ON PERIODIC CRITICAL POINTS AND LOCAL MINIMIZERS
OF THE OHTA-KAWASAKI FUNCTIONAL

R. CRISTOFERI

ABSTRACT. In this paper we collect some new observations about periodic
critical points and local minimizers of a nonlocal isoperimetric problem, arising
in the modeling of diblock copolymers. In the main result, by means of a
purely variational procedure, we show that it is possible to construct (locally
minimizing) periodic critical points whose shape resemble that of any given
strictly stable constant mean curvature (periodic) hypersurface. Along the
way, we establish several auxiliary results of independent interest.

1. INTRODUCTION

In this paper we study some properties of critical points of the functional

FUB)=Pos ()7 [ [ GovepnP @) dedy, (1)
TN JTN

where v > 0, E is a subset of the N-dimensional flat torus T, Py~ (E) denotes

the perimeter of E in TV, u®(z) := xp(z) — xr3\5(z), and, for every z € TV,

G~ (x,-) is the unique solution of

~NyGpn () = 6,() =1 in TV, Gon (z,y) dy = 0.
TN

We will refer to the first term of (1.1) as the local term, while to the second one as
the nonlocal term. The latter will be denoted with YA L(E). We notice that the
local term favours the formation of large regions of pure phase, while the nonlocal
one prefers to break each phase into several connected components that tries to
separate from each other as much as possible. Indeed it is well known that the area
functional is minimized by the ball, while the behavior of the nonlocal term can be
better understood by writing it as in Remark 2.19.

The functional (1.1) arises as the variational limit (in the sense of I'-convergence)
of the e-diffuse Ohta-Kawasaki energy

OK (u) := s/ |Vu|?dz + ! / (u? —1)%dz
Q €Ja

+ ’y/ﬂ /Q G(z,y) (u(x) - m) (u(y) - m)d:cdy, (1.2)

where 2 C RY is an open set, G is the Green’s function for —A, u € HY(Q),
and m := fQ u. The functional OK. has been introduced by Ohta and Kawasaki
in [19] to model microphase separation of a class of two-phase materials called
diblock copolymers (see [5] for a rigorous derivation of the Ohta-Kawasaki energy
from first principles, and [17] for a physical background on long-range interaction
energies). These materials are linear-chain macromolecules, each consisting of two
thermodynamically incompatible subchains joined covalently, that correspond to
the regions where u ~ —1 and u =~ +1 respectively. Due to this imcompatibility,
the two phases try to separate as much as possible; on the other hand, because
of the chemical bonds, only partial separation can occor at a suitable mesoscale.
1



2 R. CRISTOFERI

Such a partial segregation of these chains produces very complex patterns, that are
experimentally observed to be (quasi) periodic at an intrinsic scale. The structure
of these patterns depends strongly on the volume fraction of a phase with respect
to the other, but they are seen to be very closed to periodic surfaces with constant
mean curvature (see Figure 1).

g o~ P

F1GURE 1. The typical patterns that are observed according to an
increasing value of the volume fraction.

According to the theory proposed by Ohta and Kawasaki in [19], we expect
observable configurations to be global (or local) minimizers of the energy (1.2).
Since the parameter ¢ is usually small, from the mathematical point of view it is
more convenient to consider the variational limit of the energy OK. that, in the
periodic setting, turns out to be the sharp interface energy (1.1).

Proving analitically that global minimizers of (1.1) or (1.2) are (quasi) periodic is
a formidable task. Indeed, so far, the best result in this direction is the work [2] by
Alberti, Choksi and Otto, where it is proved that global minimizers of (1.1) in the
whole RY under a volume constraint, i.e., for a fixed m, present an uniform energy
distribution of each component of the energy, on suitable big cubes. This result
has been extended to the case of the functional (1.2) by Spadaro in [25]. Moreover,
the structure of global minimizers has been investigated by many authors (see, for
example, [3, 4, 9, 12, 13, 18, 26, 27, 16]), but only in some asymptotic regimes, i.e.,
when the parameter ~ is small or m ~ +£1.

A more reasonable, but still highly nontrivial, pourpose is to exhibit a class of
local minimizers of the energies (1.1) and (1.2) that look like the observed config-
urations. Among the results in this direction we would like to recall the works by
Ren and Wei ([24, 21, 20, 22, 23]), where they construct explicit critical configura-
tions of the sharp interface energy, with lamellar, cylindrical and spherical patterns.
They also provide a regime of the parameters that ensures the (linear) stability of
such configurations. The natural notion of stability for (1.1) has been introduced
by Choksi and Strernberg in [7], and it has been subsequently proved by Acerbi,
Fusco and Morini in [1], that critical and strictly stable (namely with strictly pos-
itive second variation) configurations are local minimizers in the L! topology.

The aim of our work is to collect some new observations on critical points of the
sharp interface energy (1.1).
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We start by showing, in Proposition 4.1, that critical points are always local
minimizers with respect to perturbations with sufficiently small support. This
minimality-in-small-domains property of critical points is shared by many func-
tionals of the Calculus of Variations, but to the best of our knowledge it has been
never been observed before for the Ohta-Kawasaki energy.

The second result (see Proposition 4.3) shows that the property of being crit-
ical and stable is preserved under small perturbations of the parameter . More
precisely, we show that, given 4 > 0 and a strictly stable critical point E of the
functional F7, we can find a (unique) family (E.,), of smoothly varying uniform
local minimizers of F7 for v ranging in a small neighborhood of 4. The proce-
dure to construct such a family is purely variational and based on showing that
the local minimality criterion provided in [1] can be made uniform with respect
to the parameter v and with respect to critical sets ranging in a sufficiently small
C'-neighborhood of a given strictly stable set E. Such an observation, which has
an independent interest, is proven in Proposition 4.3.

The above stability property is used to establish the main result of this paper
(see Theorem 4.18): given 4 > 0 and ¢ > 0 and a subset E of the torus TV such
that OF is a strictly stable constant mean curvature hypersurface, we show that it
is possible to find an integer k = k(9,¢) and a 1/k-periodic critical point of ]-",J?N ,
whose shape is e-close (in a C*-sense) to the 1/k-rescaled version of E and whose
mean curvature is almost constant. Moreover, such a critical point is an isolated
local minimizer with respect to (1/k)-periodic perturbations. In words, the above
result says that it is possible to construct local minimizing periodic critical points
of the energy (1.2), whit a shape closely resembling that of any given stictly stable
periodic constant mean curvature surface.

This result is close in spirit to the aforementioned results by Ren and Wei. There
are however some important differences. First of all, they work in the Neumann
setting, while we are in the periodic one. Moreover, while their constructions are
based on the Liapunov-Schmidt reduction method and require rather involved and
(ad hoc for each specific example) spectral computations, we use a purely variational
approach that works for all possible strictly stable patterns. However, the price to
pay for such a generality is a less precise description of the parameter ranges for
which the existence of the desired critical points can be established.

Another important consequence of our variational procedure is that it allows to
show (see Proposition 4.19) that all the constructed critical points can be approx-
imated by critical points of the e-diffuse energy (1.2). This is done by usign a
I'-convergence argument in the spirit of the Kohn and Sternberg theory, see [15].

We conclude by remarking that numerical and experimental evidences suggest
the following general structure for global minimizers: the nonlocal term determines
an intrinsic scale of periodicity (the larger is v the smaller is the periodicity scale),
while the shape of the global minimizer inside the periodicity cell is dictated by the
perimeter term. Although we are very far from an analytical validation of such a
picture, our result allows to construct a class of (locally minimizing) critical point
that display the above structure.

2. PRELIMINARIES

In this section we introduce the objects and we fix the notation we will need
in the following. Given k € N\ {0}, we will denote by T4 the N-dimensional
flat torus rescaled by a factor 1/k, i.e., the quotient of RY under the equivalence
relation

Ferjo k(@ —7) ez,
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Hereafter we will denote TYV by TV . Points in TY will be denoted by z, y. A
set F C TV can be naturally identified with the 1/k-periodic set of RY (or of
TV) that equals (a translate of) F in each 1/k-periodicity cell (see Figure 2 on
the right). When we speak about the regularity of a set F' C ']I‘{c\' , we will always
refer to the regularity of the 1/k-periodic set ' C RY. Finally, for 8 € (0,1)
and r € N, we define the functional space C™?(T¥) as the space of 1/k-periodic
functions in C™#(RN).

Definition 2.1. Given a set £ C TV and k € N\ {0}, we define the set E¥ C T
as follows:
E¥ ={z e Ty : krc E}.

E EF

FIGURE 2. A set E C TV on the left, and the set E¥, with k = 3,
seen as a subset of T™V, on the right.

Remark 2.2. Notice that [y u? dz = fv u* dv, where uf :=xp — XTI -
k

We now introduce the notion of perimeter in T .
Definition 2.3. Let E C TkN. We say that E is a set of finite perimeter in ’]I‘Q’ if

sup{/Edivgdx L £ e CYTY;RY), ¢ §1}<oo.

In this case we denote by Pi(FE) the above quantity.
We now introduce two ways for measuring the closendess of sets in T .
Definition 2.4. We define a distance between sets E, F' C ']I‘kN as follows:
a(E,F) = min |[EA(z + F)|.

zeTY
Moreover, given E C 'I[‘Q] and S € (0,1), for sets F' C ']I‘fc\' such that
OF = {x +¢(z)ve(z) : x € E},
for some function 1 € C™#(OE), we define
ders (B, F) = [[¢[lcre -

Finally, to write the formulas for the first and the second variation of our func-
tional F, (see Theorem 3.2), we need to reacall the following geometric definitions:
given a set £ C TV of class C?, we will denote by D, the tangential gradient
operator, by div, the tangential divergence, by vg the normal vector field on OF,
by Bag its second fundamental form, and by |Bpg|? its Euclidean norm, that
coincides with the sum of the squares of the principal curvatures of 0F. Finally,
Hyg will denotes the mean curvature of 0F.
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2.1. The area functional. We recall some results about the area functional.

Definition 2.5. We say that a set E C ']I‘fcv is a local minimizer of the area
functional if there exists § > 0 such that

for all F C TY with |E| = |F|, such that o(FE, F) <.

Definition 2.6. A set E C T is said to be an (w, 7o) -minimizer for the area

functional, with w > 0 and ro > 0, if for every ball B,(x) with r < ry we have
Pi(E) < Pe(F) + w|EAF],

whenever F C T¥ is a set of finite perimeter such that EAF CC B,(z).

We recall an improved convergence theorem for (w,r()-minimizers of the area
functional. This result is well-known to the experts (see, for istance, [28]). One can
find a complete proof of it in [8].

Theorem 2.7. Let (E,), be a sequence of (w, 1) -minimizers of the area functional
such that

sup Pi(En) < +00  and «o(F,,E)—0asn — oo,
n
for some bounded set E of class C*. Then, for n large enough, E, is of class
CY8 for all B € (0,1), and
OFE, = {x + VYn(x)ve(z) : © € OE},
with v, — 0 in CYP(OF) for all B € (0,1).

2.2. The functional .7-',: . We first define the functionals we are interested in.

Definition 2.8. Given v > 0 and k € N, we define, for sets E C ']TIZCV, the
functional

FR(E) = Pi(E) + YN Ly(E)
=PuB)+r [ GendEdf@ dedy, @)
where uf (z) := xg(z) — Xtv\g(®) and Gy is the unique solution of
1

_Aka(xv):(sw()_W in Tllcvv . Gk(l‘,y) dy:O
k r

For simplicity, we will denote by F7 and u® the functional F] and the function

ul’ respectively.

Remark 2.9. Notice that the area functional corresponds to the choice of v = 0.

We now introduce the main objects under investigation in this paper: critical
points and local minimizers.

Definition 2.10. A set E C TV of class C? will be called eritical for the functional
F7 if on OF it holds

Hyp + 4fva =\,
for some constant A\ € R.

Remark 2.11. The above definition is motivated by the fact that (as one expects)
the first variation of the functional F vanishes on critical sets (see Theorem 3.2).
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Definition 2.12. We say that a set E C TY is a local minimizer of the the
functional F}, if there exists § > 0 such that
Fe(E) < FU(F),

for all F C TY with |E| = |F|, such that «(E, F) < §. Moreover, we say that E is
an isolated local minimizer if the above inequality is strict whenever a(E, F) > 0.

We now want to derive some regularity properties of local minimizers of 7, . In
order to do this, we observe that local minimizers of ¥} are in fact (w, r)-minimizer,
and then we will rely on the well-known regularity theory for (w,r)-minimizers.

First of all one can see that the nonlocal term turns out to be Lipschitz (see [1,
Lemma 2.6] for a proof).

Proposition 2.13 (Lipschitzianity of the nonlocal term). There exists a constant
co, depending only on N, such that if E,F C chv are measurable sets, then

NL(B) ~ NLA(F)| < con(E, F)
The following lemma is a refinement of a result already present in [1] and [11].

Lemma 2.14. Fiz constants ¥ > 0, o > 0, mg € (0,|TY|) and M > 0. Take a
set E C TV, with Py(E) < M, solution of

min{Pk(F) +ANLE(F) - ][

ufzm,a(E,F)gé}, (2.2)
k

where v < 7, § € [69, +oc] and m € [—mo, |TY |[=mq]. Then we can find a constant
Ao = Ao(co, mo, 7,00, M) >0 (where ¢y is the constant given by Proposition 2.13)
such that E is a solution of the unconstrained minimum problem

min{ Pu(F) + AN L4(F) + A| ][uf —m| : a(B,F) <5/2},
k
forall A > Ay.

Proof. The idea is to prove that we can find a constant Ao as in the statement of
the lemma, such that if F' solves

min{’Pk(F)—F’y./\/'ﬁk(F)—l—A’ ]{Cuf —m‘ :a(E,F) < 5/2},

where v < and A > Ag, then o(F, E) = 0, where E is a solution of (2.2). To
prove it, suppose for the sake of contradiction that there exist sequences ~, < v,
A, — o0, sets E,, solutions of

min{Pk(F) AN Ly (F) ][ug — mn, (B, F) < 5},
k
where § > dg, m, = fk uf" € [—mo, |TN| — mo], Pr(E,) < M, and sets F,

solutions of
fﬁ—m
k

min{Pk(F) N LR(F) + Ay,
but with m,, # fT,QV up™ (suppose ka’Y up™ < my). From now on we will suppose
|F,AE,| = a(E,, F,). The idea is to modify the sets F,,’s in such a way that

fTé\, ug"' = m,, (notice that, since we are not working in the entire RY but in TV,

: a(By, F) < 5/2},

we need to modify the F),’s in a more careful way than just rescaling them!). This
idea has been developed in [11]. Set
f@g_my
k

FulF) i= F" (F) + Ay
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First of all we notice that sup,, Pr(F,) < co. Indeed

][ufn —my
k

Thus, up to a not relabelled subsequence, it is possible to find a set Fy C TkN with

£, vp° € [=mq, |TY| — mo), such that F, — Fy in L'. Moreover a(E,, F,) — 0.
We now sketch the argument presented in [11]. Given e > 0, it is possible to find
a radius r > 0 such that (up to translations)

Pr(F,) + Ay, < Fu(Epn) — 1N Ly (Fy)

(UNTN

|Fa N By ol <er™,  |FaNB,|> SNTT
for n sufficiently large. Let o, € (0,1/2"), that will be choosen later, and define
(1= 0@ —1))a if 2] <3,
D, (z) = $+Jn(1*%)1‘ if § <lz| <,
x if || > r.
Let F, := ®,,(F,). It is possible to prove that
Pu(Fo N B,) — Pe(F,NB,) > —2¥No,Pu(F, N B,),

and that, for € > 0 sufficienlty small,

F F, N[ WN
u," — u," > o,r [c
f’ﬂ:kN k ]ﬁg k n IN+2

where ¢ and Cp are constants depending only on the dimension N. Then it is
possible to choose the o,,’s in such a way that |F,| = |E,| for all n. In particular
we obtain, from the above inequality, that o, — 0. Finally, it is also possible to
prove that

—E(C—F(QN—I)N)} > copr s =

a(Fy, Fy) < Coo, Py(F, N B,).
Combining all these estimates we have that

FalFn) < FulFn) 0, [(2N N4+-Cocod)Pr(FanB,) — A CrrN] < Fou(Fy) < Fu(By) -

Since o,, — 0, we have that, for n large enough, a(ﬁm E,) < 6,. Thus the above
inequality is in contradiction with the local minimality property of E,, . U

Corollary 2.15. Let E C ']I‘év be a local minimizer of F, . Then it holds that E
is an (w,r)-minimizer of the area functional. Moreover the parameter w depends
on the constants cg, mg,7,00 and M of the previous lemma.

Proof. From the above result, it follows that local minimizers of F, are in fact
(w, r)-minimizer, providing we take w := ¢y + A and we choose r > 0 such that
wyrN < 6/2. O

The regularity theory for (w,r)-minimizers allows us to say something about the
regularity of local minimizers of F}.

Proposition 2.16. Let E C ']I‘iv be a local minimizer of F, . Then we can write
OE = 0*EUYX, where the reduced boundary 0*E is of class C3® for all a € (0,1),
and the Hausdorff dimension of ¥ is less than or equal to N — 8.

Remark 2.17. Using the equation satisfied by a critical set F, it is also possible
to prove (see [14]) the O regularity of 9*F, in every dimension N . In particular,
in dimension N < 7, we obtain the C'*°-regularity for the entire boundary OFE.

In the remaining part of this section we would like to investigate some properties
of the nonlocal term, as well as the relation between the functionals F and Fj.
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Definition 2.18. For a set E C T{CV, we define the function
vi (2) = | Grl,y)ui (y) dy.
T
For simplicity, we wil denote the function v by v¥.

Remark 2.19. We first want to investigate some properties of the nonlocal term.
Notice that vZ is the unique solution to

~Avf =uf —mP  inTY, / uf dz =0, (2.3)
T

where we recall that m¥ = f’H‘N u%N dx = fk ukEk dxz. Moreover, one can see that
Uf is 1/k-periodic. Thus, it is possible to rewrite the nonlocal in the following
way:

NLL(E) :/ uf vl do = —/ vE Ao dxz/ |VoE |2 da.
T T T
In particular, from the above writing, we see that the nonlocal term prefers highly
oscillating functions uf , as has been pointed out in the introduction.
By standard elliptic regularity we know that vZ € W2P(TY) for all p € [1, +00).
In particular it holds that

||UE||W2,p(1rg) <C,
where p > 1 and C is a constant depending only on T .
Finally, we investigate the relation between the functionals F7 and F}.
Lemma 2.20. Let E C TV . Then it holds
FUEY) = k1N [PTN (B) + vk 3N Lo (B) ] . (2.4)
Proof. We claim that, for a set £ C TV, we have
Ufk (z) = k™ %0F (kx) .

Indeed, noticing that fv upk = frv u¥, it holds
k

—A (k70" (kx)) = —AvP (k) = uP (kz) —m = ukEk (x) —m,
and

/ k™ 20" (kx) do = k_N_Q/ vF(y)dy = 0.
TV TN

By uniqueness of the solution of problem (2.3), we obtain our claim. Finally, we
can conclude by noticing that

/ |Vv,fk(x)|2 dz = k_Q_N/ \Vof (2)]? da .
TN T™
U

Remark 2.21. It is also easy to see that the function vP" s 1/k-periodic (where
here we see Ej as a subset of TV, i.e., as k copies of the 1/k-rescalded of E).
Thus

FUER) = kENFI(E"). (2.5)
This means that the energy of E* in TV is just the sum of the energies of each of
its pieces in each ’]I‘fcv.
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2.3. Results about I'-convergence. In this section we would like to recall an
approximation theorem for isolated local minimizers of the area functional. For, we
need to write the functional f-f[gN in the language of I'-convergence.

Definition 2.22. Let (X,d) be a metric space, and let F, F,, : X — RU {+o0}.
We say that the sequence F,, T'(d)-converges to the functional F' if the following
two conditions are satisfied

o for every z, 4 g, F(z) < liminf, F,(z,),
e for every T € X there exists z, 4 % such that F(z) > limsup,, F,,(z,).

In this case we will write F, Fg) F.

Definition 2.23. Consider the quotient space space X := L'(T")/ ~, where the
equivalence relation ~ is defined as follows: f; ~ fo if and only if there exists
v € TV such that fi(z +v) = fo(x), for each 2 € TV . Endow this space with the
distance

a(u,0) i= min [lu = v = @)l s v

Fix v € [0,+00) and m € (—1,1) and define the functional .72, : X = RU {400}
as

Frw) = FU(E) ifu=u, for some set E with fyuf dz=m,
R QS otherwise .

Remark 2.24. Notice that the functionals F” turn out to be equi-coercive and

. . z~ I(a) =
lower semicontinuous. Morever F7 (*2 FOas v — 0F.

Although the I'-convergence has been designed for the convergence of global
mininimizers, one can say also something about convergence of local minimizers.
The following result is a particular application of [15].

Theorem 2.25. Let E C TV be a smooth isolated local minimizer of the area
functional. Then there exists a sequence (E)y>o, with |E,| = |E|, such that E,
is a local minimizer of FY in TV and o(E,,E) =0 as v — 0%

3. VARIATIONS AND LOCAL MINIMALITY

In the following we will use a local minimality criterion provided in [1], that we
recall here for reader’s convenience. This criterion is based on the positivity of the
second variation. Thus, we need to introduce what do we mean by variation.

Definition 3.1. Let £ C TV be a set of class C?. Take a smooth vector field
X € C=(TV;RY) and consider the associated flow ® : TV x (—=1,1) — TV given
by
o
— = X(®
o= X(@),
such that ®(z,0) = z for all z € TV . Let E; := ®(E,t) and suppose |E;| = |E|
for each time ¢. We define the first and the second variation of F7 at a set E with
respect to the flow @, respectively as
d d?
—F(E , —F7(E .
dt ( t)‘t:() dt2 ( t)\t:()
We recall here the result present in [1, Theorem 3.1] for the computation of the
first and the second variation.
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Theorem 3.2. Let E, X and ® as above. Then the first variation of FY computed
at E with respect to the flow ® is given by

d
—F(Ey) :/ (Hop + 4vP) (X -vg) dHN 1, (3.1)
de le=0 OF

while the second variation of F7 at E with respect to the flow ® reads as

d? -
@’ ), :/aE (ID+(X - vg)* = |Bog (X - vi)®) dHN~!

+ 8y /BE . Gon (2, y) (X () - vp(2) (X (y) - ve(y)) dHYHz) dHY " (y)

o
+47/ v (X -vg)? dHN 1 —/ (4w” + Hop) div, (X, (X -vg)) dHN L.
OF OF

Remark 3.3. Notice that the last term of the second variation vanishes whenever
FE is a critical set.

We now follow the ideas contatined in [1]. We introduce the space

H'(E) := {gﬁ € H'(JE) : /aEgp dHN-t = o} :

endowed with the norm ||<p||ﬁ1(aE) = ||Vl r2(am) - On such a space we define the
following quadratic form associated with the second variation.

Definition 3.4. Let £ C TV be a regular critical set. We define the quadratic
form 02F7(E): HY(OE) — R by

PFE) g = /6E(IDT<pI2 — |Bog[*¢?) dHN ! +47/6E(3VEUE)¢2 duN-1

1 8y / Goox (2, 9)p(@)p(y) AHN L (z) dHN L (y)
OF JOFE

=: 0*Ppx (E)[p] +v0°N Lo~ (E)[]
(3.2)

where 9?Prn (E) denotes the first integral, while y0?A Lpn (E) the other two.

Since our functional is translation invariant, if we compute the second variation
of F7 at aregular set E with respect to a flow of the form ®(z,t) := z+tne;, where
n € R and e; is an element of the canonical basis of RY | setting v; := (vE,e;) we

obtain that
2

d
PFV(E)nv) = @]-"‘Y(Et)lt:o =0.

Hence we need to avoid degenerate directions. Write
H'(OE) = T*(0E) & T(OE),
where T1(OE) is the orthogonal complement to T(F) in the L?-sense, i.e.,

TH(OFE) := {(peffl(aE) : / ov; dHN 1 =0 foreachi:l,...,N} .
OFE

It can be shown (see [1, Equation (3.7)]) that there exists an orthonormal frame
(e1,...,en) such that

/ (v-e)(v-e;) dHN 1 =0 for all i # j. (3.3)
OF
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Definition 3.5. We say that F7 has strictly positive second variation at the regular
critical set F if

*FIE)[g] >0  forall p € THOE)\ {0}.

We are now in position to recall the local minimality result of Acerbi, Fusco and
Morini (see [1, Theorem 1.1]).

Theorem 3.6. Let E C TV be a reqular critical set such that FY has strictly
positive second variation at E. Then there exist constants C,§ > 0, such that

FIUF) > FYE) + C(a(E, F))?

whenever F C TN with |F| = |E| is such that o(E,F) <§.

4. THE RESULTS

4.1. Minimality in small domains. The first result we would like to prove is a
local minimality property of critical points with respect to sufficiently small per-
turbations.

Proposition 4.1. Let E C TV be a critical point for the functional F¥. Then
there exists € > 0 such that

FUE) < FU(F),
for any set F C TN having EAF € B.(x), for some v € E.

Sketch of the proof. First part. We first want to prove that we can find € > 0 such
that

FUE) < FI(F),

whenever F is a subset of TV having EAF € Bz(z), for some x € 0F.

Fix £ € OF. The idea is to adapt to our case the proofs of the various steps
leading to [1, Theorem 1.1].
Step 1. For any € > 0 sufficiently small, the following Poincaré inequality holds:

/ |DTSO|2 dHN_l 2 Ca @2 df)y_[]\/—l7
OENDB.(Z) OFENB. ()

whenever ¢ € H(OF) has support contained in B (z). We know that C. — +o0
as € = 0. Let M > 0 such that

|Bog| < M, |0, v < M,
and take € > 0 such that Cy. > M(1 + 4~). Notice that it is possible to write
[ [ eneweew a 1w an ) = [ 9P de, @)
OE JOE T~
where —Az = pHN~! LOE. Thus, we have that
D*FV(E)g] >0, (4.2)
for any p € HY(OF)\{0} with support contained in Ba. (7).

Step 2. We claim that it is possible to find constants § > 0 and Cy > 0 such
that

FI(E) + Co(a(E, F))* < FI(F),

whenever F' C TV, with |F| = |E|, is such that OF = {z +¢(z)ve(z) : = € OE},
for some |[¢|ly2.r(9E) < 6 with support contained in Ba.(z), for p > max{2, N—1}.
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We use the two step technique of [1, Theorem 3.9]. We first prove that we can find
constants § > 0 and D > 0 such that

inf{2F(F)l¢] : 9 € H'OF), ol om =1,

supp(¢) C Bae(z),

/ ovp d?—lN‘1’ ga} >D,
oF

whenever F' C TV | with |F| = |E|, is such that
OF = {z+¢(x)vp(z) : © € OE},
for some ¥ € W*P(9E) with |[¢|lwz2r@r) < 8. To prove it, we reason by the sake
of contradiction as in the first step of the proof of [1, Theorem 3.9].
Consider the flow ®, given by Lemma 4.5, connecting the sets £ and F, and
let E; := ®;(E). Then it is possible to write

FIF)-F(E) = /O (1) (P F (B X v )~ /8 (40" Hy)div, (X, (X)) ) i

E
where div,, is the tangential divergence on 0F; and X, = (X - 7g,)7g,. It is
possible to estimate from below of the integral, as it is done in the second step of
the proof of [1, Theorem 3.9]. Namely, it is possible to find § > 0 such that

. D
[ Hidie (36, (0w )] < Z X 0P

for all ¢ € [0,1]. Thus, with the above uniform coercivity property of 9°F(E;) in
force, we conclude.

Step 3. For any € > 0, let Z. C B2.(Z) be a smooth open set with the following
properties: the curvature of Z.’s are uniformly bounded with respect to e, the sets
EUZ. and E\Z. are smooth and B.(Z) C Z. (see Figure 3). We claim that it is
possible to find £ > 0 such that

FUE) < FI(F),

for every set F C TV with |F| = |E|, such that EAF & Z.. The proof of
such a result is similar to those of [1, Theorem 4.3], where we reason by the sake of
contradiction as follows: suppose there exist a sequence €,, — 0 and a corresponding
sequence of sets (F),), with |F,| =|E| and E\Z., C F, C EUZ,,_, such that

FI(F,) < FU(E).

Using the uniform bound on the curvatures of the Z. ’s, it is possible to prove,
as in the first step of the proof of [1, Theorem 4.3], that we can find a sequence
of uniform (w,r)-minimizers of the area functional (E,), with |E,| = |E| having
E,AE € I., and such that FY(E,) < FY(E). Thus, the improved convergence
result stated in Theorem 2.7 allows us to say that the E,’s converge to E in the
C1P -topology. Finally, using the Euler-Lagrange equation satisfied by the E,,’s, it
is also possible to prove that the E,,’s actually converge to E in the W?2P?-topology.
This is in contradiction with the result of the previous step.

Step 4. We now have to prove that the above constants can be made uniform
with respect to x € OF. Let us reason as follows: for any point = € F, consider
the ball B.(,)(x), where e(x) > 0 is the radius found in Step 3 above. Then it is

possible to cover OF with a finite family of such balls, let us say (Bs(xl)(xi))le.
Now, by using a simple geometrical argument, it is possible to find a constant € > 0
with the following property: for any point = € JF, there exists ¢ € {1,..., L} such
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FIGURE 3. An example of the set Zs.

that Bz(z) C B.(s,)(7;). We can also suppose € < e(w;) for each i =1,..., L.

Second part. We now want to prove that we can find € € (0,£/2) such that
FUE) < FU(F), (4.3)

whenever F' C TV is such that EAF € B.(x), for some x € E\(OE)z/>.
The key point is to observe that

IWL(F) = NL(E)| < co| EAF| < CP(EAF)™T = C(P(F) —P(E)) ™7, (4.4)

where we have used the Lipschitzianity of the nonlocal term (Proposition 2.13), the
isoperimetric inequality, and the fact that EAF € B.(x), with « in the interior of
E, respectively. Notice that (4.3) can be written as

P(F) —P(E) > y(NL(E) — NL(F)) .

Using (4.4) and the fact that t¥1 < Ct for t small, we know that the above
inequality is satisfied if P(F) — P(E) < §, for some § > 0. If instead it holds
P(F)—"P(E) > ¢, we obtain the validity of (4.3) by noticing that

INL(F) ~ NL(B)| < co| EAF| < CeV,
and by taking e sufficiently small. This concludes the proof. O

4.2. Uniform local minimizers. We start by proving a lemma that will be used
several times. The proof can be found in [1] (Step 4 of the proof of Theorem 3.4),
but we prefer to report it here for reader’s convenience.

Lemma 4.2. Let E C TV be a critical set for F7, with ¥ > 0. Then for any € > 0
it is possible to find € > 0 with the following property: if E, is a critical point of
FV, with v € (Y —¢&,% +¢€) such that de1(E, E,) < €, then des.s(E, E,) <€, for
all € (0,1).

Proof. Suppose for the sake of contradiction that there exists a sequence v, — ¥
and a sequence (E,), of critical points F7* with d¢i(E, Ey) — 0 such that
des.s(E,E,) > C > 0. We recall that on 0F

Hyp = XA — 4307, (4.5)
for some constant A, while on 0FE,,

Hop, =My, — 4y vm . (4.6)

In
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Thanks to the C'-convergence of E, to E and by standard elliptic estimates, it
is easy to see that

vEm ¥ in ¢4(TV), (4.7
for all g € (0,1). Now we would like to prove that \,, — X, thus obtaining the
desired contradiction. We work locally, by considering a cylinder C = B’ x (=L, L),
where B’ € RV~ is a ball centered at the origin, such that in a suitable coordinate
system we have

E, NC={(z"zn) € C:2' € B', xny < g, (")},
ENnC={(z';zy) e C:2" € B', zy < g(2')}

for some functions g, — g in C%#(B’). By integrating (4.6) on B’ we obtain

M HY (B — 4y, / vB (2!, g (') AHN (o)

’

!
__ / div<%) Wy = — [ T gy
¢ 1+ |Vg%\2 B’ \/1+ |Vg%\2 \x ‘

and the last integral in the previous expression converges, as n — 0o, to

Vg x N—2 / . ( Vg > N—1/,.1
— — —dH = — div| ——— | dH T
o' \/1+[Vg? [7'] / V1+|Vgl )

XY B) — [ 0P (g, () MY @),

’

where the last equality follows by (4.5). This shows, recalling (4.7), that
Ay = A,

for n — oco. Thus, by standard elliptic estimates, we get that E, — FE in
3P, O

We now state the main result of this section, namely a uniform local minimality
result for strictly stable critical points of F7.

Proposition 4.3. Let E C TV be a strictly stable critical point for F7, 7 > 0.
Then there exist constants § > 0, ¢ > 0, 7 > 0 and C > 0 with the following
property: take v € (¥ — 7,7 +7) and let E, be a critical point for FV with
dei(E,Ey) < €; then

FUE,) +C(a(E,, F))* < FI(F),
for every set F C TN | with |F| = |E,|, such that o(E,,F) <4.

The proof of Proposition 4.3 will follow the same strategy performed in [1]. The
difficulty here is to check that all the estimates provided there can be made uniform
with respect to the C' closeness of E, to E. Checking this, we in fact simplify
the general argument, by replacing [1, Lemma 3.8] with a penalization argument,
that was inspired to us by [10].

Definition 4.4. Let F C TV be a set of class C*°. We will denote by N, (F),
with pu > 0, a tubular neighborhood of F' where the signed distance dg from F
and the projection mp on OF are smooth in N, (F).

Lemma 4.5. Let E C TV be a strictly stable critical point for F7, 7 >0, and let
p > max{2, N — 1}. Then there exist constants 4 >0, ¥ >0, € >0 and C >0
with the following property:
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for any critical point E., of F7, with v € (¥ —5,7¥+7) and de1(E,E,) < ¢,
and any P € C°(E,) with [|¢Y|lw2r@Ee,) < €, there exists a vector field X € C>
with divX =0 in N,(F) such that, if we consider its flow, i.e., the solution of

o0 _

ot
we have ®(1,x) = x +P(x)vp (x), for any x € OE,. Moreover, the following
estimate holds true

X((I)) ) (P(Ov l‘) =, (48)

[®(t,-) — Wdllwzror,) < CllYllwerom,) -

Finally, set E! := ®(t, E,), and suppose |E}| = |E,|. Then |E.| = |E,| for all
t€10,1], and

X v dHN T =0.
oE!
Proof. Take 0 < € < g, where €y > 0 is the constant given by Lemma 4.2. Then,
possibly reducing e, we can find 4 > 0 and 7 € (0,e) such that N,(E,) is a
tubular neighborhood of E., (see Definition 4.4) for every E, critical point of F7,
with v € (¥ —%,7+7) and dea (E, E,) < €.
Let E, as above. For every x € 0F, consider the function f, : (—pu, ) = R
solution of
{ (f2)'(t) + fo()DdE, (z + tvp, () =0,
fx (O) =1.
Set

(o + twp, (@) = fa(t) = exp( /0 ' Adi, (o + v, ())ds)

Using again the C3-closeness of E, to E, it is possible to find a constant C' > 0
such that [[¢||z~oe,) < CllY¥llw2roe,) < Ce for any set E, as above. Take
0 <e<pu/C and let X be a smooth vector field such that

birey () ds
X(2) = ( /0 e >)§(z)VdE7 (2)  forz e N (E,).

+ svp, (TR, (2))

Notice that the above integral represents the time we need to go from z € JF,
to the point « + W(x)vg, (x) by traveling along the trajectories of the vector field
§Vdg, . Thus, if we move along the trajectories of the vector field X, the time
needed to go from a point z € OF, to the point x + ¥(x)vg, (x) is always one.
Moreover that integral does not change for points z € N,(E,) in the trajectory of
the vector field €Vdg_ . This ensure that divX =0 in N,(E,).

We now prove some estimates on ®. First of all notice that we can find a
constant C' > 0 such that, for every set E. as above, it holds

1 Xllwzr v, (£2,)) < CllYllwerok,) -
Thus, by the definition of the flow ®, we have that
@ —1d[|cow, (£,)) < Cllvllwar(ak,) -
To estimate the other norms, we just differentiate in (4.8) to obtain
[V @(t, ) — ldlcon, () < CullVXlcow, (2, < Cullbllwzror,) -

Since this shows that the (N — 1)-dimensional Jacobian of ®(t,-) is uniformly
closed to 1 on OF,, deriving again in (4.8), we obtain also the following estimate:

IV20(t, ) ror,) < CullVEX | Lo, (2,)) -
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Finally, if |E}/| = |E,|, then
d2
it :/E (divX)(X -vg,) dHN ' =0 for all ¢ € [0,1].

t
~

This follows from [7, Equation (2.30)]. Thus, the function ¢ — |E§\ is affine in

[0,1], and since |E,| = |EL|, we have that it is constant. So
d
0= —|FE :/ divX dHN 1 = X -vge dHN L.
de Et 0B K
This concludes the proof of the lemma. 1

We introduce the penalization we will use in the following.

Definition 4.6. Fix a set £ C TV and a smooth function f : TN — RY such
that f = vp on OE. Then, for sets F C TV, define

Peng(F) := ‘/Ff(x)dxf/Ef(x)dx‘z.

In the following lemma we calculate the first and the second variation of the
penalization Peng .

Lemma 4.7. Let E,F C TV, and (®;); be an admissible family of diffeomor-
phisms. Then we have

L penp(r) = 2( fdz — / fdx) | FX wg) ARV,
ds |s=t F E oF,
and
d—QPenE(F) :2’ (X -vp) d’HN_l‘2
dt? K [t=0 OF

+2(/Ffdx—/Efda:)- [T )i X —div (36, (X )] 4

Proof. Fix i =1,..., N and consider the scalar function g : (—1,1) — R given by
g(t) = [ filw)dz.
Fy

Then

gt) = / (sz X+ fl'diVXt) dz = fi(Xe - vr,) dHN-L.
F OF,

Moreover

d
7101~ (], 5o om) )

[t=0

dHNfl

[t=0

=/, fi%((X 0 @) - (v, 0 @) JNT1Dy)
+/ (Vfi- X)(X -vp) dHN !
oF
= /8 fildive (X (X -vp) + Z v —2X, - V(X -v) + Dvp[X,, X,]] dHN !
'
+/ (Vi X)X -vp) dHN !
oF

= / fz[(X v)divX — div, (X7(X - ,/))} dHNflv
OF

where in the last step we used the same computations as in [1, Theorem 3.1]. O
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Remark 4.8. Notice that
2

d 2
7P6nE(Et) = 2‘/ VE(X . I/E) drHNil
dt? |t=0 OF

In order to define our penalized functional, we need the following technical
lemma, whose simple proof is left to the reader.

Lemma 4.9. Let E C TV be a regular set, and let M > |vg||ci(or) . Then there
exists a constant € > 0 with the following property: for every set F C TN with
de2(E, F) < ¢, there exists a function fr : TN — RN with fr = vp on OF and
I frllcrrnmyy <M.

Moreover, for every n > 0 it is possible to find 1 > 0 such that

’/ ofp dHN Y <y = ‘/ ovps dHN Y <7, (4.9)
OFY OF %
for any function ¢ € H*(OF¥) with ol 1 (orey = 1, whenever F¥ C TN is such
that OFY = {x + ¢(x)vr(z) : © € OF} for some |[¢||w2ror) <17

We are now in position to define our penalized functional.

Definition 4.10. Let E C TV be regular set, and let € > 0 be the constant given
by Lemma 4.9. Then, for every set F C TV with dg2(E,F) < ¢, we define the
penalized functional

FU@) :z]”(G)—F‘/Gfp(x)dx—/FfF(x)dx

2

9

where G C TV and fr is the function given by Lemma 4.9.

Definition 4.11. Let F C:JI‘N as in Definition 4.10. For a set G C TV define the
quadratic form 92F(G) : HY(0G) — R as follows:

PFC) e = PTGl 2| [ ofe an I

Remark 4.12. Let ' C TV be be a strictly stable critical point for F7. Then
PFLF)g] >0  forall o € HY(JF)\{0}.
Indeed, the term due to the second variation of the penalization is non-negative and

vanishes only for ¢ € T+ (0F). By the strict stability of F' we know that 92F7(F)
is strictly positive on T+(0F)\{0}.

We prove a uniform W?2P-local minimality result for the penalized functional.

Lemma 4.13. Let p > max{2, N — 1}, and let E C TV be a strictly stable critical
point for F7 . Then there exist constants ¥ >0, 6 >0, € >0 and C > 0 with the
following property:
take v € (Y—7,5+7) and let E, be a critical point for F¥ with dc1(E, Ey) < €;
then
FL(F) > F (B,) + C|E,AF?,

for every set F C TN with |F| = |E,| and OF = {x+¢(2)vg, (z) : x € OE,} for
some H'[Z)”WZ,]J(@E’Y) <94.

Proof. Step 1. We claim that is possible to find constants ¥ > 0, § > 0, € > 0 and
D > 0 such that, for any v € (y—7,5+7), any critical set E, C TV for F7, with
|E,| = |E| and de1(E, Ey) < €, we have

inf{0>F}, (F)l¢] + o € H'OF), l¢lmon =1} 2D,  (410)



18 R. CRISTOFERI

whenever F' C TV | with |F| = |E|, is such that
OF = {zx +¢Y(x)vg, (z) : © € OE,},

for some ¢ € WP(JE,) with [¢|lw2rE,) < 6.
Part 1. We first prove that we can find constants as above such that

nf{ 027} (F)le] + ¢ € HYOF), lellmom =1,

/ YVE, d?—lN_1’ < 5} >D,
oF

for sets F' C TV as above.

In this case we can reason as follows: suppose for the sake of contradiction that
there exist a sequence 7, — 7, a sequence of sets (E,, ), with |E, | = |E| and
E,, — E in C! (by Lemma 4.2 we can say that the convergence holds in C#), a
sequence of sets (F,,), with |F,| = |E| and

OF, ={x+¢Yn(x)vg, (z) : x € OE, },
for ¢, € W*P(9E,,) with |[¢n|w2rop, ) < 1/n, and a sequence of functions
©n € HY(OF,) with lonllm1ar,) =1 and faFn ©nVr, — 0, such that
D*F ' (Fy)en] — 0 asn — 00.

One can see that £, — E in C%7 implies that F,, — E in W2P. Then there
exist diffeomorphisms ®,, : E — F,, converging to the identity in W?2P?(9FE). The
idea now is to consider the functions @,, € H'(OF) defined as

()571 ::Qpno@n_ana
where , apn := [, ¢n 0 ®, dHV !, and to prove that
PF " (Fp)lpn] — °F " (E)[@n] — 0, (4.11)

and that
OPF(B) ()] - O*F 1 (E)[@a] — 0. (4.12)

The above convergences are proved exactly as in Step 1 of [1, Theorem 3.9], where
we notice that the convergence of the term of the quadratic form due to the penal-
ization, is easily seen to converge.
This allows to conclude: indeed, from the fact that
L 5 ~
*F(B)(2n) ] = PF(E)(Pn) ] =0, (4.13)
we obtain a contradiction with
nf {9 FI(E)e] : ¢ € THOE)\ {0}, [l om =1} = C > 0.

This last fact follows from the strict positivity of the second variation (see [1,
Lemma 3.6]). In order to prove (4.11) and (4.12) we have just to repeat the same
computation as in step 1 of [1, Theorem 3.9]. Finally (4.13) is easily seen to be true.

Part 2. Let > 0 such that (4.9) holds for some 0 < 77 < §, where ¢ > 0 is the
constant provided in the previous case. Then we have two possibilities: either

[ ofe, a1 >0,
OF

and in this case 82.7’-%w (F)[¢] > 2n*, or

‘/BF ove, d’HNfl‘ <mn, (4.14)



PERIODIC CRITICAL POINTS 19

and in this case the validity of the claim is provided by the result proved in the
previous part, since by Lemma 4.9 we have that (4.14) implies

'/E)FWE” dHN Y <7 <.

Step 2. To conclude, we have to check that all the estimates needed in the second
step of [1, Theorem 3.9] can be made uniform with respect to v € (5 — 74,5+ 7).
For any pair of sets £, and F' as in the statement, consider the vector field X,
and its flow @, (-,t), provided by Lemma 4.5. Let E. := ®,(E,,t). Fixed ¢ > 0,
it is possible to find € > 0 and § > 0 such that

||VE~{ — VE'ty ((I)n('7t))||Loo <€, ||JN71(©,Y(,t)) — 1||Loo <eE.
Moreover, thanks to the C!-closeness of Eﬁ to E, we can also suppose
[4y0B5 + Hpe — Ayl <2,

where 4yvP + H E, = Ay. Finally, thanks to the uniform control on the gradient
of the functions fz. , up to take smaller ¢ >0 and § > 0, we have

‘/E wada:—/E wadx‘ <e,

for every ¢ € [0,1]. Thus, we can write
1
Fy(F) — F (E,) = / (1-1) [aZfZ;w (BY)[X, -]

- / (4P + Hp: )dive, (XT(Xy - v )) dHV !
8E§Y

—2(/ vadsc—/ vadx)./ Fo, dive, (XTH (X - v ) dHN 7 [dt
By E, oE! K

Since the vector fields X, ’s are uniformly closed in the C*-topology, it is possible
to find a constant C > 0 such that

[[divr, (XT (X5 - vge ) < ClIIXy v 7 ome) -

HLﬁ(aEt) =
:

for every v € (¥—7,7+7). Thus, the above uniform estimates allow us to conclude,
as in [1, Theorem 3.9]. O

Next result will allow us to obtain the above local minimality property also for
the functional F7.

Lemma 4.14. Let E and E, as in the statement of Lemma 4.13, and consider
the functions f, given by Lemma 4.9. Then there exists € > 0 with the following
property: for any F C TN with dea (Ey,F) < e, there exists v € RN such that

fvdx:/E fydx.

F+ov

Proof. Fix v € ( — 7,7+ 7), where 5 > 0 is the constant given by Lemma 4.13.
Consider the function 7., : RV — RN given by

7,0):= [ e e

Then
DT, (0) = 7/}3 Df,(z)dz.



20 R. CRISTOFERI

In particular (DTW(O»U = — [op vi-v; dHN71 By (3.3) we know that there

exists an orthonormal frame, respect to which the expression of DT, (0) is the
identity matrix. In particular, we obtain that DT, (0) is invertible. This implies
that there exist constants d1,ds > 0 such that

T, (B5,(0)) D Bs, (75(0)) -

One can see that, for any € > 0 small enough, it is possible to find a constant
£ > 0 with the following property: if FF C TV is such that deci(E,, F) < €, then
there exists a diffeomorphism @ : E, — F of class C* such that ||® —Id||c: < €.
In particular it holds that € — 0 as ¢ — 0.

Let F as above and consider the map T7F : RN — RN given by

Tf’(v) = / Sy (@7 (2) — v) J®(z) dx.

E’Y
Then
DTP(0) = —/ Dfy (2! (2))J®(z)dx .

Fixed p > 0 there exists € > 0 such that
IDTZ (0) = DT, (0)|co < p,

whenever de:(Ey, F) < €, and v € (¥ — 5,5 +7). This follows by using the fact
that ||® —Id[|c1 < € and by the uniform control on the C!-norm of the functions
f+’s. Thus, T;I’ ’s can be made uniformly closed to 77, in the C! topology.

This implies that it is possible to find € > 0 such that if dg1(E5, F') < €, then

T (B, 12(0)) D By, (T2 (0)). (4.15)

This follows, for instance, from the proof of the Inverse Function Theorem.

We can now easily conclude as follows: up to take a smaller €, we can suppose
T} (0) € Bs,/4(T4(0)), whenever dei(E,, F) < e. Thus, by (4.15), we have that
there exists v € By, /2(0) such that T (v) = T,(0). This is exactly the statement
we wanted to prove. O

Lemma 4.15. Take p > max{2, N —1}, E C TV be a strictly stable critical point
for F¥, and let ¥ >0, § >0 and C' > 0 be the constants given by Lemma 4.13.
Then, for any v € (Y—7,5+7) and E, critical point for F¥ with dea (E, E,) < €,
we have that

FY(F) > F/(Ey) + Cla(E,, F)?,
for every set F C TV with |F| = |E,| and OF = {z+¢(2)vg, (z) : x € OE,} for
some [|Y|lw2r@E,) < 0.

Proof. Fix a number ¢ € (0,€), where £ > 0 is the constant given by Lemma 4.14.
Then we know that we can find a vector v € RV such that

Penp (F+v)=0.
Thus, by using the result of Lemma 4.13, we can write
FUF)=F"(F+v)= .FZJW (F+wv) > ]'—I;iw (E,) + C|E,AF?
> F(E,) + C(a(E,, F))*.
O

We now prove the uniform L°°-local minimality result, i.e., the uniform version
of [1, Theorem 4.3].



PERIODIC CRITICAL POINTS 21

Lemma 4.16. Let E C TV be a strictly stable critical point for F7. Then there
exist constants § > 0, ¥ > 0 and € > 0 with the following property: for any
v € XA —7,7+7) and any E, critical point for FY with dc1(E, E,) < €, it holds

FEy) < F(F),

for every set F C TN with |F| = |E,|, such that E,AF € N5(Es), where Ns(E,)
is a tubular neighborhood of OE. of thickness .

Proof. Suppose for the sake of contradiction that there exist a sequence v, — 7,
E, — E in C', with |E,| = |E|, a sequence J, — 0 and a sequence of sets F,
with |F,| = |E,, |, EyAF, € Ns(Es,), such that

F(Ey,) > F(Fn) -
Let F,, be a solution of the following constrained minimum problem
min{ 7" (F) + A||F| - |E,|| : FAE, C N5(Es,)}.

By using the C3# convergence of the E, ’s to E, and reasoning as in the proof
of [1, Theorem 4.3], it is possible to find a constant A > 0 independent of v, such
that the sets E,’s are (4A,rg)-minimizers of the area functional, for some ry > 0
independent of v, , and |E,| = |E,|. This is because, if we set v,, := Vd,, (defined
in (OF),, for some p > 0), where d,, is the signed distance from E,,, we have that
||[div v, || L < C for some constant C > 0 independent of n.

Since (E,)n is a sequence of uniform (w,r)-minimizers converging to E in the
L' topology, by Theorem 2.7 we have that indeed E,, — E in the W?2?-topology.
By using again the C3# convergence of the E, ’s to E and the Euler-Lagrange
equation satisfied by each E,, we obtain that dy2»(E,,E,,) = 0 as n — oo.
Since, by definition, F7(E,) < FY(E,,)we obtain a contradiction with the result
of Lemma 4.15. O

Proof of Proposition 4.3. Suppose for the sake of contradiction that there exists a
sequence v, — 7, E, — E in C!, with |E,| = |E|, a sequence 6, — 0 and a
sequence of sets F,, with |F,| =|E,, |, and 0 < &, — 0, where ¢, := a(F,, E,,),

such that o
Fr(F) < Fn(By,) + 7 (al By, )

Let E,, be a solution of the following constrained minimum problem

min{ F7 (F) + A/ (a(F, By,) — 20)* 420 ¢ [F] = [By]}.

Then, by usign a I'-convergence argument it is possible to prove that the E,’s
converge (up to a subsequence) in the L! topology to a solution of the limiting
problem
min{}';’(F) + Ala(F E)| : |F| = |E\}

Reasoning as in the proof of [1, Theorem 1.1] and by using the C®# convergence of
the E., ’sto E (see Lemma 4.2), it is possible to prove that there exists a constant
A, such that, the unique solution to the limiting problem is E itself. Moreover,
reasoning again as in the proof of [1, Theorem 1.1] and using Lemma 2.14 we can
also infer that E,, is a sequence of uniform (w,r)-minimizers, and that E, — E in

the W2P-topology, and thus dw2»(En, E,,) — 0 as n — co. Using the previous

O‘(ETHE’Yn) =1

uniform L°°-local minimality result is it also possible to prove that (P B
nyyn

(see [1, equation (4.17)]). Thus we may conclude
C C
Fr(E) < F(Fy) < F (B, )+ (al By, ) < F1 (B, )45 (al By, Bn)

This yelds the contradiction with the result of Lemma 4.15.
O
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4.3. Continuous family of local minimizers. We now prove a uniqueness result
for critical points of F7 closed enough to a regular critical stable point of the area
functional. We also prove that these critical points are isolated local minimizers.

Proposition 4.17. Let ¥ > 0 and let E C TN be a strictly stable critical point
for F7. Then there exist constants 5y > 0 and € > 0 and a unique family v — E.,
Jor 5 € (5= 5,7+ 3), with |E,| = |E|, such that

o dei(E,,E) < e,

o E. is a critical point for F7.

Moreover v — E., is continuous in C3B, for all g€ (0,1), and E., is an isolated
local minimazer of F7.

Proof. Step 1. First of all we notice that, by Theorem 3.6, we can find a constant
0 > 0 such that

FIE) < F1(F),

for any set F' C TV with |F| = |E|, such that 0 < a(E, F') < §. Then it is possible
to use Theorem 2.25 to find a sequence (E,),, with |E,|=|E|, such that E, is a
local minimizer of 77, and o(E,, E) =0 as v — 7.

By using Corollary 2.15, we infer that the sequence (E,), is a sequence of
(wo, 7o) -minimizers, where the parameter wg can be choosen uniformly with re-
spect to v (see Lemma 2.14). Hence, Theorem 2.7 allows to say that the E,’s
actually converge to E in the C™#-topology.

Step 2. Let g > 0 and 79 > 0 be the constants given by Proposition 4.3, and
take € < g and ¥ < g such that

den (B, E) < e,

for any v € (¥ —%,5 4+ 7). By Proposition 4.3 there exists § > 0 such that the
E.’s are uniform local minimizers with respect to sets F' with |F| = |E,| with
a(F, Ey) <§. In particular, we have that

FEy) <F(F),

for any set F' # E., with |F| = |E,| and a(F,E,) < 4.
By taking a smaller ¢ (and a smaller 7) if necessary, we can assume that

der(F,E) <e = ofF,Ey) <9,

for any set ¥ C TV and any v € (¥ —%,5 + 7). This allows to infer that E. is
the unique critical point of 77 with |E,| = |E| and d¢1(E,, E) < €. Indeed, if F'
is another critical point of F7, with |F| = |E| with d¢1(F, E) < ¢, by using again
Proposition 4.3, we would obtain that F' is an isolated local minimizer of F”7 with
respect to sets G with |G| = |F| and «(G,F) < §. But this is in contradiction
with the isolated local minimality property of E, .

Step 3. Finally, we can deduce the continuity in the C%#-topology of the family
v +— E, as follows: fix v € (¥ —7,7+7), and let 7, — . Then, up to a
subsequence, there exists a set ' C TV such that E, — F in the L' topology.
By the uniqueness property just proved, we have that F' = F, .

Moreover, since (E,, ), is a sequence of uniform (w, ro)-minimizers, we can use
Lemma 2.7 to infer that E., — F in the C%# topology. Thus, by using Lemma
4.2 we obtain the convergence of E,, to E, in the C3P -topology. O
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4.4. Periodic local minimizers with almost constant mean curvature. The
main result of this chapter is the following.

Theorem 4.18. Let E C TV be a smooth set that is critical and strictly stable for
the area functional, i.e., there exists A € R such that

Hyg = A on OF,

and
/ (ID7¢|* = |Bag*¢?) dHN "1 >0 for every o € TH(OE)\{0}.
OF

Fiz constants 7 > 0, € > 0. Then it is possible to find k = k(¥,6) € N and
C = C(¥) > 0 such that for all k > k there exists a unique set F C TV that is
1/k-periodic and with

e deo(F,E*) < £, where E* is as Definition 2.1,

o den(F,EF) < ¢,

o |V Hp|r~or) <<, where Hp is the mean curvature of OF .
Moreover F is an isolated local minimizer of F7 with respect to 1/k-periodic sets,
i.e., there exists 6 > 0 such that, for any set G C TV that is 1/k-periodic and with
|G| = |F|, it holds

FUF) < F(G),
whenever 0 < (G, F) <.

Proof. Consider the sequence

(Ve )k = (VE ™) kem {0} -

Let 44 — E,, be the unique family provided by Proposition 4.17 applied to E.
Take k such that, for all £ > k, de1(E,,,F) < € and E,, is an isolated local
minimizer of F7. This can be done by using the results of Proposition 4.17. Let

. k . .
F:=EJ . Now, it is easy to see that

1
deo(F,E*) = zdeo(By, B) < o don(F, EF)=da(E, ,E)<c¢.

E Q)

Moreover, by (2.5) and (2.4), we have that
f;y(F) = kN‘FZ(E’Yk) = k[P’ﬂ‘N (E’Yk) + 'ykNﬁTN (E'Yk)] = kf:ﬂ*ylk\’ (E"/k) .

Since E,, is an isolated local minimizer for F7%, we obtain that F' satisfied the
isolated local minimimality property of the theorem.
Finally, we have that

Hop(z) = kHop,, (kx) = k(A — 40 (k)

where in the last step we have used the Euler-Lagrange equation satisfied by E., .
Thus, using the definition of 4, we obtain that

4~
IV-Hp| Lo @or) < %HV”E““ |z (oE

’Yk)'

E E

Since vF% — vF in CYP, up to choose a bigger k, we also have the desired
estimate for ||V, Hp||p~@or) - O
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FIGURE 4. An example of a strictly stable periodic surface with
constant mean curvature.

We finally show that the critical points constructed in the above theorem can be
approximated with local minimizers of the e-diffuse energy OK7 .

Corollary 4.19. Let E C TN be as in the previous theorem, and let F be a
periodic critical point constructed above. Define the function w := xrp — XT™p -
Then there exist a constant € > 0 and a family (uc)ec(0,z) such that

e u. is a local minimzier of OKJ ,

o Jonue = [pnu,

o u. —u in LY(TV) as e — 0.
Proof. The proof follows by Kohn and Sternberg’s theorem (see [15] and also [6,
Proposition 8]), thanks to the I'-convergence of OK? to F7 and using the fact that
F' is an isolated local minimizer with respect to 1/k-periodic perturbations. U

Remark 4.20. One can see that a slightly more general local minimality property
holds true for the sets constructed in Theorem 4.18. The statement is the following:
let £ C TV be a smooth set that is critical and strictly stable for the area
functional. Fix constants 5 > 0, € > 0. Then it is possible to find k = k(7,¢) € N
and C' = C(¥) > 0 such that for all k¥ > k there exists a unique set F' C TV that
is 1/k-periodic and with
o deo(F,EF) < ¢, where E* is as Definition 2.1,
o den(F,EF) < ¢,
o ||V Hp| peor) < %, where Hp is the mean curvature of OF.
Moreover the following isolated local minimality property holds true: there exist
constants 6 > 0 and D > 0 such that

FI(F) + D(al(G.F))” < FI(G),
for every set G C TV having |G| = |F| that satisfies

0G ={x+ Y (z)vp(z) : z € IF},
where ¥ € W2P(JF) is such that:
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o [|[¥]lw2rar) <9,

e G restricted to every 1/k-periodicity cell has the same volume of the set
F restricted to the same periodicity cell,

e the restriction of ¥ on each 1/k-periodicity cell is 1/k-periodic.

FIGURE 5. An example of a 1/k-periodic set F' (bold lines denotes
OF') and of an admissible competitor G (dotted lines denotes 9G).

Indeed this follows by noticing that, for the family (E,); considered in the
proof of Theorem 4.18, it holds that vpk (r) = k~2vg_ (kx), and thus

Tk

IVogs [l =0, (4.16)

as k — oco. Now consider the second variation of F7 computed at E’jk, that is
given by (3.2) (since the sets EF ’s are critical sets). Take a function ¢ € T+ (9E% )
with zero average in each periodicity cell and such that the restriction of ¢ on each
1/k-periodicity cell is 1/k-periodic. Notice that:

e the first term is strictly positive for k large: indeed, since ¢ satisfies the
two conditions above, this follows by using a rescaling argument, the fact
that F,, — E in C3P and that E is strictly stable for the area functional,

e the second term is uniformly small with respect to ¢, by (4.16),

e the last term is non-negative, since it can be written as in (4.1).

Thus, we have that, for k& large enough, the sets E’jk ’s are strictly stable with
respect to this kind of admissible functions ¢. This allows us to prove the above
claimed local minimilaty property, by reasoning as in [1, Theorem 3.9].
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