MATH 120 — FIRST UNIT TEST

Wednesday, February 25, 2009.

NAME: SoLuTIioNS
Circle the recitation Tuesday, Thursday Tuesday, Thursday
section you attend MORNING AFTERNOON

A | B

Instructions:
I. Do not separate the pages of the exam. If any pages do become separated, write YOUr name on
them and point them out to your instructor when you turn in the exam.
2. Please read the instructions for each individual question carefully. One of the skills being tested

on this exam is your ability to interpret questions, so instructors will not answer questions about
exam problems during the exam.

3. Show an appropriate amount of work for each exam question so that graders can see your final
answer and how you obtained it. .
4. You may use your calculator on all exam questions. except where otherwise indicated. However,

if you are asked to find an exact value of a quantity that involves an integral then you should not
use calculator integration for this.

5. If you use graphs or tables to obtain an answer (especially if you create the graphs or tables on
your calculator), be certain to provide an explanation and a sketch of the graph to show how you
obtained your answer.

6. Please TURN OFF all cell phones and pagers, and REMOVE all headphones.
-Problem Total Score

1 16
2 20
3 18
4 14
5 15
6 17

Total 100




SoLuTIONS
2

1. 16 Points. CLEARLY INDICATE ANSWERS. NO PARTIAL CREDIT FOR (a)-(c).

The table given below shows some of the values of the functions f (x), g(x) and k(x) = g(' f (x)) Use the
information in the table to evaluate the expressions given in Parts (a)-(f) of this problem.

x f(x) g(x) k(x) = g(f(x))
0 4 | 4
2 0 4
) 5 3
5 10 4
6 3 8
8 6 0 6
10 3 0

Parts (a)-(f) are each worth two points.

@  k0)= % ®  k(4)- Io
© 8- ¢ @  56)- 6
© f@)= O @ f00)- 8

(h) (4 points) A function p(x) is defined by the formula; p(x) =x” +3. Use the information contained
in the table above to evaluate and simplify the following expression:

plk(5)+ 1) p(K(5))

h
p( k() +h) ~ ple(s)) _ p{4&+h) — P(‘”
o} | ~ h
= (4+h)+3 —19
h
= 16 +8h+ h*+3 =11
h
= 8h + h*
| h

Il

€+ h , h#O0O



SOL.uT|ONS

2. 20 Points. SHOW ALL WORK. NO PARTIAL CREDIT WITHOUT WORK.

In this problem, all that you may assume that #(x}) and s(x) are differentiable functions, the domains of both
functions include -4 = x = 4 and that they have the graphs shown below.

i
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(a) 5 pointé) Find an accurate estimate for the value of the derivative k'(l) where k(x) = r( x)- S( x).
E st+imate ! t(n=o0 s( =23
t'(N=-2 s'(1)y z=o
Using +he produck rule: | |

K'(x) = €'(x) s(x) + t(x) s'(X).
Plugg',m_., value, inFo Fhise

k'(Y =~ (-2)(3) +(6)(0) = —&. |

' H{x

() (5 points) Find an accurate estimate for the value of the derivative p'(l) where p(x) = ( )
' s{x

Use +he eiHmates ™Made aboue,

us?'n.a H\&. q__uoh'en*" rale

| t(x)-SIx) — H(X) g(x)
sS(x) %

PR =

Plugging values Into Hhis:
/ _ (-2)(3) - (0)(0) -2
(1) = —_

’ - (3)* EY

1\

Continued on the next page.
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In this problem, all that you may assume that #(x) and s(x) are differentiable functions, the domains of both
functions include —4 = x < 4 and that they have the graphs shown below,

s

(5 points) Find an accurate estimate for the value of the derivative q'(O) where q(x) = S(t(x)).

(c)
Using +he Chain Rule:  g'(x) = s'( €).' ).
EsHmate: t(0)=2 |, t'(0)=-2, s'(z)= -2/,
qusg;ng values inte Hhe Chain Rule gives:
g'(e) = s'(tD)-£'(e) = S'(2): &'(0)
o= (C¥) (-2)
— q‘/s .
(d) (5 points) Find an accurate estimate for the value of the derivative m'(l) where m(x)= s(s(x)).

Using +he Chain Rule: m'()= s'(5060)) . s/(x),

EsHmate: S() =3 , s't)=o, s'(3) =~

Plugging Values ino +he Chain Rule given:

m'() = s (s)))- sty = sY(3)-s'(1)
= (~4)(0)

= O



SoLuTIONS

3. 18 Points. SHOW YOUR WORK. NO WORK = NO CREDIT.

In each part of this problem, use algebra to calculate the limit. Clearly indicate the value of the limit that

represents your {inal answer. You should not just plug numbers into your calculator to guess the value of a
limit. ' '

- If you believe that a limit does not exist, write “DOES NOT EXIST” and show why the limit does not exist
(for example, using a graph).

Lim +/x - sin(x)

(@) (8 points) x—>0 4411

Note +hat : == sia(x) S
So "H'\Ct'i‘ . V : — X ‘,_ \J’( ‘Siﬁ(X) s._ __....?_(.__..
4+ X GtA 4 X
VX
Now, Lim VX _ Lim =
X-»o0 L X X702 4 L X
_ : X el
—  Lim i
X => o a
£ o+ |
X
— o
o + |
= O,
—NX_

sfmf\ﬂf"’, i

o X = 0. By +he Squeezc

Theoremn : Lim VX - Sinx) = O.
| X—> 0 &4 + X |

Continued on the next page,
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In cach part of this problem, use algebra to calculate the limit. -CIearly_indicate the value of the limit that
represents your final answer. You should not just plug numbers into your calculator to guess the value of a
limit.

If you believe that a limit does not exist, write “DOES NOT EXIST” and show why the limit does not exist
(for example, using a graph). '

Lim 4y* +5
®)  (opoints) (uz - 2) _ (zuz - 1).

4
Lim Gua’ + 5  Lim 4wt +5
u=r (o) (2ur-1 ) >0 2ut-5uta 2
u—ro 4" u
IZ;L.‘:P _ 5t + Z
% G ut
= L .._s._.
” 4 + Uw
\U—> o0
_ - >
2 - 5t "w:
= 4 + O

I
®



SoLu-TioNS

4. 14 Points. SHOW YOUR WORK. NO WORK =NO CREDIT.

In 1984, engineers working in the Soviet Union set a world record by drilling the deepest hole in the Earth’s
crust. Let x represent the distance below the surface of the Earth in units of kilometers (km). The engineers
found that the temperature, T (in degrees Celsius), of the Earth’s crust increased by 2.5°C for each additional
100 meters of depth. There are 1000 meters in one kilometer (km).

(a) (4 points) If the temperature at the depth of 3 kilometers was 30°C, write a formula for 7 as a
function of x. Show your work. No work = no credit.

Stepe = (z.5)(10) = 25 °¢C /kn.

T = 25x + b,

To £5ad b, noFe_-H«ad* when x=3, T = 30,

30 = 25(3) + b  seo +that b="4&S
T= 25%x — 45

(b) (3 points) What is the temperature of the Earth’s crust at a depth of 15 kilometers?

T = 25(is) — 45 = 330 °C.

(c) (4 points) The drilling equipment could only withstand a temperature of 300°C. What is the
 maximum depth that the hole could have? Show your work.

Boo = 25X — 45

X = 245 ~ 12,8 km
25
{d) (3 points) Explain the meaning of the 7-intercept of your function from Part (a) in practical terms.

(Note that the hole was drilled in Siberia, which is very, very cold.)

The ﬂmpara.i—ure on the Surface of +he
Earth where +he Adrill wean located wan

-45°C.



SoLuTiopnS

5. 15 Points. SHOW YOUR WORK AND EXPLAIN YOUR REASONING.

A rancher wants to fence in some grazing land in
the pattern shown here. (Note that this diagram is
not drawn to scale —~ the heights of the fences
surtounding the grazing land are much higher in
this diagram than they would be in reality, for -
example.)

The rancher plans to create one large field that
will take up half the total area. The other half of
the land will be divided by a fence into two
smaller fields. She has enough funds to buy 45
miles of fencing material.

(2) (5 points) Let A(W) represent the total area of the three fields as a function of width, ¥, only. Find a
formula for A(W). Area = L - W,

Amount of fence : 5L/ 4+ 3W = 45 so
L= 18- S w,
: V'Plu.gs ir\s +HAis fade Fhe area &fmula fe place of L. :
Aw) = (18-&w).w = I8w- & w?
(b) (10 points) Find the values of L and W that the rancher should use to maximize the area of land
covered by the three fields. Do not use your calculator except for arithmetic. Show your all of your

work and all of the steps in your calculation. Give appropriate units with your answer. No work, no
credit. '

_To Aad Mmaximum, Selve Allw) = o,
i % '
A'(W) = 13 — = w = O

so w = 5, = 2.8 miles.

ger: o
' L. = 18‘%(7-5) = 9 miles,

Dimer\/)fcm; for maximum area'!

1.5 mitles wide by T miles 1043_



SoLuTioNS

6. 17 Points. SHOW ALL WORK. NO WORK = NO CREDIT.

In each case, use the definition of the derivative to calculate a formula for f ’(x).

You should not use any “short cut” rules that you may know to calculate the formula for f '(x) here. Clearly
indicate your final answer.

(a) (7 points) f(x) = x2 + l
’ X

Difference quotient:

| l
flx+h) — £(x) (x+h)" + Y+Rk — x*% ...._;_.

h | | h

I

% = (x+h)
X*+2xh+ h® — x% 4+ (X~+h) (X)

h
' —h
2xh 4+ h™ +  J(xFh)
h

{1

t , heo
X (x+h)

— 2x + h -
Take limi¥+

£ x) = Lim  £lx+h) = £(x)

h—=>0 h
|
= Lim o0y +h -
h->0 X (x+h)
xz

Continued on the next page.
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In each case, use the definition of the derivative to calculate a formula for I '(x).

You should not use any “short cut” rules that you may know to calculate the formula for f ’(x) here. Clearly
indicate your final answer.

' 1
(b) (10 points) flx)= v

D fference q’uoHe,nf ‘

fF(x+h) — £(x) _ Mrth ' el

—

n T n
| JGT_ = el
h (Vxeher ) (VxT)

N el R e
hNxrt Y(Nxtht1 ) Yx+t +xrhel

ll

" d—
———

— x-t:_l — (x+h+1)
h (VX1 )(\lx—rh-rl )(\Ii-i-\ +VX+FH)
= | — h

h(Vxet YNx+hr ) (Nx+t + xth+i )

~ | — , h#o.
(\&Ii_ Y (Vxrhri Y(Ix+1 + | X-H'\H)

Take limis as h—=2>0:

It

') = Liam Flxth) - f(X) = — —
F 0o lh_—%o . N (Jx+|)(dx+l)(~/x+l +\/x+|)

— |
2 (x+1)*




