SoLUuTIONS

2. The graph shown below gives the number of new AIDS diagnoses in the United States. This
graph is the graph of the function A = f{y), where A is the number of new AIDS diagnoses (in
thousands) and y is the number of years since 1985.
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(a) Use the graph provided to estimate f{2} and explain the practical meamng of this quantity in terms
of the AIDS epidemic.

£(2) = |
This means #hat Iin +he Year 1927, +here were

27,000 new AIDS diagnoseds in the Unitked Stales

()] Approximately how many new AIDS diagnoses were made when the epidemic was at it height?
In what year was the epidemic at its height?

The ePidéM|'c wan af its heish-]- in 1992 or 993
'Dur'u‘ns Hhis year +here were QPP"OP\ima-}-ely 39 000

new AIDS diagasses in +he. United Statey,
(© Use the graph provided above to estimate the solution(s) of the equation fy) = 50 and ¢xplain the
practical meaning of any solution(s) in terms of the AIDS epidemic.

The selubHons of {(5):::.50 ore 3%5 ane Y
This means Hhatr in both +he years 1990 and 1993 there

Wwere 59,969 (QPPrex.,) Nnews ALDS d?asno,:g,g fny +he

Un'ted States,

(d) Use the graph provided above to estimate the solution of the inequality: f(y) = 60.
The selurHons of +he :‘neciua.l{w‘-y are:

<,

6« vy = I



SoLUTIONS

The Board of Trade building in Chicago, IL, has a statue on top of it. The statue depicts Ceres,
the Roman goddess of harvests. A person is standing on the ground 400 feet from the building
looking up at the statue. The person is six (6) feet tall. First, the person looks at the feet of the
statue and notes that their line of sight makes an angle of 55.1°. Next, the person looks at the
head of the statue and notes that their line of sight makes an angle of 56.5°. How tall is the statue
of Ceres? Show your work and explain your reasoning.

Building .
Person

55.1°

6 fee% 1

[4— 400 feet -——>|

L p— 4 on ( 55.")

400

L + h = +dn(56.5°)
oo

400. +an(56.5°) — 400 tan(S5s.(°)

= 30. 7415 feet.



SoLuTiOoNS

In each of the following cases, find the value of the constant k so that the given limit exists.

Lim x* - Weant X = k* = (x+k)(x~Kk)

x—=4 x-4 4o have a facter +halk will Cancel
+Hhe X4 Ja Fhe denominato

(a)

k=71+ & K = — 4

Lim 2 _kxsd |
®) %1 Want X*— Kx + 4 4o faclor so

x—=1 x-1
Hat + has a facke~ 0fF X~ +o

Cancel +he X~| Jia the denominator, -
K = 5.

© Lim x*+4x+k
x—=-2 x12 Want x 4 4% + k 4o have «

factor of X4 2 4o cCance] +he
X¥X+2Z n +the denominator.

k= 4

ad leass

Lim x? ] .
@ M X A Wank a power ofp X% In Hhe
x—oodx+l+x

de.f\oml'r\e\'hbr’ +o Compe.fvaa‘l"ﬁ 'ﬁ""' ‘H'-E

2
X In  +he numerator,

af learit
Lim x*-6 Wan+ o power oﬁ/\xz in Fhe

x—>oxt43

(e)
denominahs, *+e Compen sate, For

Hae X2 a +he numeralor,

R 2 3,
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5. For each of the functions listed below, find a formula for f ’(x).

@  f(x)=x"-3x+7

'DiF'Ferehce Quorient :

Flx+h) — £(x) - (x+h) - 3(x+h) +F ~ (x2_3x 4 7)

h h

= X2xh+h -3x-Bh +F-xti13x - 7

h
_ Zx h + K> _ 2 A
h
= 2x 4+ k-3 , h#o0,
f'(x) = im £lx+h) — F£(x)
H—}o R
= L.smn

2 _—
> o X + h -3

il

Zx — 3



SoLUTIONS

1
2x+1

®»  f(x)

DfF-Fe.ﬁenc.e - QuorHent !

| o J
Fl(x+h) — F£(x) 2{x+h) +1 ZX + |

h h
| Z X+l —(2x+2h+1)_
((?-x_-f-h)-i-l\- (2x+ ()

h

Il

i

—2h
Che(2x 4+ Zhe ). (Zx+1)

I

-2
(2x +2h 1) (2x+1)

Il

,‘ h= 0

i\

f'(x)

Lire F(x+h) — F£(x)
h—>0o h |

il

Lien -

h=>0 (2x 4+ Zh+ ) (2Zx~+ 1)

H

- 2

(2x + )*



SoLUTIONS

Difference Quotient :

F(x+h) - £(x) _ Jx+h + 2 - X+ 2
Ao | h
- (\/K.H...a.'z_ - x—rz)(\/hx-r‘\-l—f-l- Jx+‘2)
| h S\ xrhe X2
= _X+h+2 - (= +2)
o h(Ux+hez + Sxt2)
_ h | o
"\(\/x+h+1 + \lx-e-l)

It

VX+h+z + Jx+2

CFU%) = Lim  _F(X+R) — £(x)
h—>0 h

=, Ly |

h=>0 [x+h+2 + Jx+2

il

Z | x4+ 2



SoL.UTIONS

6. A fountain shoots water up into the air. The fountain consists of a
pond and a nozzle. The water is shot from the top of the nozzle (see
diagram).

The height of the water that is shot from the nozzle is given by the
quadratic function:

H(t) =-16¢* +1121 + 10,

where H(z) is the height of the water above the surface of the pond in feet
t seconds after it has left the top of the nozzle.

@) How high is the top of the nozzle above the surface of the pond? Give your answer in feet.

The keijlﬂ- of He nozzle Iis given by H(0),

H(o) = 10 feet.

(b When water is fired out of the nozzle, it rises up in the air and then falls back down into the pond.
How many seconds (after it is fired out of the top of the nozzle) does it take for the water to reach
the surface of the pond?

T he ..Hme’ t, will be +he solubo~n of Fhe

quacdrakc e.aLu.a.H'Of'\ “

Il
6

—I6+* + 112t + Io

— +\/ * . - T
=z X n2® - 4(-18)(i0) = -0.0%8

o~
I§

() (=16) F. 038,

of +he two solufonns, t = ?-039 c_orreqPonda
4o the Hme Hiadr +Hhe walrer sSpends 'n Fhe

*e before i+  hitr the Surface oFf 4he
TP ond,



SolLuTIONS

(c) How many seconds (after it is fired out of the top of the nozzle) does it take for the water to reach
its maximum height?

H'(¢) = —-32¢+ 4+ 112

To F'l'nd t for maxXimum h-e.‘ght , Sove

H'(¢) =0 for ¢

£E = 112 = 3.5 Secondo,

{d What is the maximum height above the surface of the pond that the water reaches?

H(3.8) = 206 Ffeet.
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7. The graph of y = f{x) is given below. Use the axes provided to sketch the graphof y= f '(x).
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SoLuTTiIoNS

The size of a herd of reindeer is modeled by the function:

P(2) = 4000 + 400- sin(% z) ,

where ¢ is measured in months starting at April 1.

What is the midline, amplitude and period for P(z)?

Midliam ¢ Yy = L o000
AMPh"f'ude = 4oo

Period = |2

Use the axes provided below to sketch the graph of P(r) between r = (0 and ¢ = 12.

P(t)

2000

oo

4

> T
Ly A
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(c) - When (value of 7 and month of the yeaf) is the herd the largest?

The herd (s ‘G.rse.yf- when t = 3,

This  will c.orrmjpond +o +he moakh of

—JU|7_
You con caleulate +his by So ’vff\j the
R9uakion: ,
PAe) = ‘f°°'c_c>s(_7_1'_e)'_-:_1__ _
6 o~
The solutions are : -Zré-i = lri or £t =3
| i = 27 _
Sad: ot = o t=9q
) When (value of # and month of the year) is the herd the smallest?

The herd 5 smallest when t =9

This Wil correspond 7o Fhe mmonpl o £

You Can fell +his s e ™minimuimm by
-'H‘\'E- AppeaAra nce of Hhe sf‘mpk Near e

SD(uHOr\ ('F\"om Par - (c)) t = 9 o £ A
<

€9wation ] P’_(-L—) = 400 cog (:E_.f) .



SoLuTioN S

(e) Find the value of P'(Z) and give a practical interpretation of what this number means. Include

units in your answer.

) :
P (2‘) = 400 cos ( 2_)
= oo deer per month,
3 .

= lo§
This means Fhoet aq“om TJune (E = ‘2.) +o :)-uly
(t=3) the size of t+he herd rncrease, by
approxi mately 105  ¢rein deer
o th;n is the size of the herd increasing most rapidly? When is it decreasing most rapidly?

G"l“mP hfﬂﬂ '}'j\&. d erivahive

Sr'vg,_-, ,oome_,.h,‘nn h'he.,-

Geo X
4
o
Pl , , St
3 € 1 2
-4oow <
&

The derivatve
This s
mos+ rapfcl ly,

when

The derivatrive is leasf

i§ greatest at t
+he size O0F +ha

at+ i
Size of +he he~a . de_creom'nj

=0 and t =2,

herd ir fr\crta/)fnj

=¢&. This is
most rapidly,

CwWwhen +he



