SoLuTIONS

Math 120 _Winter 2009

Handout 17: In-Class Review for Exam 2

The topics covered by Exam 2 in the course include the following:

Implicit differentiation.

Finding formulas for tangent lines using implicit differentiation.

Finding points on curves where the tangent line is horizontal or vertical.

Related rates problems.

Finding formulas for exponential functions.

Solving equations that involve exponential functions using logarithms.

Solving equations that involve logarithms.

Interpreting the meaning of functions and inverses.

The horizontal line test.

Finding formulas for inverses of functions.

Finding and using derivatives of inverse functions.

Interpreting the meaning of the derivative of an inverse.

Finding and using derivatives of functions that include exponential or logarithmic functions.
Finding solutions to differential equations.

Evaluating the constants in a differential equation.

Using the solution of a differential equation to solve problems.

Finding and using derivatives of functions that mvolve hyperbolic or inverse trigonometric functions.
Using L’ Hopital’s rule to evaluate limits.

1. ' LetP=f1 give the US population in millions in the year ¢.

(@) °  What does the statement ﬂZOOO) 281 tell you about the US populauon‘?
In +Hhe ykor 2000, +he US population was 28|
million Pe_op\e. ‘

(b) Find and interpret the value of f '](28 1). Give units with your answer.

F'(281) = 2000 . The waitsf are years. This

means that fhe US pepulaHOn reached 281 millian in

+he. year 2.000, o
(©) What does the statement f_'(ZOOO) =3.476 tell you about the US population? Give units with

Your answer.
£'(2000) = 3.4F6 has units of millions oF people per year
This means #Hatr From +he year 20600 to 200!, Hae |
Us populahion will increase by approximaiely 3.476 million people

(d) Evaluate and interpret the value of ( f ']) (281). Give units with your answer.

(£-) (281) = 3.;7-6

means that +o ge from 8! million people +o 2-32-.
i+ will +ake opproximately

Y.'“'-; ng" e ] llheﬂ PCOP‘&- Thl:

million People in the US’
1 ,
/3.‘1?6 years,
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2. In this problem you will consider the values of x and y that satisfy the following equation:

x>+ y*—4dx+T7y=15.

{a) Calculate a formula for % 2X + 27‘ dz - 4 + 7 51_ =0
dx X

dy —-2X o+ 4
dx 2y + ¥

(b) Find the equation of the tangent line to the point (1, 2) on the curve.

Slepe of +a.nae.n+ line = M = -iz"i-—-u
E‘]uah‘on: y—2 = T.“(X"’“l)
() Find'the x and y coordinates of all points on the curve where the tangent line is horizontal.
The tangent line is herizontal when 9y = O
d‘//dx =0 when -—ax+4 =0 , eor X =2

To find y, PMg x=22 inde tHha equation

()% + y* - 4(2) + +y = 15

The peinks are:

=1 X2 J 49- 4 (-1 | |
- ~ o 1 - . o
2() (2,2.09)
(d) Find the x and v coordinates of all points on the curve where the tangent line is vertical.

when /yx is undefined.

The hr\ser\‘]' Ifne 15 vertical
or Yy = -1'/2.' To F~cl

dY/a, 1S undefined when 2y +F =0
X, ?|u9 y = "7/1 l‘e\-lw_o Hhe abovuve e‘l““h"’"-'
x* + (") - 4x +*(hR) =15

X= 4t Vib - 4(1)(-1°%4)  ~ 759 , =3.59
2(1)

The points are (-3.59, ~¥2) and (.59, -%2),
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3. A circular region is irrigated by a 20 meter long pipe, fixed at one end and rotaﬁng horizontally,
spraying water. One rotation takes 5 minutes. A road passes 30 meters from the edge of the
circular area (see diagram below),

30m

* | Road
Q ,

(a) How fast is the end of the pipe, P, moving?

The pipe covers 2T(20) & 125, 663F m /n 5 minutes

o 300 seconds. Spee,d of Pain-l- P is:

4o 125, 6€ 31

ri-1-3 . | 300

n
]

0.41%%8 m/s.

(b) How fast is the distance PQ changing when &= a/2 radians?
As o fFfunckion of & , the distance belween P and Q
s given by :
= X K
D \/ (50— 20 Coﬁ(a)) 4 (zo sinte))z

D'(e) = ?-('50-2.0co.st9)) 205in(0) + 40-5ia(@): cos (6)
(50—~ 206 cos ()% + (:’.o.cm(e))z

- D)= 18.57 m [rad So, dD |
(c) How fast is the gstance PQ changing \{l;ag.ﬁu?)?adlans} g dﬁ =D (Wt-) ‘ """""" “— 0.37 M/S. ,
‘D.(D) = 0 So dp
9t |o=o /s
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(a)

(-1,3)

1
1

-1 1

(b)

y

Find the formula of the exponential function sho
: }

wn below

y = A-(é")x
' '
_l3_ _._.A.(—é-) se A =1
y. = 1 ("';")K

-1,0)
x
Equation of exponeatial! B = (;‘
y = A
2 = A
m

Equarion ©f Naear Aunchion:

Find the formula of the LINEAR FUNCTION shown below. Note that the curve shown is part

of the graph of an exponential function.

\ Find the formula

of this linear function




(a)

(©)
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Suppose that x =log(A) and that y =log(B) where A and B are both positive numbers. Write
the following expressions in terms of x and y. (There should be no A or B in any of your final
answers.) Use the laws of logarithms and exponentials to simplify your answers whenever

possible.

log(100AB). =  leg (100) + loq(A) + log(B)

= 2 4+ X +Yy

= 7 loﬁ(i’\) - % leg(B)
= FIx — TV
log(AB)_ = B log (A)
= B X
= 107. x
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6. In this problem the letter x will always represent the number of years since 1990 and the letter y
will always represent the number of people in the worid who have a cell phone. The units of y
are millions of people.

(a) The table given below shows some of the values of x and y. Based on the entries in the table, is y
an exponential function of x? Y ou must show vour work here.

X 16 8 10 12

y 150 300 600 ' 1200

i-¢
B = (-l?-:—g") = ﬁ- Gret+ the Same value of B

' Ne matler wohicth Points are

. [ b X (-]
© fFunchHoen will woerk well, '

) In 1996 a total of 150 million people had cell phones. In 2000 a total of £00 miflion people had
cell phones. Find a formula for exponential function that represents the relationship between x
and y. '

X
y = A-(vZ)
6
150 = A. ( [z )
A = 1Iso = g 5
3
= ' ¢
y = (18%5) - (N2 )
{c) According to the formula that you found in Part (b), how many people will have cell phones in

the year 20157
A = 28,

< |
y = (18.#5)(vZ)° = 108 &Il 6o/l 6 0o

LA 2—‘3'5-, GPProxfma'bzly fog)é” , 6ol,é00

pecple wrll hoave c¢ell pheoaes

Continued on the next page.
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(d) Use algebra and the formula that you found in Part (b), in what year will the number of people
with cell phones reach 2.5 billion (y = 2500)?

X
2500 = |8 S (J?)

2500

18.%+ % = (E)x

X o I ,b\( 2500) o . |
-ln(J-f 18.75 ~ 1411728138

The year will be 2.004,

() (6 points) According to the CIA, the population of the entire world is given by the exponential
function:

y =5418-(1.0117)".

Based on this formula and the exponential formula that you found in Part (b), in what year would
you expect every person in the world to have a cell phone?
Assuming @ rabio of onz phone to ena person, Hhis

wil occuwur when!

18. 25 (VT )
vz )" _ S418

s418 (1.out)

]!

i.on# 1 2.3y
|
- .fn( vz (ls.u-
1.0 %
~ 6. 7|7

This could "'\aPPen " 'Hve y-ear‘ 2006 or ZOO?_
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7. Calculate each of the limits listed below.
' * . X
@ Lim ¢ —x-]1 o in e” - | i Lim e
a . = N -
x—=0 x* X=—20 2 A X200 2.

) 0.9
®) Lim In(x) _ Lim X Lim 10 X
x—=o Wy K> 00 ><---o.? - e X o X
To
. : -1 u
o Lim wetan™(u) L +an”'(u) + =
(© — s - L+ u
: #—>0 1-cos(u) u->0
sin(u)
- Lim t+ u=z * Lera®) ‘z.?-:
cos{u)
= 2.

Lim sin(39). . Lim 3 tos (36) — .....3....
8 — 0tan(58) 6—~r0 5. secz(ge)

l

(d)

i



