SoLuwTIONS

Math 120 Winter 2009

Handout 20: In-class Review for Exam 3

The topics covered by Exam 3 in the course include the following:

*  Finding the local maximums and local minimums of a function.

*  Setting up and solving optimization word problems {(usually involving a constraint).

* Classifying local maximums and minimums using the first derivative,

*  Classifying local maximums and minimums using the second derivative.

* Finding the global (or absolute) maximum and minimum values of a function when x is confined to a
closed interval.

»  Sketching graphs of functions based on the behavior of their first and second derivatives.

* Finding solutions to equations using Newton’s method.

* Finding anti-derivatives for functions by reversing derivative rules. (Remember the +C.)

~*  Using anti-derivatives to solve applied physics problems (e.g. distance, velocity, acceleration).

*  Left-hand and right-hand Riemann sums (including the “best estimate” which is the average of the left and
right-hand sums). :

*  Midpoint sums.

+  Approximating definite integrals using Riemann sums graphically,

*  Approximating definite integrals using Riemann sums on a calculator.

*  Using area formulas to evaluate or approximate definite integrals and area under a curve.

*  Using anti-derivatives to evaiuate definite integrals and area under a curve.

* Interpreting the meaning of a definite integral or aréa under the graph in a “real world” problem (including
finding the units of the area).

*  Evaluating and graphing functions defined by integration.

*  Calculating derivatives for functions defined by integration.

* Approximating function values using Euler’s method.

*  The technique of u-substitution.
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soLUuTioNS

2. The graph' given below shows the rate at which venture capitalists invested money in U.S.
software firms companies in the period January 1999-December 2001. The units of the vertical
axis are billions of dollars per month and the units of the horizontal axis are months,

In this problem let T represent the number of months since the start of January 1999 (so that 7=
at the beginning of January 1999} and r(T) the rate at which venture capitalists were investing
money in U.S. software firms. '
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RATE at which venture capitalists invested money in US software firms.

_ What are the units of the area under this curve?

B/ llions of dollacs.

What does the area under the curve between T = | and T = 12 represent (in terms of
money, investments, software firms, etc.)?

The amount of mongy invested jn Softwarce
ficms (1o anits of brlifonr of dollacs) by veniture
Capitalists kbetuween February and Decembe, 1999,

Does the graph given above suggest anything about how venture capitalists now feel
about software as an investment opportunity? Explain what, and how you can tell this
from the graph.

The 9 ra.pJ's wao Fren o(.rt‘n_j downwards at
Its end Sugges erﬁ Fhet Venfure Cap el sh¢
are now not very inieresied I~ inves Hng

money 'a Sof+ Ware compqnf-e/).

Continued on the next page

! Source: VentureOne Financial Analysts, Inc.



SoLuTIONS

(d) The curve shown on the previous page can be approximated by the quartic equation:
r(T) =0.001-T*-0.034-T° +039- 7> -1.02- T +1.94.

Find an equation for the anti-derivative, R(T), of this quartic equation. Your anti-derivative
should contain one unspecified constant.

R(T) = 0.00] TS—- 0003"‘" T4+ 0. 39 T3-- ].02. TZ
S 4 3 2

+ 1.94 T + C

\

unspecified constant.

{e) Calculate the numerical value of the quantity:

ifr(T)- dT .

What are the units of this quantity?

[“e(TYdT = R(0) - R()

— 23.4  blllien deollars,



SoLuTIONS

The New England Aquarium is planning a new exhibit to house mantis shrimp. Mantis shrimp
(Squilla empusa) are small crustaceans with very powerful claws. Tanks designed to hold mantis
* shrimp need to be specially constructed to withstand blows from the shrimps’ powerful claws.
(Several exhibits of mantis shrimp have been destroyed - by the shrimp in the exhibit - when the
shrimp struck the bottom of the tank and broke the glass of the tank.)

The New England Aquarium are planning to build a tank that has glass sides and a slate bottom
(see diagram below). The tank will have a square bottom, no top, and shouid have a volume of
100 cubic feet.

(a) Slate costs $10 per square foot and glass costs $2 per square foot. Find a formula for the
cost of the aquarium. Volume = X?')f' = |00 5o y = loo/xz__

z.
Cost = 10X + 8xy N subsitute 'Y:':-(eg' here ,

— !OXQ'. + 800
b3

= C(x).

(b) If the New England Aquarium wants to build the cheapest tank possible, what dimensions
should the tank have?

. Yq
c'(x) = 20X — 800 =0 so x = (40)
x'l
v [ ) i
C'(x) = 20 + 620 o c'((49)%) > O and
X3
+he crifical Pcini— is e lacal minimnmum.
' 1
3
DI.M&M;OM of Fank ! AN = 40 F_eef
Y = —ar feet
- 9 eerT.
4o’
(e) How do you know that the dimensions that you gave in part (b) will give the cheapest

tank possible?

C.u(qo‘@) >0, av Ahown aboue,



SOLWTIONS

4. In this problem, the function f(x) will always refer to the function defined by the equation:
flx)=x-e"~1, |
and the function F(x) will always refer to the function defined by the equation;
F(x)=xe" ~e" =x+100.

(a) Circle the shaded area (shown below) that most closely corresponds to the symbols:

:[f(x)dx.

[

bk

Continued on the next page
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Show that the function F(x) is an anti-derivative of f{x).

®)
xe¥ —e*. x + 100

F(x) =
¥
F'ix) = e* + xe* —e =
X
= Xx e — |
= f(x),

Find the numerical value of the integral:

(©
jﬂwﬂ-
[ g0ax = F() - F(-2)
-
= - 2.59%99415

The function G(x) defined by the equation:

()]
G(x)=x-e" -e" —x+100

is also an anti-derivative of fix). (YOU ARE NOT REQUIRED TO SHOW THIS.) If you
were to use G(x) to find the numerical value of the integral
1
J£(x)-ax
-2
would you expect to get the same answer as you obtained in Part (¢)? In a sentence or two briefly
explain why or why not.
Yeo , +he name of +he aarderivabive IS

irrelevant.



Sol.uTIioNS

In this problem you are required to calculate formulas for each of the anti-derivatives (or
indefinite integrals) listed below. Each of these problems can be solved using the technigue of u-

substitution, although you are welcome to use whatever methods you choose. Your answers

+ Vx.

5.
should each include an unspecified constant along the lines of “+C.”
9 w—
| f10-(1+«/§) Let u= |
(a) N il b
Vx
9

f

0 (1+Vx ) dy
J; .

da o L
d x 2\/}—
dx = 2Jx du

J

= 2.0 fuqdu
= > u'? +cC
1o
= 2(1+ Jx) *+C
®  [iidi Ler u= 24+ ef S = e
2+e" e_ W= ax
du = dx
du .Qx

€

—

—

X X
2 +e¥ )

_eX

__Lclu\
U

U ( tul) + ¢

In(lzre’l) +c

Continued on the next page
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- 4
© 42744 Let u = 23X+ 2x 4|
3ox* 2 x+1) do
( ) — = |ZX® 42
dx
3
f 24x* + o 4y i = o
q
(2x* L2+ 1) [2x3® +2
= J‘ jq du
-1 2 -8
= f 20U du = u + C
— 8
= “yzx+1) " +C
- = Zx
-
(@) f—2~e dr Lot o = n N »
X - = ——
X A Xz
dx = — X% du
_‘ \
U
f’;‘fe"dx = “fe_du
U
= ~€e +C
1
= —e’ +cC



SoLUTIONS

6. Although familiar to many in the United States, cable satellite and other forms of “pay television”
are only gradually catching on in the United Kingdom (UK). However, British government
forecasts suggest that by the year 2009, commercial television providers will reap annual
revenues in excess of £11 billion.

Let T = the number of years since 1993. Let V(T) = annual revenues from commercial television

in the UK in units of billions of pounds (£). In 1993 (T = 0) annual revenues from commercial
television services in the UK totaled approximately £4 billion.

(a) The subsequent growth of revenues from commercial television in the UK is reasonably
well represented by the differential equation:

VI(T)=-0.22-V(T)+2.574.

Use this information and Euler’s Method to complete the table shown below.

Time Commercial Rate of change | Amount New
(T in television revenue (in billions of commercial commercial
years) | (£ billions} £ per year) television revenue | television

will change in the { revenue

next four years (£ billions)
T= 4

L. 694 6. 1% 6 lo. 76
T=4 76
0. % 0.2022%. | .o g3 |/1.589]2

T=8
' [}. 58972, 0,02429%6 | 0.09FSF4Y | |1 ¢ 866904

T=12
{16866k 0.00292% 32| 0.D1) 30 392¢8| 1. 678%0 333
T=16
11, 693403%%%
(b) Based on your calculations, do you think that the British government are justified when they

* predict that by the year 2009 (T = 16) annual revenues from commercial television in the UK will
surpass £11 billion? '

YCS, -H'~€y are Pnobably J‘u.rh'Ffed oo our
eshmare HFor  V(i6) exceeds £ Il billion,

Continued on the next page.
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{c) A formuia for the function V(7) is given below. Is this formula a symbolic solution for the
differential equation in this problem? Does the formula satisfy the initial condition in this
problem? Remember {0 provide evidence (o justify your answers.

V(T)=117-77-¢"%7,

~0.22 7T
LHs = V(7)Y = —%Fe (-0.272)

—0.22T
RHS = -o.a.z(n.?—?.?—e_ )+?--’5“+‘+

w0227 (_

= -F.7e 0.27),

LHS = RHS £ this Formule (5 a folufon of the
differential equation V'(4) = —0.22.V(£) * 2.574
(o)
V(ic) = .3~ F.F%e = 4.

The {formula 1+ also consistent with Fhe iniial

Ccond H’1~0r‘\.

(d) Consider your answers to Questions (b) and (¢). Based on your calculations, can you say with
total confidence that the annual revenue in 2009 (i.e. T = 16) will be greater than £11 billion?
Briefly explain why or why not.

U.S?nj the AHormaula  wifk T =16 | 9{\/6’.0:
—-0.22( %)

N(e) = Wt - +7F e = 1. 41208435

The exacy AFigure @exceeds £ 1l billion, so we

. Can Aay wo i +h +o fal Con fAydeace Hradr V(I{:) > 1},
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7. The Barry Manilow fan club of Chapel Hill plan to produce official Barry Manilow T-shirts, and
sell them for $7 each. Inquiries to local T-shirt manufacturers indicate that the cost of producing
g T-shirts will be given by

C{g) =001’ - 0.64° +13g.

(a) Assuming that the fan club is somehow able to sell every Barry Manilow T-shirt that they
manufacture at a price of $7 per shirt, how many T-shirts should they produce if they
want to maximize profits? What will be their maximum profit?

Revenue = 7‘1,
Pro it = Revenue — Cost

.?q’ - th.och3 + O.écLl — 139

i

QA

- 0.0l 13 + 0.6 CL-"' ""'67’

i

plg).

To {5Ad  +Hhe Jocal maximums ane miaimums, solve

P‘f‘U =0 'For q.

I
0

P'(4) = =-o0.039" + l2q —¢

Usinﬂ Hhe Quadrafic formulalt

I

g = ~l2 ¥ J{;.z)zaéf(——o-oB)(-*S) 5.858, 34.142|

- 0.06

To checle which if  fhe maximum  Use P"(‘L):"O“%iﬂ'z

q P”(.;L) Classifi catron
_ The club
5,858 R0 8485 | Local minimunm should produce
34,04 |-0.5485 | Local maximum. 34 #oshicts

+o je,# @ may —
v profit of :

$9¢.5¢

Continued on the next page.
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From now on, assume that the fan club has decided to manufacture exactly 34 T-shirts, and that their production .
costs are always given by C(34). We are now dropping the assumption that the club manages to sell all of their T-
shiris, Le. they can now sell fewer than 34 T-shirts.

A club member reckons that they will sell all 34 shirts at a price of $7, but that for every dollar they raise prices,
they will sell 2 fewer shirts. That is, if they raise the price to $8, they will only sell 32 shirts, if they raise the price
to $9, they will only sell 30 shirts, etc.

{(b) Find a formula for the profits as a function of the price of the shirts.
Let X = # of one dollar Prw'ce, InCreanes,
Price = + 4+ X # sold =T B34 — 2x.

Revenue = (F+x) (34— 2x) = 238 + 20x —2x°

Cost = C(34) = 14]. 44,

Profi+ = p(a) = 238+ 20X —2x?% - 14l gy

il

96.56 + 20X —2x?*

{c) What price should the fan club charge for official Barry Manilow T-shirts if they want to maximize profits?

p(x) = 20— 4x =0
X = 5

F”(X) - — &4 <L 0 co X =5 is a Ilocal maxjmum.

The fan club Sshould Cf'\arjc $2- 1% t ~shict,



(a)

(b}

SolLUTIONS

In this problem you will be studying a function called F(x). The derivative of F(x) is called f(x),

ie. F'(x) = f(x). The graph below is a graph of y = f{x).

o

T

!/?_

y=#x)

-

Suppose that F(5) =7. Use the information provided to answer the following questions.

What are the values of F(1), F(2), F(3), and F(4) ?

FIE) = FU) = [Tr00dx = -2 s

F(4)— F(2)
F(z) - F(2)

Flz)= F(0 = [ fix)dx

—_—
-

—

js‘*f(x)crx
j: F(r)dX

Sketch an accurate graph of y = F(x).
coordinates you know exactly.
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-

(2,1'%)

—
= =
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So

F(4) = F(5)+2= 9.
F(2)= Fl4)+1 = lo.

F(2) = F(2)~"z = 9%

F(1) = F(2) =) = &%,

Be careful to label any points on the graph whose

(3,10)

(5,7)
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9, The derivative, F"', of a function F is shown on the graph below.

}i
4 Trapezoid with heights
10 and 7—0) and LAJfCl 1.
20 | ) ,
Ruarty of an ellipae wiFh
10— Semi-minor axif = 2. and

Semr'-major- axisr = 20,

X
! l >
1 2 3 4 5
-10 4

Suppose that F(1) = 100. What is the global maximum of F on the interval [0, 5]? At what value
of x is this maximum achieved? Explain your reasoning.

The sloba\ Mmoximum 15 achieved ot % = &4,
| This is be caure *the Fuachon F  hao PQJ\'HU( '
decivahve on the ' nerval O L x <« 4 , e ¥

_incrtcw'ms QN Hais  inferval. Afle- X =4,

Hre derivahve of F  becomens negative, Se
x =4 g where Foowdld hove ‘H“J Ma X M
Value,

F(4) — F(1N = f‘t F'{x)dx

Crlobal

!
= 4 (o+ze) - (1) + £+ 7t(2)(20)

= (5 + Jo ¢

marimunm of F s F(4) = F)+ 1§ +iom
~ 146.1—H5°7265.



SoLuwTIONIS |

10. Use Newton’s method to solve each of the equations shown below. Your answers should be
correct to eight (8) decimal places.

. - X .
(a) eF=2+x Weite JC(X) = e —~ 2 —X and

fliixy= —e ™ — |,

Start with & guess for x,, Since e’ < 1, 4his
guess Should be nEja-h'ue_. Guess X, = —0.5

Xn F(xn) £1{xn) Xn+l
- 0.5 O YEH+ZI2FOF [-2.648F212F] |~0. 44 238516F2
-0.4438516F2Z |0.002550941%[~2.5586992% [0 . 4425547038
~0.442854F038 | F.FY333 2 x10 T [-2.563 J4 602 |-0.44 285 440]
~0.44 285 440( Q ~2.-55314 5599 j-o-44285440)

NpW |~

The solutvon is X = —0,44286 440,

(b) In(4—x2)=x Werite Flx) = An( 4~ x* ) — X and
Fl(x) = -2 X oy
7 4 — x*

There ace +two solubens o +Hhis e?_uou—i-ien, enne

dap-enclina on whet value you choose for i, Yew

Could 9%+ ‘eiH-\e/- one &S  Your~ Haal answer

Guess: x = -1.99 Guess ' X, = .|

Then Newtonds methed  gived! Then Newrenls me Hhod given :
Xe = =1.931+53026 %, = l.o5864g5|

X3 = ~1.96F4\ T 37 Xz = |. 05800 655

Xg =~ 1.96415238] X4 = 1. 05800640

Xg = = .96 463580 Xg = 1.05800640

%y = — .96 463560 The soluhonn are:

Xz = ~1.96 463560 X = _.I.QGHGBSGO. and

X = |.-05800640,



