PERIODIC HOMOGENIZATION OF INTEGRAL ENERGIES
UNDER SPACE-DEPENDENT DIFFERENTIAL CONSTRAINTS

ELISA DAVOLI AND IRENE FONSECA

ABsTrACT. A homogenization result for a family of oscillating integral
energies

uaH/f(x,f,u5($))dw, e—0tf
Q

is presented, where the fields u. are subjected to first order linear dif-
ferential constraints depending on the space variable x. The work is
based on the theory of &/-quasiconvexity with variable coefficients and
on two-scale convergence techniques, and generalizes the previously ob-
tained results in the case in which the differential constraints are im-
posed by means of a linear first order differential operator with constant
coefficients. The identification of the relaxed energy in the framework of
4/ -quasiconvexity with variable coefficients is also recovered as a corol-
lary of the homogenization result.

1. INTRODUCTION

In this paper we continue the study of the problem of finding an integral repre-
sentation for limits of oscillating integral energies

Ug /Qf(x, %,ug(x)) dz,

where f : QxRN xR? — [0, +00) has standard p-growth, 2 C R¥ is a bounded open
set, ¢ — 0, and the fields u. : Q — R are subjected to z—dependent differential
constraints of the type

N
if 2 due(z) W-Lp(0. R
;A (6—6) oz, — 0 strongly in W™ P((;R"), 1 < p < +o0, (1.1)

or in divergence form

N
Z 88% (Al(s%)ug(x)> — 0 strongly in W LP(Q;RY), 1 < p < 400, (1.2)
i=1 "

with A%(z) € Lin(R%R) for every z € RV, i =1,--- N, d,l > 1, and where «, 3
are two nonnegative parameters. Different regimes are expected to arise, depending
on the relation between o and .

We recently analyzed in [10] the limit case in which o« = 0, 8 > 0, the energy
density is independent of the first two variables, and the fields {u.} are subjected
to . We will consider here the case in which a > 0,8 = 0 and , i.e., the
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2 E. DAVOLI AND I. FONSECA

energy density is oscillating but the differential constraint is fixed and in “nondi-
vergence” form. The situation in which there is an interplay between a and S will
be the subject of a forthcoming paper.

The key tool for our study is the notion of .o/ —quasiconvexity with variable
coefficients, characterized in [20]. o/ —quasiconvexity was first investigated by Da-
corogna in [§] and then studied by Fonseca and Miiller in [I2] in the case of constant
coefficients (see also [9]). More recently, in [20] Santos extended the analysis of [12]
to the case in which the coefficients of the differential operator <7 depend on the
space variable.

In order to illustrate the main ideas of o/-quasiconvexity, we need to introduce
some notation. Fori = 1---, N, consider matrix-valued maps A’ € C>°(RN; M!*?),
where for I,d € N, M!*¢ stands for the linear space of matrices with I rows and d
columns, and for every € RV define ./ as the differential operator such that

Ou(x)
8901-

N
AU :=ZAi(x) ,x €8 (1.3)

for u € LIIOC(Q;Rd), where % is to be interpreted in the sense of distributions.
We require that the operator o satisfies a uniform constant-rank assumption (see

[18]), i.e., there exists r € N such that

N
rank Z Al(x)w; =r for every w € S"71, (1.4)
i=1
uniformly with respect to x, where SV~ is the unit sphere in RY.
The definitions of &7-quasiconvex function and &7-quasiconvex envelope in the
case of variable coefficients read as follows:

Definition 1.1. Let f : O x R? — R be a Carathéodory function, let Q be the
unit cube in RV centered at the origin,
1 1\N
e=(-33) -
and denote by C2, (RV;R9) the set of smooth maps which are Q-periodic in RY.

per
For every x € Q) consider the set

N
o= {w e CRE™RY [ widy o, ;A’(x)ag’f)c)}. (L5)

For a.e. € Q and ¢ € R?, the & — quasiconvex envelope of f in x € € is defined as
Q&)= int { [ f(o6+wl)dy: wec.),

f is said to be & -quasiconver if f(x,&) = Qu f(z,&) for ae. € Q and ¢ € RY.

Denote by 27¢ a generic differential operator, defined as in ([1.3)) and with con-
stant coefficients, i.e. such that
Al(z) = AL for every x € RY,
with AL € M*4 i =1,...  N. We remark that when &/ = /¢ = curl, i.e., when
v = V¢ for some ¢ € Wli’cl (Q;R™), and if Q is connected, then d = m x N, and
&/ -quasiconvexity reduces to Morrey’s notion of quasiconvexity (see [T, 4 [15] [17]).
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The first identification of the effective energy associated to periodic integrands
evaluated along o/ “-free fields was provided in [5], by Braides, Fonseca and Leoni.
Their homogenization results were later generalized in [11], where Fonseca and
Kromer worked under weaker assumptions on the energy density f. Recently, Ma-
tias, Morandotti, and Santos extended the previous results to the case p = 1 [I6],
whereas Kreisbeck and Krémer performed in [I3] simultaneous homogenization and
dimension reduction in the framework of &7 “-quasiconvexity.

This paper is devoted to extending the results in [II] to the framework of
of —quasiconvexity with variable coefficients. To be precise, in [I1] the authors
studied the homogenized energy associated to a family of functionals of the type

Fo(u.) := /Qf(a:, f,ug(a:)) dx,

where  is a bounded, open subset of RV, u. — u weakly in L?(Q; R?) and the
sequence {u.} satisfies a differential constraint of the form «7“u. = 0 for every e.

We analyze the analogous problem in the case in which @7 depends on the space
variable and the differential constraint is replaced by the condition

u. — 0 strongly in W HP(Q;RY).
Our analysis leads to a limit homogenized energy of the form:

Jo Jrom (z, u(x)) dz  if &/u =0,
+00 otherwise in LP(Q); R?),

(o@hom(u) = {
where from : 2 x R? — [0, 4+00) is defined as

Fuom(@,€) := liminf inf /Q Fl@,ny, €+ v(y)) dy.

n—+o00 vEC,
Our main result is the following.

Theorem 1.2. Let 1 < p < +oo. Let A' € C (RN;M*9), 4 = 1,--- N, and

per
assume that o/ satisfies the constant rank condition (1.4). Let f : QxRN xR? = R
be a function satisfying

f(xz,-,&) is measurable, (1.6)
f(yy,+)  is continuous, (1.7)
flz, &) s Q — periodic, (1.8)
0< f(z,y,6) <COAH+€P)  for all (z,€) € X xR, and for a.e. y € RN, (1.9)
Then for every u € LP(Q;R?) there holds

inf { liminf/ f(:z:7 g,ug(:r)) dr :u. — u  weakly in LP(;RY)
Q

e—0

and u. — 0 strongly in Wﬁl’p(Q;Rl)}

= inf { lim sup/ f(x, g, ug(x)> dr :u. —u  weakly in LP(Q;RY)
Q

e—0

and u. — 0  strongly in W_l’p(Q;Rl)} = Shom(u).
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As in [I0] and [I1], the proof of this result is based on the unfolding operator,
introduced in [0} [7] (see also [21], 22]). In contrast with [IT, Theorem 1.1] (i.e. the
case in which & = &/¢), here we are unable to work with exact solutions of the
system &7 u. = 0, but instead we consider sequences of asymptotically &7 —vanishing
fields. This is due to the fact that for «/-quasiconvexity with variable coefficients
we do not project directly on the kernel of the differential constraint, but construct
an “approximate” projection operator P such that for every field v € L?, the WP
norm of .7 Pv is controlled by the W ~1? norm of v itself (for a detailed explanation
we refer to [20], Subsection 2.1]).

In [10] the issue of defining a projection operator was tackled by imposing an
additional invertibility assumption on & and by exploiting the divergence form
of the differential constraint. We do not add this invertibility requirement here,
instead we use the fact that in our framework the differential operator depends on
the “macro” variable z but acts on the “micro” variable y (see ) Hence it is
possible to define a pointwise projection operator II(z) along the argument of [12
Lemma 2.14] (see Lemma [4.1]).

As a corollary of our main result we recover an alternative proof of the relaxation
theorem [5], Theorem 1.1] in the framework of &/ —quasiconvexity with variable
coefficients, that is we obtain the identification (see Corollary

/D Qu f(z,u(z)) de = Z(u, D)

for every open subset D of Q, and for every u € LP(Q;R?) satisfying &/u = 0,
where the functional Z is defined as

Z(u, D) := inf { liminf | f(z,ue(z)) : (1.10)

e—0 D

ue —u weakly in LP(Q; R™) and «/u. — 0 strongly in W_LP(Q;Rl)}.

We point out here that a proof of this relaxation theorem follows directly combining
[5, Proof of Theorem 1.1] with the arguments in [20]. The interest in Corollary [4.10]
lies in the fact that it is obtained as a by-product of our homogenization result,
and thus by adopting a completely different proof strategy.

In analogy to [I0] one might expect to be able to apply an approximation ar-
gument and extend the results in Theorem to the situation in which A’ €
WELo(RN; M!*4), j = 1-.. | N, which is the least regularity assumption in order
for o7 to be well defined as a differential operator from LP to W~1P. We were
unable to achieve this generalization, mainly because the projection operator here
plays a key role in the proof of both the liminf and the limsup inequalities. In or-
der to work with approximant operators /% having smooth coefficients, we would
need to finally construct an “approximate projection operator” P associated to <7,
whereas the projection argument provided in [20] applies only to the case of smooth
differential constraints.

The article is organized as follows. In Section [2| we establish the main assump-
tions on the differential operator ./ and we recall some preliminary results on
two-scale convergence. In Section [3| we recall the definition of o/-quasiconvex en-
velope and we construct some examples of .o/ —quasiconvex functions. Section [4]is
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devoted to the proof of our main result.

Notation

Throughout this paper,  C R” is a bounded open set, O(f2) is the set of open
subsets of Q, @ denotes the unit cube in RY centered at the origin and with
normals to its faces parallel to the vectors in the standard orthonormal basis of

RN {e1,---,en}, ie.,
1 1\N
@=(-33)

Given 1 < p < 400, we denote by p’ its conjugate exponent, that is
1 1

p p

Whenever a map u € LP,C*,-- - is Q—periodic, that is
u(z+e)=ulx) i=1,---,N

for a.e. z € RN, we write u € L s Cpers -+, respectively. We will implicitly
identify the spaces LP(Q) and Lger(RN ). We will designate by (-, -) the duality

product between W17 and W',
We adopt the convention that C' will denote a generic constant, whose value may
change from expression to expression in the same formula.

2. PRELIMINARY RESULTS

In this section we introduce the main assumptions on the differential operator
o/ and we recall some preliminary results about &/ —quasiconvexity and two-scale
convergence.

2.1. Preliminaries. For i = 1,---, N, consider the matrix-valued functions A* €
C>(RYN;M*4). For 1 < p < +oo and u € LP(Q'Rd), we set

z -1, .l
MU—ZA 8% e WLP(Q;RY).

For every xp € Q and u € LP(Q' RY) we define

—EjA% WP RY).
A (zo)u o) 8% G (R
We will also consider the operators

i 8wa:y)
Ay _ZA B,

and

Ay = Z Al [“)wax Y)
Yi

for every w € LP(2 x Q; R?). Fmally, for every zo €  and for w € LP(Q x Q;R?),
we set

i 8wxy)
JTO'LU_ZA Txl
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and

g 20

For every = € RN, X\ € RV \ {0}, let A(x A) be the linear operator
ZAZ )Ai € MI*
We assume that <7 satisfies the followmg constant rank condition:
rank (g:Ai(x))\i) =7 for some r € N and for all z € RV, A € RV \ {0}. (2.1)

For every x € RV, A € RV \ {0}, let P(z, \) : R? — R? be the linear projection on
Ker A(x, ), and let Q(x, \) : Rl — R? be the linear operator given by

Q(z, NA(z, )¢ := & —P(x,\)¢  for all £ € RY,

Q(xz,\)€ =0 if & ¢ Range A(x, \).
The main properties of P(-,-) and Q(-, -) are stated in the following proposition (see

[20, Subsection 2.1]).

Proposition 2.1. Under the constant rank condition [2.1)), for every x € RN the
operators P(x,-) and Q(z, -) are, respectively, 0—homogeneous and (—1)—homogeneous.
Moreover, P € C®(RYN x RN\ {0}; M9*?) and Q € C=°(RY x RN \ {0}; Mx1).

2.2. Two-scale convergence. We recall here the definition and some properties
of two-scale convergence. For a detailed treatment of the topic we refer to, e.g.,
[2, 14} 19]. Throughout this subsection 1 < p < +o0.

Definition 2.2. If v € LP(Q x Q;RY) and {ug} € LP(O;RY), we say that {u.}

weakly two-scale converge to v in LP(2 x Q;R%), u = v, if

/ng() xfdx—>// xy oz, y) dy da

for every ¢ € L? (; C2 (RN ; RY)).

per

We say that {u.} strongly two-scale converge to v in LP(Q x Q;R?), u, = v, if
Ug 2= 4 and
;i_rg% ||U6HLP(Q;Rd) = ||v||LP(Q><Q;]Rd)-

Bounded sequences in LP(€2;R?) are pre-compact with respect to weak two-scale
convergence. To be precise (see [2, Theorem 1.2]),

Proposition 2.3. Let {u.} C LP(2;RY) be bounded. Then, there exists v € LP(Q2x

Q;RY) such that, up to the extraction of a (non relabeled) subsequence, u. =y
weakly two-scale in LP(Q x Q;R?), and, in particular

Ue —\/ v(z,y)dy weakly in LP(Q;R?).
Q

The following result will play a key role in the proof of the limsup inequality (see
[11, Proposition 2.4, Lemma 2.5 and Remark 2.6]).
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Proposition 2.4. Let v € LP(Q; Cper(RY;R?)) or v € LB,
the sequence {v.} defined as
ve(x) == v(x, f)

3

(RN; C(Q;RY)). Then,

is p—equiintegrable, and

Vg =y strongly two-scale in LP(; RY).
2.3. The unfolding operator. We collect here the definition and some properties
of the unfolding operator (see e.g. [T, [6] 2] 22]).
Definition 2.5. Let u € LP(;R9). For every ¢ > 0, the unfolding operator
T. : LP(Q;RY) — LP(RVN; L2, (RY;R?)) is defined componentwise as

per
Te(u)(z,y) := u(e LgJ +e(y — LyJ)) for a.e. z € Q and y € RY, (2.2)
where u is extended by zero outside Q2 and || denotes the least integer part.

The next proposition and the subsequent theorem allow to express the notion of
two-scale convergence in terms of LP convergence of the unfolding operator.

Proposition 2.6. (see [7,22]) T. is a nonsurjective linear isometry from LP(£; R?)
to LP(RY x Q;R9).

The following theorem provides an equivalent characterization of two-scale con-
vergence in our framework (see [22, Proposition 2.5 and Proposition 2.7],[14], The-
orem 10]).

Theorem 2.7. Let © be an open bounded domain and let v € LP(2 x Q;R%).
Assume that v is extended to be 0 outside Q). Then the following conditions are
equivalent:
(i) ue =y weakly two scale in LP(Q x Q;R?),

(ii) Teue — v weakly in LP(RY x Q;R?).

Moreover,
W= strongly two scale in LP(Q x Q;RY)
if and only if
T.u. — v strongly in LP(RY x Q;RY).

The following proposition is proved in [II], Proposition A.1].

Proposition 2.8. For every u € LP(;R?) (extended by 0 outside 2),
||U — TEu”LP(]RNXQ;Rd) —0

as e — 0.

3. &/-QUASICONVEX FUNCTIONS

In this section we recall the notion of &/-quasiconvexity and «7-quasiconvex
envelope, and we provide some examples of @7-quasiconvex functions in the case in
which &/ has variable coefficients.

We start by recalling the main definitions when &/ = /¢, where 7€ is a first or-
der differential operator with constant coefficients, that is, for every u € LP(Q;R?),
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with AL € M4 for j =1,--- | N.

Definition 3.1. Let f : Q x R? — [0, +00) be a Carathéodory function, let /¢ be
a first order differential operator with constant coefficients, and consider the set

N
Cconst = {'LU S ngr(RN,Rd> : ‘/Qw(y) dy =0 and ZAzcag);y) — 0}
i=1 v

The o7 °-quasiconvex envelope of f is the function Q¥ f : Q@ x R? — [0, 4-00), given
by

Q" f(x.€) == int /Q Fla €t wi)dy: w e Coom ). (3.1)
for a.e. x € Q and for all £ € R?,
We say that f is &7°-quasiconvex if
f(z,8) = Q’Q{cf(a:,f) for a.e. z € Q and for all £ € RY.

Similarly, in the case in which & depends on the space variable, the definitions
of @7-quasiconvex envelope and .&7-quasiconvex function read as in Definition
We stress that o7-quasiconvexity and pointwise o7 (x)-quasiconvexity are related by
the following “fixed point” relation:

Qu f(x,8) = QYW f(x,€) forae. z € Qand for all £ € RY (3.2)

The remaining part of this section is devoted to illustrating these concepts with
some explicit examples of &/-quasiconvex functions. We first exhibit an example
where &7-quasiconvexity reduces to &7 “-quasiconvexity for a suitable operator /¢
with constant coefficients.

Example 3.2. Let 1 < p < 400 and define

f(z,6) == a(z)b(&) for a.e x € Q and every & € RY,
with a € LP(Q) and b € C(RY) N LP(R?). In order for f to be < -quasiconvex, the
function b must satisfy

be) _1nf{/Qb(g+w(y))dy; we UsenCs ).

Consider the case in which C, is the same for every x, for example when the dif-
ferential constraint is provided by the operator:

i Ow(x)

¢ 69:1 ’

N
Sw(x) = ZM(.%‘)A
i=1
where M : Q — M and det M (x) > 0 for every x € Q. In this case,

per

Cy = {weCoo (RY;RY) : /Qw(y)dyzo and%cw:O}

for every x, where

i=1
Hence, [ is o -quasiconvez if and only if b is </ €-quasiconvex.
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In the previous example, &7 -quasiconvexity could be reduced to &/ “-quasiconvexity
owing to the fact that the class C, was constant in x. We provide now an example
where an analogous phenomenon occurs, despite the fact that C, varies with respect
to . To be precise, we consider the case in which &7 is a smooth perturbation of the
divergence operator. In this situation, the 7-quasiconvex envelope of f coincides
with its convex envelope.

Example 3.3. We consider a smooth perturbation of the divergence operator in a
set Q C R?, that is

ﬁf/u::(a(ox) ?)VU for every u € LP(;R?), 1< p < +oo,

with a € C(Q) and
<a(x) <1 for everyz €.

1
We notice that i
ker A(z, \) = {f eR? 1 a(2)Mi&1 + Xobo = 0},
and therefore
rank A(z,\) =1 for every z € Q and A € R?\ {0}.
In this situation, the class C, depends on x, since we have

2.2y . w o an alx awl(y) awZ(y) _
@5 [ wdy=0 end o7 ZEY — o0},

sz{wGC’OO

per

although

Usest ker A(z, \) = R?.
Let now f : R — [0, 4+00) be a continuous map. By [12, Proposition 3.4], it follows
that Qg f () coincides with the convex envelope of f evaluated at &, exactly as in
the case of the divergence operator (see [12, Remark 3.5 (iv)]).

We conclude this section with an example in which the notion of .&7-quasiconvexity
can not be reduced to & °-quasiconvexity with respect to a constant operator .o7°.

Example 3.4. Here we consider a smooth perturbation of the curl operator in a
set @ C R2. Let o : LP(;R?) — WLP(Q;R?) be given by

Ouy | Ou

a$1 5$2 ’

where ay € C(Q) is not constant, and satisfies

du = —ay(x)

% <ai(x) <1 for every x € Q.
We first notice that

ker A(z,\) = {f eR?: May(z)é = )\251}
= {f ER?: & =)y and & = aay ()N, a € R},

hence
rank A(z,\) =3 for every x € Q, A € S'.
The class C, depends on x and there holds
0 0
C, = {w € ngr(Rz;Rz) : / w(y)dy =0 and aq(x) w2(y) = w1(y)
Q

oy 0y

} (3.3)
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dp(y)
3?/1

)

~{wecmmir): [ ww)d=0 wl) =)
Q
and  wa(y) = v where p € Cpg (R )}
Let now g : QxR? — [0, 4+00) be a quasiconvex function and let f : Q x R? — [0, +00)
be defined as
— & 2
flx, &) = g(z, (al(x)’&)) for a.e. x € Q and for every £ € R*.
We claim that
Quf(x,8) = f(x,6) for a.e. x € Q and for every € € R%
Indeed, by (3.3)) there holds
inf /Q F(@, €+ wly)) dy

weCy,

:inf{/Qf<CE, (51 +a1(x)M §2+8L(y)>)dy: wecggr(R%}

Ay’ 0y2
“ut{ [ ol (G + G+ ) e )
= Qg(r. (- f(lx),ﬁz))

for a.e. x € Q and for every & € R?, where Qg denotes the quasiconvex envelope of
the function g. The claim follows by the definition of f and the quasiconvexity of

g.
4. A HOMOGENIZATION RESULT FOR .%7-FREE FIELDS

In this section we prove a homogenization result for oscillating integral energies
under weak LP convergence of &7 —vanishing maps. Fix 1 < p < 400 and consider

a function f: Q x RN x R? — [0, +00) satisfying (T.6)—(T.9).
In analogy with the case of constant coefficients (see [I1, Definition 2.9]), we
define the class of @7-free fields as the set

F = {v P xQ;RY: ouv=0 and 42{9;/ v(z,y)dy = O}, (4.1)
Q

where both the previous differential conditions are in the sense of W~1:P.
We aim at obtaining a characterization of the homogenized energy

inf { lim inf/Q f(:lc7 g,ug(:v)) dzr: u. —u weakly in LP(€; R?) (4.2)

e—0
and /u. — 0 strongly in W_l’p(Q;]Rl)}.

We start with a preliminary lemma, which will allow us to define a pointwise
projection operator. We will be using the notation introduced in Sections [2] and

Lemma 4.1. Let 1 < p < +oo. Let A® € ngr(]RN;Mle), i=1---,N, and
assume that the associated first order differential operator of satisfies (2.1)). Then,

for every x € Q there exists a projection operator
H(x) : LP(Q;RY) — LP(Q;RY)
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such that
(P1) M(x) is linear and bounded, and vanishes on constant maps,
(P2) T(z)oIl(x)y(y) = (x)¥(y) and o, (z)[(x)p(y)) =0 in W HP(Q;R')
for a.e. x € Q, for every 1 € LP(Q;RY),
(P3) there exists a constant C = C(p) > 0, independent of x, such that
v (y) — T(x)y(y )”LP(QRd < C||437 (@) llw-1. P(QR!)
for a.e. x €Q, for every ¢ € LP(Q;RY) with fQ y)dy =0,
(P4) if {in} is a bounded p-equiintegrable sequence in LP(Q R%), then {I1(x), (y)}
is a p-equiintegrable sequence in LP(Q x Q;R?),
(P5) if o € CH(Q; C2 (RN RY)) then the map i, defined by
on(z,y) == (z)e(x,y) for every x € Q and y € RY,
satisfies or € C1(; O (RN ;RY)).

per

Proof. For every x € Q, let II(z) be the projection operator provided by [12], Lemma
2.14]. Properties (P1) and (P2) follow from [12], Lemma 2.14].
In order to prove (P3), fix z € Q and v € C2 (RY;RY). Let A, P and Q be the

per

operators defined in Subsection Writing the operator II(z) explicitly, we have
M@)p(y) = > Pz, N)p(A)e*™ 2,
AeZN\{0}
where

P(N) == /Qw(y)e%iy'A dy, for every X € ZN \ {0}

are the Fourier coefficients associated to .
By the (-1)-homogeneity of the operator Q (see Proposition [2.1]) we deduce

W) - =] Y Qe Na@ NN @)

AEZN\{0}
| 2 gl gy aEime)
AEZN\{0}

For 1 < p < 2, by the smoothness of Q and by applying first Holder’s inequality
and then Hausdorff-Young inequality, we obtain the estimate

[(y) = D)y (y)l” (4.4)
< (o 10N (Y 5E) (X e ainr)”

AEZN\{0} AEZN\{0}
<o X @ NIOP) < Ol @RI g
AEZN\{0}
where we used the fact that
Az, NP < Clet, () dly) (V)] (4.5)

for every z € Q and A € ZV \ {0}, by the definition of the Fourier coefficients, and
where both constants in (4.4]) and (4.5 are independent of A and x.
Consider now the case in which p > 2. By (4.3]) we have

[v(y) — ()Y (y) [P (4.6)
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(emoatoe ) ( 2 )7 (3 meaion)
C

IN

AEZN\{0} AEZN\{0}

> AP

AezZN\{0}

SC( sup  |A(z, A\)y ()|p 2) Z |A(xa)‘)1/3()‘)‘2~

AEZNA{0} AEZN\{0}

IN

By the definition of Fourier coefficients and by Hoélder’s inequality we have

A, (N < Cllety (@)d ()| o smr)
for every z € Q and A € ZV \ {0}. In view of [12, Theorem 2.9],

S A NP = 11 (@) (w)]22 g

AEZN\{0}
Therefore by (4.6]), applying again Hélder’s inequality,
[Yb(y) — () () (4.7)

< Cllaty @) 2 o | (@ )22 ) < Cllty (@)@ L

where the constant C' is independent of x and y. Property (P3) follows by
and via a density argument.
(P4) follows directly from (P3), arguing as in the proof of [IZ, Lemma 2.14 (iv)].
Let now ¢ € C*(Q;0 (]RN R?)). The regularity of the map ¢ is a direct

per

consequence of Proposition 2.1} the definition of IT and the regularity of «7. Indeed,
pu(e,y) = Y P, ), N)er™ A, (4.8)
AEZN\{0}

for every x € Q and y € RV, where
Pl i= [ oa e de
Q

for every x € Q and A € ZV \ {0}. By the regularity of ¢ and by [12, Theorem 2.9
we obtain the estimate

(i 5 DRl >é > | 2w

AezZN\{o0}

L2(QiR4) —

for every x € €, hence by Proposition [2.1] and Cauchy-Schwartz inequality there
holds

Pz, Nz, e <C Y @@\ (4.9)
AEZN\{0}, [A[>n AEZN\{0}, |A|>n
1 1
« 2 1 \2
<o X ke Y )
AEZNN\{0}, [A[>n AEZN\{0}, |A|>n

1

<c( X #)2

AEZN\{0}, [A|Zn

By (4.9) the series in (4.8)) is uniformly convergent, and hence ¢y is continuous.
The differentiability of ¢ follows from an analogous argument. O
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For every v € LP(Q x Q;R%), let
Sy ::{{ua} C LP(GRY) -, =y weakly two-scale in LP(Q x @Q;RY)  (4.10)
and &/u. — 0 strongly in Wﬁl’p(Q;Rl)}.
Let also
S::{USU:UELP(QXQ;Rd)}. (4.11)
We provide a characterization of the set S.

Lemma 4.2. Let v € LP(Q x Q;R?). Let o be a first order differential operator
with variable coefficients, satisfying (2.1)). The following conditions are equivalent:

(C1) veF (see {{1));
(C2) S, is nonempty.

Proof. We first show that (C2) implies (C1). Let v € LP(Q x Q;R?) and let
{u.} C S,. Consider a test function ¢ € Wy (Q; R!). Then

(Hue, ) -0 ase— 0.
On the other hand,

N ues , z
(A ue, ) = — z;/ﬂ (ag;l )uE(x) “p(x) + A (z)ue () - agﬂi)) dx (4.12)

and by Proposition up to the extraction of a (not relabeled) subsequence,
Ue — / v(x,y)dy weakly in LP(Q;R?). (4.13)
Q

Passing to the limit in (4.12]) yields
yfm/ v(z,y)dy =0 in W LP(Q;RY).
Q

In order to deduce the second condition in the definition of .%#, we consider a
sequence of test functions {e¢ (%) (x)}, where ¢ € Wy (Q;R?) and ¢ € C°(Q).

Since this sequence is uniformly bounded in VVO1 > (2 RY), we have

(e, e(2)0) =0
as € — 0, where

(A ue, 590(g)77[}>

N i(y
== [ (%5

N
D> [ At@ta) - 52 (2)via) de.

T

ue() o2 ) ) + A eueta) - o(£) 200 gy
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Passing to the subsequence of {u.} extracted in (4.13)), the first line of the previous
expression converges to zero. By the definition of two-scale convergence, the second
line converges to

N
3 [ [ Ao 25 ay i

and thus

=0

Z Al ayz ¢>W—1,p(Q;Rl)7W01~PI(Q;RI,)
for a.e. x € Q), that is
Ay =0 in W HP(Q;RY) forae. z€Q.
This completes the proof of (C1).
Assume now that (C1) holds true, i.e., v € #. In order to construct the sequence
{uc}, set
o) = o(e9) = [ ol
Q
We first assume that v; € CH(Q; ClL, (RY;R?)). Defining

per
ue(z) = / v(x,y)dy + v (m, E) for a.e. z € Q,
Q £

by Propositionwe have u, =y strongly two-scale in LP(2 x Q; R?). Moreover,
by the definition of .# and Propositions [2.3] and

AL AR OF)
i= = . ;
_ZAZ 89:1( )—\ZAZ(x)axi/Qv(x,y)dy—O

=1

weakly in LP(Q;R!). Hence v satisfies (C2).

In the general case in which v; € LP(Q x Q;R?), we first need to approximate v;
in order to keep the periodicity condition during the subsequent regularization. To
this purpose, we extend v; to 0 outside Q2x (), we consider a sequence {p;} € C(Q)
such that 0 < ¢; <1 and ¢; — 1 pointwise, and we define the maps

vi(z,y) = pj(y)vi(z,y) forae zeQ andye Q.
Extend these maps to Q x RY by periodicity. It is straightforward to see that
vl = v strongly in LP(Q; Lger(RN; R4)) (4.14)
by the dominated convergence theorem. Moreover
| 0] |lw 10ty — 0 strongly in LP(Q). (4.15)
Indeed, by (4.14 , and since @,v = 0,
|| o7, (x)v I, Y- Loty — 0 forae x €,

and

Iy (@0 (@, Iy 2y < CloslE w11 @ ) ey < Cllor@ I o
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for a.e. € Q. Thus (4.15) follows by the dominated convergence theorem.

Convolving first with respect to y and then with respect to @ we construct a
sequence {v27} € C(Q; €2, (RV;RY)) such that

per
0P — vl strongly in LP(€; LP (RN R%)), (4.16)

and _
703 |10 (@umty — O strongly in LP(£), (4.17)

as 0 — 0. In view of (4.14)—(4.17), a diagonal argument provides a subsequence
{6(4)} such that {vf(J)’J} satisfies

vf(j)’j — w1 strongly in LP(Q; Lger(RN;Rd)) (4.18)
and o

2,039 w10ty — O strongly in LP(Q). (4.19)
Set

W o)1= 1) (o ) = [ o 9) )
for a.e. z € Qand y € Q. By Lemmawe have w’ € C™(Q; C2,.(RY; R%)),
yw! =0 in WHP(Q;RY)  for ae. z € Q, (4.20)

and
p

' _ oy 507
lw? — v1||[£p(QxQ;JRd) = C(ij a Ul(J) ] +/QU1(J) ey
5(i 7. 5(i 7'
I == [ 90 ol )
o ;
5 ;
<o /Hd R ][ A

| s
Ty /Qvlm i a,y) dy”ip(QXQ;]Rd)).

Therefore, in view of (4.18) and (4.19)),

w’ — vy strongly in LP(Q x Q;RY). (4.21)

LP(QxQiR?)

We set
ul () = /Qv(:r,y) dy + w? (:v, g) for a.e. x € Q.

By Proposition and (4.21)),
u? 5 v strongly two-scale in LP(Q x Q;RY) (4.22)
as € = 0 and j — +o00, in this order. Moreover, by (4.20) and since v € F,

ol = ZA’ g‘;’J( x)

By (4.21), Proposition and the compact embedding of WP into LP, we
conclude that

ol = ﬂ/ vi(z,y)dy =0 (4.23)
Q
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strongly in W~=5P(;RY), as e — 0 and j — 400, in this order. By (#.22), (#.23),
and Theorem it follows in particular that

lim lim (||T€u§ = vllr(axq@re) + ||’Q{ug||W*11P(Q;]RZ)) =0.

j—+o0e—=0
Attouch’s diagonalization lemma [3, Lemma 1.15 and Corollary 1.16] provides us

with a subsequence {j(¢)} such that, setting u. := w2 there holds

Toue ! strongly two-scale in LP(Q x Q;R%)

and
u. — 0 strongly in W—HP(Q;R!).
The thesis follows applying again Theorem O
In order to state the main result of this section we introduce the classes

U = {uc LP(GRY) . o/u =0} (4.24)

and
W o= {w € LP(Qx Q;RY): / w(z,y)dy =0 and Fw = O}. (4.25)

Q

It is clear that v € % if and only if
/ v(z,y)dy e % and wv —/ v(z,y)dy € #.
Q Q
Let &hom : LP(Q;R?) — LP(Q; R?) be the functional
Grom (1) = liminf,, oo infuwew [q [ f(2,ny,u(@) +w(z,y)) dyde fue,
hom 4o otherwise in LP(£2;RY).
(4.26)
We now provide a first characterization of (4.2]).

Theorem 4.3. Under the assumptions of Theorem for every u € LP(;RY)
there holds

inf { lim inf f(ac, g,ug(x)) dr :u. —u  weakly in LP(; R?)

e—0 Q

and ue. — 0 strongly in Wﬁl’p(Q;Rl)}

= inf { lim sup/ f(:c, g, ua(:c)) dr:u. —u  weakly in LP(Q;RY)
Q

e—0

and Aue — 0 strongly in W_l’p(Q;]Rl)} = Ghom(u). (4.27)

We subdivide the proof of Theorem [4.3] into the proof of a limsup inequality

(Corollary and a liminf inequality (Propositions and .
We first show how an adaptation of the construction in Lemma yields an

outline for proving the limsup inequality in (4.27)).

Proposition 4.4. Under the assumptions of Theorem[1.3, for everyn € N, u € %
and w € W there exists a sequence {us} € Syt (see (4.10))) such that

ue —u  weakly in LP(Q;R?), (4.28)
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limsup/Qf( dx<// ey u(e) + w(z,y) dyde.  (4.29)

e—0

Proof. Step 1: We first assume that v € C(;R?) and w € C1(Q; O, (RN; R?)).

per
Arguing as in [I1l Proof of Proposition 2.7] we introduce the auxiliary function

9@, y) = fz,ny, u(z) + w(z,y))

for every z € Q and for a.e. y € RY. By definition, g € C(£; L2
setting

(RY)). Hence,

per

ge(x) := g(m, i) for a.e. z € Q,
ne
Proposition [2.4] yields

lim f(x,g, (z )+w(x i))d:ls—hm ge(x) dx

e—0 e—0
// glz,y dydaz—//f:cny, ) +w(z,y))dydz.

ue(z) = u(x) + w(ﬂc, nis) for a.e. z € Q.

Define

By the periodicity of w in the second variable and by the definition of #,

Ue — U +/ w(z,y)dy =u weakly in LP(Q;R?).
Q

By Proposition Ug = utw strongly two-scale in LP(Q x Q;R%). Finally
(recalling the definitions of the classes % and #') by the regularity of w and by
Proposition [2:4]

Aue = X:AZ &fnl( ) ZAZ o / w(z,y)dy =0

weakly in LP (Q;Rl) and hence strongly in W~=1?(€;R!), due to the compact em-
bedding of L? into W 1P

Step 2: Consider the general case in which u € % and w € #. Arguing as in
the second part of the proof of Lemma (up to ), we construct a sequence
{w’} € C1(Q; O (RV;RY)) such that

per

w! — u+w strongly in LP(Q; L2, (RY; R%)), (4.30)

per

and
yw? =0 in WHP(Q;RY)  for ae. z€Q, for every j.
Set
; - x
ul(z) == w’ (m, —) for a.e. z € Q.
ne
By Proposition there holds
ul Sutw strongly two-scale in LP(Q x Q;R?), (4.31)

as ¢ — 0 and j — +o00, in this order. In addition, arguing as in the proof of ((4.23)),
we have
dul — 0 strongly in W=1P(Q;RY) (4.32)

as € — 0 and j — 400, in this order.
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To conclude, it remains to study the asymptotic behavior of the energies associ-
ated to the sequence {u!}. Consider the functions
g (@,y) = flz,ny,w (z,y))
4 x
gl(z) =g (w f)

ne

and

Arguing as in Step 1, we obtain

lim lim f(:cz Wl (z )) dr = lim lim ga'( ) da (4.33)

j—+ooe—0 Jj—+ooe—0

= lim // zydydx—//f:rny, )+ w(z,y)) dy dz
Jj—+oo

where we used the periodicity of gZ, together with ( . ) and - In view of

([@:31)-(.33), Attouch’s diagonalization lemma [3, Lemma 1.15 and Corollary 1.16],

and Theorem we obtain a subsequence {j(¢)} such that u. := ul® satisfies

both ( and 1-) O

Proposition yields the following limsup inequality.
Corollary 4.5. Under the assumptions of Theorem for every u € LP(Q;R?)

inf { lim sup/gf(x, g,ug(x)) dr:u. —u weakly in LP(Q;RY)

e—0

and /u. — 0 strongly in W_l’P(Q;]Rl)} < Ehom (1)

We now turn to the proof of the liminf inequality in Theorem For simplicity,
we subdivide it into two intermediate results.

Proposition 4.6. Under the assumptions of Theorem[1.3, for every sequence &, —
0%, u € % and {u,} € LP(;R?) with u, — 0 weakly in LP(Q;R?Y) and /u,, — 0,
there exists a p-equiintegrable family of functions
YV :={vyn:v,n €N}

such that ¥ is a bounded subset of LP(Q;R?), for every v € N and as n — +o0

Uyn — 0 weakly in LP(; RY),

Ay — 0 strongly in WH(Q;RY)  for every 1 < q < p.
Furthermore,

liminf | f (x, 2,

n—+oo Q n

u(zx) + un(x)) dx > sup { lim inf/ flz,vnz, u(x) + vy (x)) dx}.
veN \ n—+oo Jo

Proof. The proof follows the argument of [I1], Proof of Proposition 3.8]. We sketch

the main steps for the convenience of the reader.

Step 1:

We first truncate our sequence in order to achieve p—equiintegrability. Without

loss of generality, up to translations and dilations we can assume that  C Q.

Arguing as in [12] Proof of Lemma 2.15], we construct a p-equiintegrable sequence

{1, } € LP(Q;R?) such that

Ty — U, — 0 strongly in LI(Q;R?)  for every 1 < ¢ < p,
i, — 0 weakly in LP(Q;R?),
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A, — 0 strongly in W™H9(Q;R!)  for every 1 < ¢ < p,

and
- z .. x -
lnlgfg/g f(x, ;,u(:z:) + un(x)) dx > ngf;i/ﬁ f(x, ;,u(z) + un(x)> dzx.
Step 2: we consider the sequence
~ 1
kyni=—.
VEn

If {l;,,n} is a sequence of integers (without loss of generality we can assume that it
is increasing as n increases), then there is nothing to prove and we simply set

{an if k= oy,

Up,k = .
0  otherwise.

s

In the case in which {l%un} is not a sequence of integers, we define

91’ n
ku,n = —,
VEn
where
1
Oy n =veEy {—J
VEn
In particular
O,n—1 asn— +oo. (4.34)

An adaptation of [T1, Lemma 2.8] applied to {a,} yields a p—equiintegrable se-
quence {t,} € LP(Q;R%) such that

@iy — Uy — 0 strongly in LP(€; R?),
@, — 0 weakly in LP(Q \ Q;RY),
AUy — 0 strongly in W™9(Q;R!) for every 1 < g <p.  (4.35)
Arguing as in [I1], Proof of Proposition 3.8] we obtain
x
li inf (777 n )d > li f/ 7ku’na v d7
lim inf Qf x - U+ up () z 2 lim inf Qf(gc Vky @, () + vy g, (7)) do

where
Vyky o (T) := U (O, nz) for ae. z€Q,
v € Nand n € N are large enough so that 8, ,Q2 C Q). Setting

vk, ifn=k,a,
Vym 1= .
0 otherwise,

the sequence {v, ,} is uniformly bounded in LP(2; R?), p-equiintegrable, and sat-
isfies
vy — 0 weakly in LP(Q;R?)
as n — +oo. To conclude, it remains only to show that
v, — 0 strongly in W™H9(Q; R for every 1 < g <p (4.36)
as n — +00. ,
Let g as above be fixed, and let ¢ € VVO1 4 (Q;RY). A change of variables yields

el
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— ‘/Q(iﬁ;m(m)un(@yn ) 81;;1 in an).@(x)) dx‘
1 - i Y \- 330 y
- @’ /GMQ (;A (9y,n>u"(y) " O (9%)
N 9Al T y
" ; o, (a)un(y) : @(QM)) dy‘.

For n big enough 0, ,2 C Q. Hence, by (4.34), adding and subtracting the quantity

e (22 () 43 - o))

un

we deduce the upper bound

|<JZ{Uu,na <P>|
N
< 02 |4w) - Ai(ain)‘ oGy

+C;\\Z§S<y>—‘3‘i<£ )

1l o0z 1o

v oo @uia 18l L@ 1o @m)

+ Ol -y |y ey

Property - ) follows now by (4.34) and (4.35)). O

To complete the proof of the liminf inequality in (4.27) we apply the unfolding
operator (see Subsection [2.3) to the set ¥ constructed in Proposition

Proposition 4.7. Under the assumptions of Theorem[1.3, for every u € % and
every family ¥ = {v,n : v,n € N} as in Proposition there holds

lim inf lim inf/ fl@, vna, w(z) + vy (z) de > Enom(u).

v——+oo n—+oo Q

Proof. Fix u € % and let {v,,, : v,n € N} be p—equiintegrable and bounded in
LP(Q; RY), with
»— 0 weakly in LP(Q;R%) (4.37)
and
v, — 0 strongly in Wb4(Q;RY)  for every 1 < g < p, (4.38)
as n — 400, for every v € N. Fix ¥ cC Q and for z € Z" and n € N, define

z 1
Qu,z =+ 7@3
14 14

and
7" ={zeZ" :Q,.nQ #0}.

We consider the maps

1 1
Tiv,pn(z,y) = vuyn(vaxJ + fy) for a.e. x € Qy € Q,
v v v
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where we have extended the sequence {v,, ,, } to zero outside 2. A change of variables
yields

/fxunxu () + vy n(z)) de > Z flz,vnz, u(x) + vy n(x)) do

zezy ’ Qu.z

N z : Y

> / yorw (4 0) F (4 7)) do

zZEZLY
Z / / = ny,Tl U(ZL‘ y) +T1 Uy n(z y)) dyd%
zZELY
Z / / M = ny,Tl u(z,y) +T1vun($ y)) dy dz,
sezv 2N

where the last inequality is due to (1.9)). By [11, Proposition 3.6 (i)] and Proposition
we conclude that

/ flz,vnz, u(z) + v, n(x)) dz (4.39)
>JV+ZEZZV/ mQ,/f:z:ny, z) + 0y,2n(y)) dy dz,

where
. z
)= Ty (210)

for a.e. y € Q, and 0, — 0 as v — +00. The sequence {0, .} is p-equiintegrable
by [11, Proposition A.2], and is uniformly bounded by (4.37)) and Proposition

since
N 1
/ |vu,z,n(y)|p dy = 7N/ |Uu,n(x)|p dx.
Q veJQu..

By the boundedness of {v,,, : v,n € N} in LP(Q;R?), and by ([£.37) there holds
Oyom — 0 weakly in LP(Q;R?) (4.40)

as n — +oo, for every z € Z”, v € N. Denoting by xq, .no the characteristic
functions of the sets @, . N, we claim that

=0 (4.41)

lim sup lim sup H Hd Z XQ, .o (T 'UV,Z,TL(y)H La(Q)

v—+oo n—+oo vezr W—1a(Q;R!)

for every 1 < g < p. Indeed, fix 1 < ¢ < p, and let ¢ € Wol’q,(Q;Rl). Then

N
(3w ] =] [, Ao 1) TG

_VN‘/ ZAZ vynx)ogj(l/xfz)dm‘.

v,z j—

Adding and subtracting to the previous expression the quantity

/ ZAZ Uy () 8¢(1/x—z)dm,
Q yi

v,z i=1
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and setting ¢¥(z) := ¢(vz — z) for a.e. = € Q, we obtain the estimate

\<%(§)ﬁy,z,n, ¥)|

<VNH2( (2) - 4@ vn (@)

A (@), (@)

o
yi

(va — z)’

L4 (Qu,=iRY)

L1 (Qu,z?Rl)

1%
W-14(Q,,-;R!) o2 ”Wol’q,(Qu,z;Rl)'

I3
A change of variables yields the upper bound
198 s

L7 (Qu,-;RY) v

ﬂ/HwH 1q(Q]RL

H 6yz ‘
Thus, by the regularity of the operators Ai,

d)||lb||;1ﬂ;,ql(62;ﬁgl)

it (3o ] s 00 S 5

Loo (Q;Mlxd)
(4.42)
o |2 ai
nev ﬂﬁz( (x)vy’n(x))HW‘1=‘1(Q,,,Z;R")”w”Wol’q/(Q;Rl)'
Using again the Lipschitz regularity of the operators A%, i = 1,--- , N, we deduce

N
- i i ? N
()b () im0y < ; |4 - 4i(2) \\Lm(wlxd)Hvu,z,nHLq(Q;Rl)
(4.43)

Z\ .
+ H%y (;)U”’Z’”(y) HW-M(Q;RL)

OA!
190,20l La(Qirty +H°‘2‘7< )”l’z"(y)Hw4=q(Q;Rl)

7HZ Ox; | Loo(Q:Mixd)
for a.e. z € (), .. Hence, by (4.42)) and (4.43)), we obtain
Z / de(m)@u,z,n(y)||€V—1,q(Q;Rz)dm

ZEZV QVZO
C N oAl e
< = L d
_gz:u v Q.00 Za$i Loo(Q;Mlxd)HUV’Z’"HL“Q;R” v
LD D R 7 (L0 [ A
2 oo (@)
- q C
- EH Z XQu.=ne (x)v”’z’"(y)‘ La(QxQ;RY) - ;| )
ZEZLV
dA™, ,
Z/C;) mQ/ l/Zn Z 8‘7/.1, Wﬁl’q(Qu,%Rl)

(R4)

La(QxQ;R?)

q
1S xenne <x>@u,z,n<y>\
zZELY



HOMOGENIZATION FOR & (2)—QUASICONVEXITY 23

OA? Uy

+ Cvs Ox;

W-La(;RY)

Property (4.41)) follows now by (4.37) and (4.38]), and by the compact embedding
of L? into W—1»P
Consider the maps

H(-T) (6u,z,n(y) - fQ ﬁl/,z,n(g) dg) - fQ H(I) (@mzm(y) - fQ ’sz,n(f) dé) d
Wy n(z,y) = forxe@,.NY, z€eZ¥ yeqQ,
0 otherwise in €.

By Lemma the sequence {w, } is p-equiintegrable, and
Ay, , =0 in WHP(Q;RY)  for ae. z€Q,
for all v,n € N. In particular, {w, ,} C #. We claim that

v T, y) — (x)0y 2.m —0 4.44
en(,9) 2 Xuaonr @i O] (4.44)
as n — +00, v — 400, for every 1 < ¢ < p.
In fact, by Lemma [4.1] there holds
a
Hx(@uzn _/ﬁl/zn d)_@l/zn ‘
[0 (Bsn0) = [ 202n€) ) = trn ],

R . q
< (1@ sy +| [ Fuen) )

Therefore
[ gzj x@u.rer () (1) (B0, () /Q Bz (€) 4E ) = buzn(v) )| i g
(4.45)

S C( Z / o Hﬂy(z)lﬁmzﬂl(y)||({]/V71,4(Q;Rz) dl’
[ teat ] ),
ng:V Qu, N Q )

The first term in the right-hand side of (4.45) converges to zero as n — 400
and v — 400, in this order, owing to (4.41). The second term in the right-hand

side of (4.45) converges to zero as n — +oo and v — 00, in this order, by the
dominated convergence theorem, owing to (4.40) and the uniform boundedness in
LP of {0, ,n}. Hence, both the left-hand side of (4.45)) and the quantity

/ {2 xau.n0@1@) (tn(y) - /Q @,,,z,n@)dg)}dyﬁo,

zZEZLY

converge to zero as n — 400 and v — +00, and we obtain
Up to the extraction of a (not relabeled) subsequence, we can assume that

lﬂi&fh@f&f / // flz,ny,u(x) + Oy 20 (y)) dy dx (4.46)
. Jau.ne
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— lim liminf ) .
Jimlim inf Z/ m,/ F@,ny, w(z) + .20 (y) dy do

z€ZY
Hence, in view of ([£.44) and (£.46) we can extract a subsequence {n(v)} such that

Vkrfwlégi&f) / mQ// flz,ny,u(x) + Oy 20 (y)) dy dx (4.47)
GZV l/z
=m0 ey u(o) + b)) dyde, (049
l/—>+OO EZV Qu an/ Q
and
Wy () (T, ) — Z XQ,..n (2)0y 2 () (y) — 0 strongly in Lq(QxQ;Rd), (4.49)
zeZv

for every 1 < ¢ < p. Going back to (4.39)), by [I1, Proposition 3.5 (ii)], (4.47)) and

)

lim inf lim inf/ flz,vnz, u(x) + v, p(x)) de

v—+00 n——+oo Q

2 timint [ [ £ n0),00) 000 (0 0) dy

v——+00

By the p-equiintegrability of {w, ()} and by (L.9)), letting [©2\ Q| tend to zero,
we conclude

lﬂi{g lﬁﬁi&f flz,vnz,u(x) + v, n(z)) dz

v——+00

zliminf// [z, n(v)y, u(r) + wy ney (2, y)) dy do

> liminf inf /f(xm(l/)y,w(x,y)) dy dx

v—=+oo we¥ Jq Q

> liminf inf / flz,ny, w(z,y)) dy dez = Ehom (u).
QJQ

n—+oo weW

O

Proof of Theorem[[.3 The proof follows by combining Corollary [£.5] with Proposi-
tions .6 and O

Corollary 4.8. Under the same assumptions of Theorem[.3, for every u € Up

ghom( ) @Ehom /fhom x, U d,’L‘

where

fhom(z,u(z)) = liminf inf / flz,ny,u(x) + v(y)) dy,

n—-+o0o veC, Q

and C, is the class defined in (|1.5)).

Proof. We omit the proof of this corollary as it follows from [II, Remark 3.3 (ii)]
and by adapting the arguments in [I1, Corollary 3.2] and Lemma below. (]

Proof of Theorem[1.Z The thesis results from Theorem and Corollary O
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We conclude this section by showing that Theorem [£.3] yields a relaxation result
in the framework of &7 —quasiconvexity with variable coeflicients. Before stating
the corollary, we prove a preliminary lemma which guarantees the measurability of
the function = + Q. f(x,u(x)) for every u € LP(;RY).

Lemma 4.9. Let 1 < p < 400, u € LP(Q;R?), let &/ be as in Theorem 1.2, and
let f:Q xR? — [0, +00) be a Carathéodory function satisfying

0< f(2,8) SCA+I|EP)  for ace. x € QxR and for all € € RY.
Then the map
T Qo f(x,u(x))
is measurable in €.
Proof. We first remark that

Quf(z,u(z)) = inf Qb f(x,u(x)) forae. z€Q, (4.50)
r€(0,+00)

where
Qo u(@) i=int{ [ faua) + w@)dy: w e €, and ol s < 7,
Q

and C, is the class defined in . Clearly
Qe f(z,u()) 2 Qo f (2, u(x))

for a.e. z € Q, for every r € N. Moreover, for every € > 0 there exists w. € C, such
that

Qur f(,u(2)) > /Q F () + we(y)) dy — e

Z QL‘Z;UEHLP(Q;Rd)f(x’u(I)) — £ Z }\2]{[@fo($7”($)) &

which in turn implies the second inequality in (4.50)).
By (4.50) it is enough to show that « — Q7, f(x,u(x)) is measurable for every
7 € N. We claim that

Q' f(x,u(x)) =sup QL) f(x,u(x)) forae ze, (4.51)
neN
where

Qi o) = me{ | 70 u(@) 4 w(0) dy + mllfyx ot -1

w € LP(Q;RY), /

o w(y) dy = 0 and ||/LU||Lp(Q;]Rd) < r}.

Clearly,

Q) f(z,u(z)) < QL f(x,u(xr))
for a.e. x € ), for all n € N. To prove the opposite inequality, fix z € 2, and for
every n € N, let w,, € LP(Q;R?), with fQ wn(y)dy = 0 and [[wy||1r(@ray < 7, be
such that

/Q f(@,u(z) +wn(y)) dy + nl| )y (2)wnllw-1.0Qre) (4.52)

< QS u(w)) + - < flayul@) +
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(the last inequality holds because 0 € C, for every x € ). Since {w,,} is uniformly
bounded in LP(Q; R?%) and by (4.52)

”%(x)wnHW*l»P(Q;RZ) —0

as n — +o00, there exists a map w € LP(Q;R®), with fQ y)dy =0, [|w|| 1rgire) <
r and o7 (x)w = 0 such that

w, —w weakly in LP(Q;R?).

By [5, Lemma 3.1] we can construct a sequence {w,} such that | o Wn(y)dy =0,
oty ()W, = 0 for every n € N, and

liminf/ [z, u(z) + @ (y) dy<hm1nf/ [z, u(z) + wy(y)) dy

n—-+oo Q n—-+o0o

< sup Q" f(z, u(z)).
neN

In view of we have
QL f (@, ul2)) < Qur o, ulx)) < /Q f(,u(@) + dn(y)) dy for every n € N,

and we obtain the second inequality in (4.51). By the measurability of

x> Qg f(z,u(x))

for every r,n € N (we can reduce it to a countable pointwise infimum of measurable
functions), we deduce the measurability of

z = Qy f (w0, u(x))

for every r € N, which in turn implies the thesis. O
For every D € O(Q) and u € LP(Q;R?), define

Z(u, D) := inf hmlnf/ fz,un(z)) : up = u  weakly in LP(Q;R™)  (4.53)

n—-+o0o
and o/u, — 0 strongly in W_l’p(Q;Rl)}.
Corollary provides us with the following integral representation of Z.

Corollary 4.10. Let 1 < p < +oco and let & be as in Theorem [1.3 Let f :
Q x R? = [0, 4+00) be a Carathéodory function satisfying

0< flx,6) <CA+[EP)  for a.e. x €Q, and for all &€ € R%.
Then
| @uf@.uta)) ds = 2(w. D)

for all D € O(Q) and u € LP(Q;RY) with &/u = 0.
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