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Fully Discrete Analysis of a Discontinuous Finite Element
Method for the Keller-Segel Chemotaxis Model

Yekaterina Epshteyn*and Ahmet Izmirlioglu'

Abstract

This paper formulates and analyzes fully discrete schemes for the two-dimensional
Keller-Segel chemotaxis model. The spatial discretization of the model is based on the
discontinuous Galerkin methods and the temporal discretization is based either on Forward
Euler or the second order explicit total variation diminishing (TVD) Runge-Kutta meth-
ods. We consider Cartesian grids and prove optimal fully discrete error estimates for the
proposed methods. Our proof is valid for pre-blow-up times since we assume boundedness
of the exact solution.

AMS subject classification: 656M60, 66M12, 656M15, 92C17, 35K57
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ous Galerkin methods, Forward Euler, Runge-Kutta, NIPG, ITPG, and SIPG methods, Cartesian
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1 Introduction

The goal of this work is to formulate and analyze fully discrete discontinuous Galerkin (DG)
methods for the solution of the two-dimensional (2-D) Keller-Segel chemotaxis model, [11, 26,
27, 28, 33, 34]. The underlying spatial discretization of the model is based on the methods
proposed recently in [18] and the temporal discretization is based either on Forward Euler or the
second order explicit total variation diminishing (TVD) Runge-Kutta methods.

In this paper, we consider the classical formulation of the Keller-Segel system [11], which can
be written in the dimensionless form as

pe +V - (xpVe) = Ap,
{Ct:AC_Hp’ (z,y) € Q1 >0, (1.1)

subject to the Neumann boundary conditions:
Vp-n=Ve-n=0, (z,y)€ .

Here, p(z,y,t) is the cell density, c(z,y,t) is the chemoattractant concentration, x is a chemotac-
tic sensitivity constant,  is a bounded domain in R?, 9 is its boundary, and n is a unit normal
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vector. The system (1.1) is the basic step in the modeling of many biological processes. The
Keller-Segel model (1.1) can be generalized to better describe the reality by taking into account
some other factors such as growth and death of cells, presence of the food and other chemicals
in the system, etc.

It is well-known that solutions of the classical Keller-Segel system may blow up in finite time,
see, e.g., [24, 25] and references therein. This blow-up represents a mathematical description of a
cell concentration phenomenon that occurs in real biological systems, see, e.g., [1, 6, 8, 9, 15, 35].

Capturing blowing up solutions numerically is a challenging problem. A finite-volume, [21],
and a finite-element, [32], methods have been proposed for a simpler version of the Keller-Segel
model,

{ pe+ V- (xpVe) = Ap,
Ac—c+p=0,

in which the equation for concentration ¢ has been replaced by an elliptic equation using an
assumption that the chemoattractant concentration ¢ changes over much smaller time scales
than the density p. A fractional step numerical method for a fully time-dependent chemotaxis
system from [39] has been proposed in [40]. However, the operator splitting approach may not
be applicable when a convective part of the chemotaxis system is not hyperbolic, which is a
generic situation for the original Keller-Segel model as it was shown in [10], where the finite-
volume Godunov-type central-upwind scheme was derived for (1.1) and extended to some other
chemotaxis and haptotaxis models.

The high-order discontinuous Galerkin method that is investigated here is based on the method
proposed in [18]. The DG methods have recently become increasingly popular thanks to their
flexibility for adaptive simulations, suitability for parallel computations, applicability to problems
with discontinuous coefficients and /or solutions, and compatibility with other numerical methods.
These methods have been successfully applied to a wide variety of problems, ranging from the
solid mechanics to the fluid mechanics (see, e.g., [13, 14, 12, 19, 20, 22, 38] and references therein).
Furthermore, the DG methods are among the methods that can be used for real biomedical
problems, which are often considered in complex domains, have discontinuity in the coefficients,
and incorporate PDEs of different mathematical nature.

In order to develop high-order DG methods for (1.1) in [18], the Keller-Segel system is rewritten
as a system of the nonlinear convection-diffusion-reaction equations by introducing new variables
(u,v) :=Ve:

kQ + F(Q), + G(Q), = kFAQ + R(Q), (1.2)
where Q := (p,c,u,v)T, the fluxes are F(Q) := (xpu,0, —c,0)T and G(Q) := (xpv,0,0,—c)T,
the reaction term is R(Q) := (0, p — ¢, —u, —v), the constant k£ =1 in the first two equations in
(1.2), and k = 0 in the third and the fourth equations there.

The methods proposed in [18] are based on three primal DG methods: the Nonsymmetric
Interior Penalty Galerkin (NIPG), the Symmetric Interior Penalty Galerkin (SIPG), and the
Incomplete Interior Penalty Galerkin (IIPG) methods, [3, 16, 36]. The numerical fluxes in the
proposed DG methods are the fluxes developed for the semidiscrete finite-volume central-upwind
schemes in [30] (see also [29, 31]). These schemes belong to the family of non-oscillatory central
schemes, which are highly accurate and efficient methods applicable to general multidimensional
systems of conservation laws and related problems. Like other central fluxes, the central-upwind
ones are obtained without using (approximate) Riemann problem solver, which is unavailable for
the system under consideration. At the same time, a certain upwinding information—one-sided
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speeds of propagation—is incorporated into the central-upwind fluxes. In [18], Cartesian grids
are considered and the continuous in time error estimates are proved for the proposed high-order
DG methods under the assumption of boundedness of the exact solution. Some numerical tests
that validate the methods are considered in [18] and [17].

In the following section, we introduce our notations, assumptions, and state some standard
results. In §3-84 we recall some results for the continuous in time scheme. In §5-§7 we formulate
the explicit schemes and derive the error estimates under assumption of boundedness of the exact
solution (some proof details are postponed to Appendix 9). The proof of the error estimates is
based on the induction argument which simplifies the analysis significantly since we consider the
coupled system of the nonlinear equations.

2 Assumptions, Notations, and Standard Results

We denote by &, a nondegenerate quasi-uniform rectangular subdivision of the domain 2 (the
quasi-uniformity requirement will only be used for establishing the rate of convergence with
respect to the polynomials degree). The maximum diameter over all mesh elements is denoted
by h and the set of the interior edges is denoted by I';,. To each edge e in 'y, we associate a
unit normal vector n, = (n,,n,). We assume that n. is directed from the element E' to E?,
where E! denotes a certain element and E? denotes an element that has a common edge with
the element E' and a larger index (this simplified element notation will be used throughout the
paper). For a boundary edge, n, is chosen so that it coincides with the outward normal.
The discrete space of discontinuous piecewise polynomials of degree r is denoted by

W,n(En) = {w € L*(Q) : VE € &, w|p € P.(E)},

where P,.(E) is a space of polynomials of degree r over the element E. For any function w € W, ,,
we denote the jump and average operators over a given edge e by [w] and {w}, respectively:

for an interior edge e = OE' NOE?, [w] :=w? —w?, {w}:=05wf + 050"

for a boundary edge e = OE' N9Q, [w] :=w”, {w}:=w"

e e

where w? "and wa are the corresponding polynomial approximations from the elements E' and
E?. We also recall that the following identity between the jump and the average operators is
satisfied:

[wiws] = {w1}Hws] + {wa}wi]. (2.1)

For the finite-element subdivision &, we define the broken Sobolev space
H*(&,) ={we L*(Q) :w|y € H(EY),j=1,...,Ny}
with the norms

lwllfoe = (Z ||w||3,E>

Ee&),

N

1
2
and |[|w|[]s0 = (Z ||w||§,E> , §>0,

Ee&),

where || - ||s,z denotes the Sobolev s-norm over the element E.
We now recall some well-known facts that will be used in the error analysis in §6-§9. First, let
us state some approximations properties and inequalities for the finite-element space.
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Lemma 2.1 (hp Approximation, [4, 5]) Let E € &, and v € H*(E). Then there exist a
positive constant C' independent of 1, r, and h, and a sequence ¥ € P.(E), r = 1,2,..., such
that for any q € [0, s]

~ H=q
[e—at] |, <omm Wlle. >0, (2.2)
- hH—% 1
lo-d| <ct=wle s>3 (2.3)
,e r 2

where p :=min(r + 1, s) and e is the edge on OFE.

Lemma 2.2 (Trace Inequalities, [2]) Let E € &,. Then for the trace operators o : H'(E) —
H2(0E), ~ov = vl|op and v : H*X(E) — H2(9E), ~v = %o, there exists a constant C,
independent of h such that

_1
vwe HYE), s>1, |rowly, < Ch# (Ilwlgp + I Vwlly) (2.4

Vwe H'(E), 522, |muwly, < Ch% (IVulgg+blIVielyp),  (25)
where e is the edge on OF.

Lemma 2.3 ([36]) Let E be a mesh element with an edge e. Then there is a constant C;
independent of h and r such that

[wllg. < Cih™2r{wlly g, (2.6)

IVw - nlly, < Ch~2r]|Vawlly g, Y € Po(E) (2.7)

Lemma 2.4 ([3, 7]) There ezists a constant C independent of h and r such that

Yw € Win(&n), Nwlloq < C (Z IVwllgs+ |H HOe> )

Eeg eel'y

where |e| denotes the measure of e.

Lemma 2.5 (Inverse Inequalities, [37]) Let E € &, and w € P.(E). Then there exists a
constant C' independent of h and r such that
[wll g gy < Ch™ 2 [wllg g, (2.8)
||w||1,E < Chil?“QHwHo,E- (2.9)

We also recall the following form of the discrete Gronwall’s lemma:

Lemma 2.6 (discrete Gronwall) Let At, H, and ay,, by, c,,d, (for integers n > 0) be nonneg-
ative numbers such that a; + At Z;:O b, < At Z;:O dpa, + At Z;:O cn+ H forl > 0. Suppose
that Atd,, <1, ¥Vn. Then

a+ At 0 bn <e:cp<Ath 0T Atd )(Atzn Ocn+H> for1>0.
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In the analysis below we also make the following assumptions:

e () is a rectangular domain with the boundary 992 = 0 U OQor, Where 0Qye, and 0,0,
denote the vertical and horizontal pieces of the boundary 052, respectively. We also split the set
of interior edges, I';,, into two sets of vertical, '}, and horizontal, Th°", edges, respectively;

e The degree of basis polynomials is » > 2 and the maximum diameter of the elements is h < 1
(the latter assumption is only needed for simplification of the error analysis).

3 Description of the Continuous in Time Numerical Scheme
for the Keller-Segel Model

We consider the Keller-Segel system (1.2). First, notice that the Jacobians of F and G are

xu 0 xp O xv 0 0 xp
OF 0O 0 0 0 0G 0 0 0 0
— = and —= = ,
0Q 0 -1 0 0 9Q 0 0 0 O
0O 0 0 0 0 -1 0 0
and their eigenvalues are
MNo=xu, X =X =X =0 and A\F=yv, A =)F=)\F=0, (3.1)

respectively. Hence, the convective part of (1.2) is hyperbolic. We now design semidiscrete
interior penalty Galerkin methods for this system.

We assume that at any time level ¢t € [0,7] the solution, (p,c,u,v)? is approximated by
(discontinuous) piecewise polynomials of the corresponding degrees r, ., 1, and r,,, which satisfy
the following relation:

Tma:v

- < a, Tmag *= MAX{Tp, e, Ty Ty by T = min{r,, re, 7y, 7y}, (3.2)
min

where a is a constant independent of r,, 7., r,, and 7,.
DG methods are formulated as follows. Find a continuous in time solution

(PPC (-, 1), PO+, 1), uPC (-, 1), vPC (1) € Wfp,h XWX Wy X W),

Tv,h

which satisfies the following weak formulation for the chemotaxis system (1.2):

/ Gu? + Z /VpDvap /{VpDG n, }w”] +€Z/{pr n, }[pP¢]
Q eel'y,

Ee&), h R eel’y %,

+0p | ‘/ DG wp /XPDGUDG wp _'_ Z /XpDGuDG nx[wp]

ecl'y, Eegy, eclyer

-2 / PG (), + Y / (xp" 40Py [w’] = 0, (3.3)

Ee&y, B eerhor
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/ Gt + Z /VCDGVUJ Z/{VCDG n.} +€Z/{VUJ n.} DG]

EEEh E eEFh e eEFh e
+ac B |/ P / DGwC—/pDGwczo, (3.4)
ecl'y,
/ DGy 4 3 / DG (), + 3 / W]
o E€&n ecTyer
2
- > / P + o, Y Tu / [uPC)[w"] = 0, (3.5)
e€0er €T, U ver el 2

/ PG +Z/ DG /(—CDG)zHy[’wU]
o Ee€g, eerbor *

_ Z /CDGnywv+O,v Z %/[UDGva] — 0, (3.6)

(&
eeaﬂhor e eEFhUBQhor

and the initial conditions:

PO 0w = [ ol 0)uf,
Q/ DG Q/p / DG 00 vﬂ/ 00 v (37)
Q/u /u / <.,>w_/v<.,>w.

Here, (w”, w® w*, w’) € meh X Wy X W x W, are the test functions, o,, 0., 0, and o,
are real positive penalty parameters. The parameter ¢ is equal to either —1,0, or 1: these values
of € corresponding to the SIPG, IIPG, or NIPG method, respectively.

To approximate the convective terms in (3.3) and (3.5)—(3.6), we use the central-upwind fluxes
from [30]:

(x PG ) — " (xpPOuP) P — a(xpPuPD T aa D6
qout — ain qout — gin )
DG DG bout(XpDG DG) bm(XpDG DG)E2 boutbin ba
(Xp ) - pout _ pin bout — pin [p ]’ (3 8)
. aout(CDG)El _ ain(CDG>E2 ata® L '
(_C )u - afut — gin B qout — am[ ]’
DG bout(cDG)eE1 _ bin(cDG)eE2 boutbin ba
(=)0 == pout _ pin ~ pout _ pin [077].

Here, a®"*, @', b°"*, and b™ are the one-sided local speeds in the z- and y- directions. Since the
convective part of the system (1.2) is hyperbolic these speeds can be estimated using the largest

and the smallest eigenvalues of the Jacobian 2 56 ¢ and 38 o (see (3.1)):

out — max ((XUDG)EI, (xu DG)eEQ,()) , a™ = min <(XUDG)E1 (XUDG)§2,0> )
bOUt = max ((X’UDG)GEI, (XUDG)EQ, O) R bin = min ((X'U )e 5 (XUDG)£27 O) .

a

(3.9)
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Remark. If a®"* — a™ = 0 at a certain element edge e, we set
DG, DG DG, DG DG,,DG\E! DG,,DG)E?
Xp~u +Xpue * XpTvTT)e H(XpTTuTT )
(XPDGUDG) ( ) 5 ( ) ’ (XPDGUDG) — ( ) ; ( ) ’
1 2 1 2
Cpaye _ (PDEH (P ey (P)E +(P)E
( c )u - 2 ) ( c )v - 2 )
there. Notice that in any case, the following inequalities,
aout __4in out _bin
prmpriR R vory w g N vy S (3.10)

are satisfied.

From now on we will assume that a®** —a™ > 0 and v°"* —b™ > 0 throughout the computational
domain.

4 Results for the Continuous in Time Scheme

Let us recall here the results that were obtained in [18] for the continuous in time scheme (3.3)-
(3.6).

Lemma 4.1 (Consistency Lemma ) If the solution of the system (1.2) belongs to H*(EL,), then
it satisfies the formulation (3.3)—(3.6).

Theorem 4.2 (L*(H') and L*°(L?) error estimates). Let the solution p, ¢, u and v of the
Keller-Segel system (1.2) be sufficiently reqular. Furthermore, we assume that penalty parameters
Tp, Oc, Oy, 0y are sufficiently large. Then there exists at least one DG solution to (3.3)-(3.6) and
there exists constants C, and C., independent of h and r, such that

107 = ol s o 11 22009) T MV (27 = D)l 2(01322(0) / Z le] H MH&C)E

ecl’y,

hmin rp+1,5,)—1 hmin(rCJrl,sc)fl hmin(rqul,su)fl hmin(errl,sv)fl

S Cp( 7/.;.0_2 ™ f,ﬂgc—2 ™ f,"iu_Q + r31;—2 )
1
DG DG 2 \2

HC _CHLOO([O,T];LQ(Q))_'_Hlv(c )|||L2(0T ;L2(2)) / Z ‘ H C]HQe)
ecl'y
hmin(rp—f—l,sp)—l hmin(rc—i-l,sc)—l hmin(ru—i-l,su)—l hmin(m,—i—l,sv)—l
< CC( Sp—2 + Se—2 + Su—2 + Sp—2 >’
T.pp 'rcc 'ruu T'Uv

where (1,,7¢, Ty, Ty) > 2.
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5 Fully Discrete Schemes and Analysis

In the following sections, we formulate two explicit schemes and establish the convergence of the
numerical solutions using an induction hypothesis. Existence of the discrete solution is trivial
since the scheme is explicit in time. In the analysis below, we will assume that the exact solution
of the system (1.2) is sufficiently regular for ¢ < T', where T is a pre-blow-up time. In particular,
we will assume that

(p,c,u,v) € H*([0,T]) N H?(Q), s1>3/2, s3>3, (5.1)
which is needed for the h-analysis (convergence rate with respect to the mesh size), or

(p,c,u,v) € H*([0,T]) N H?(Q), s1>3/2, sy >5.5, (5.2)
which is needed for the r-analysis (convergence rate with respect to the polynomial degree).
Notice that these assumptions are reasonable since classical solutions of the Keller-Segel system
(1.1) are regular (before the blow-up time) provided the initial data are sufficiently smooth, see
[24] and references therein.

Let At be a positive time step and let ¢ = iAt denote the time step at the i** step. We denote
by v¢ the function v evaluated at time ¢°.

6 Forward Euler Time Discretization
Find a discrete in time solution
(pgi_(}la Cgc:l,aug—c‘l,a H—l) S Wp ch,h X W;Lu,h X W:U,iw

which satisfies the following weak formulation for the chemotaxis system (1.2):

i+1
/PDG pDGwp+ Z/VPDGVU} _Z/{VpDG n, } [w”] —|—5Z/{V’w ‘N, IODG]
Q

E€£hE GEFh e GEFh e
+0, Y ol / phalw’) = > / XPbatba (W), + / XPbaUpg) T [w”]
ecl’y, Ee&y 6€F"er
- Z /XPDGUDG y Tt Z / XPbaUba) ny[w’] =0, (6.3)
Eegh E ethor
CSFGI CDG _
“+ Z Vhe Vus {Véhq -n.} +€Z {Vu* - n.}[che]
Q Ee&;, E CEFh e ecl'y, .

—i—ac | |/CDG /CEGwC—/prGwC:O (6.4)

/u%+éw+2/cﬁ+é +z/cgg w!
Q

Eegh 5 eFver
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2

- / it o, Y ‘“| Wi [w"] = 0, (6.5)

eEQQver e eerhuaﬂver

i+1 z+1 H—l v

/UDGw+§:/CDG E:/CDG w"]
Q Eegh B eel"hor
’I“

i1 v v i+1 _

-y /CDGnyw v, 3 T fidi =0 (6.6)
e€0or e e€l U0 or

To approximate the convective terms in (6.3), (6.5)-(6.6) we use the same central-upwind fluxes
(3.8) as for the continuous in time scheme, with the one-sided local speeds given by:

out in

a;" = max ((XUDG)e 7(XUDG)E 0) a;" = min ((XUDG)e a(XUDG)E O)

. ‘ (6.7)
= max ((xwh)', (whe)2,0) b = min ((xwhe) 2, (xvhe )", 0)
Notice that the inequalities similar to (3.10),
aqut _ ain out _ bln
W <y Y oy, < and < 6.8
aviaut _ a/%n — aviaut _ a/%n — b«iaut _ b;n — an bg)ut _ b;n — ( )

which are needed in our convergence proof, are satisfied for the local speeds defined in (6.7) as
well (for simplicity, we assume that a?"* —al® # 0 and b?"* —bi* = 0 throughout the computational
domain, see Remark in Section 3). Also, the initial conditions are:

0 _ 0 0 c __ 0,,.c
/pDGwp_/pwpa /CDG’W—/C’W,
/U%qu = /uow“, /U%Gw” = /vow”.
Q Q

Q Q

We denote by Pl el and ?' the piecewise polynomial interpolants of the exact solution
components p, ¢!, ut, and v* of the Keller-Segel system (1.2) and assume that these interpolants
satisfy the approximation property (2.2). We then make the following induction hypothesis:
assume that V. 7 :0 <i < n, we have

S = { (upa: vha) € We i X Wy

Tv,h

n
Z Atlupg — UZHO,Q
=0

<C (thin(rp—i-l,sp)—Q h2 min(re+1,5¢)—2 h2min(ru+1,su)—2 h2min(rv+1,sv)—2)

+ + +
r2s,)—3 Tgsc*g ’1"1218“73 ’1"12)8”73

+CE AL, (6.10)

n
> Atllupg = Tl
i=0
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h2 min(r,+1,s5)—2 h2 min(re+1,s:)—2 h2 min(ry+1,84)—2 h2 min(ry+1,84)—2
+CLAL, (6.11)
! o
OSUP lupe — @ Hog <Ol SUP H'UDG —v Hon < 05— vz (7 (6.12)

where C,, C,,, Ct. C! C¥ and C¥ are positive constants (which will be defined later) independent
of h, the polynomlal degrees (7,,7¢,7u,7y), and n. The parameters s,,s., s,, and s, denote
the regularity of the corresponding components of the exact solution. Clearly, the induction
hypothesis above holds true for i = 0. We need now to show that assuming that S holds true
V i:0<1i<n, it will follow that it will be true for i +1 =n + 1.

Let us first show that from the induction hypothesis S, it follows that functions ulq, and viq, 1 <
7 < n are bounded.

Lemma 6.1 For (uhq,vhg) € S, there exist positive constants M, and M, independent of h, r.,,
and r,, such that

sup HUDGHOOQ < M,, sup "UEG|’oo,Q < M,. (6.13)
0<i<n 0<i<n

Proof: The result is derived from the definition of the subset S and the inverse inequality . [

Theorem 6.2 (I?(H') and [*(L?*) Forward Euler error estimates). Let the solution p, ¢, u and
v of the Keller-Segel system (1.2) be sufficiently regular. Furthermore, we assume that penalty
parameters o,, 0., 0y, 0, are sufficiently large. Then the induction hypothesis holds true for n+1.
Furthermore, there exists constants C, and C., independent of h and r, such that

1 i1l12 %
lop6 = pllie o220y + A2V (006 = P20 113202 + (ZmZHHpDG Al )

ecl’y,

hmin(rp—f—l,sp)—l hmin(rc—i-l,sc)—l hmin(ru—i-l,su)—l hmin(m,—i—l,sv)—l
<0y + + + + At)
P Sp g Scfg Sufg svfg
7",) Te Tu Tv

lcpa — C||zoo ([0,T];L2(2)) + At2|||V(CDG - C)|||l2(0T :L2(Q)) (ZAt Z le] H CDG ]Hiey

ecl’y,

hmin(rp—i-l,sp)—l hmin(rc—i-l,sc)—l hmin(ru—i-l,su)—l hmin(m,—f—l,sv)—l
< Cof + + + - + At),

3 3
P2 Se=3 Su=j Sv=3
Tp Tc Ty v

where (1,,7¢, Ty, Ty) > 2.
Proof: We introduce the following notation:

i =i Q. i i R
_pDG_p’ 5 _p - P TQ _CDG_C’ C..—C A_ ) (6 14)
= Upg — U, £Z—u—u, =k =0 & =0t =

Q\L .b\L .
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It follows from the consistency Lemma 4.1(see [18] for the details) that the exact solution of (1.2)
satisfies the following weak formulation:

/ptw’)—i—Z/Vprp /{Vp n, } [w”] +€Z/{pr n.} +ap ” |/

Ee&y eel'y, eel'y, eel'y,
—Z /X,ou (w”) +Z /X,ou N [w”] Z /va (w”) +Z /va *n,[w’] = 0,(6.15)
Eegh E eeFver Eeé‘ h B Fhor
where
out( E! in E? out ,in
_— pu)l —al(xpw)f”  aa]
(Xpu) T aout ain a[;)ut ain [p]’
o B Oo0)E =B o) b
(va) = out in " 7out m[ ]
o b — b

and the local speeds a", al*, by"t, and bi™ are given by (6.7). Using (6.14), equation (6.15) can
be rewritten as:

/,ott’wp—FZ/Vprp Z/{Vp n, Huw’| +5Z/{Vw” n}[p'] + o, H/ﬁl |[w”]

Eeé, § ecly, eel’y ecl’y,

—Z/ XD b (W), +Z/Xp7' (W), Z/prlwp —I—Z/Xpu ) ng[w?]

Ee&;, E Ee&;, E Ee&;, E Fver
—Z/Xﬂvnew” +Z/XPT (w?), Z/Xﬂ€ Z/XP’U "y [w’]

EefhE E€g&;, h B E€&;, h G I‘*hor
- / &, (1w — / VEVW + Y / {VE, n ) —e ) / {Vu’ - n.}

Eegy, h g ecl’y, eel’y, %,
/5ZwP+Z/X§”wP +Z/x£”w” (6.16)
eer | | Eeé, Eeé,

In order to obtain the estimate on the time step At = O(ﬁ—z) we will proceed as follows, subtract
equation (6.16) from (6.3) and choose w” = 77, to obtain

. r: .
[75 o0 = I72ll00 + 288195110+ 280, 3 5 (51, = 175+ = 73l
ecly,
+(1—¢)2At Z /{VT ‘n} +2At Z /XT U (T0) s +2At Z / XPT(Th) e —2At Z / € (T
ecly, Ee& Ecé&, E€&,
—2At Z / (XPhaUhg)* — (xp'u')* >nm |+ 2At Z /XT Vb (T8), + 24t Z / X
eeryer E€y E€€y

—92At Z / pr —2At Z / XpDGUDG (Xpifui)**>ny[7'pi]

Ee&y ethor
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iy ~ (i ﬁpr
+2At/ﬂ§pt(t )Tp+2At/ﬂ <pt(t) — r LF2AL Y /Vg VT —2At Y /{vg 1.}
Ee&y eEFhe
+62AtZ/{V7‘ 0 HE 200, > / QAtZ/ € (7 _QAtz/ VELi(r),
e€l'y, ”, eely ‘ | E€&y 3y E€&n 3
(6.17)
=T+ 19+ ... + Tf;.
Let us remark that term fQ i 7'; on the LHS of (6.17) was rewritten as:
[ o PO L O it o
o At P 2At 2At 2At ’

Next, we bound each term on the RHS of (6.17) starting from term T3 using standard DG
techniques, the term 7Y will be bounded last. The quantities &; in the estimates below are
positive real numbers, which will be defined later.

Consider now, second term on the RHS T%:

75| < 48 Y [[{V}], Nl

ecly,

As before, we denote by E! and E? the two elements sharing the edge e. Then, using the
inequality (2.6), we obtain

i\ E2 i

22, ) i,

A Il Mirdly, < 480 3 5 ([0
ecl’y,
> (197l g + 1978, e ) Nl

ecl’y,
h
echyerur,er

i e

< QAtCtTp
- Vh

and hence, using the fact that |e| < v/h and using Cauchy-Schwarz inequality, we end up with
the following bound on T%:

7"2 .
T3] < 5AH| V|3 g+ RoAL Y £ " i H;e (6.19)

ecl'y,

The term T4 is bounded using Lemma 6.1 for u}, and using Cauchy-Schwarz and Young’s
inequality:

i i]]2
|TY| < 5§At|||VTp|||379 + R At HTp (6.20)

lo
The term T} is bounded using Cauchy-Schwarz and Young’s inequalities and assumption (3.2):

T < ALY K||Vr|

Eegy,

o I7illos < SAHIVTIR o + Rat |75 (6.21)

The term T} is bounded using Cauchy-Schwarz, Young’s inequality and approximation results
(2.2):
2min(ry+1,s4)

T3] < e AtV ][50 + RsAt (6.22)

2s
ot
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Next, we bound 7§ on the RHS of (6.17) as

a;" i 1 i i\E! i
Y| <20t > ( /W ((XPDGUDG);E - (xpu)f>nx[7p]

eer‘\}lber (] al

e

_ai‘n i 2 i i\ E2 i
+ / e ((XPDGUDG)f — (xp'u'); ) (7]

K3 3

e

alnaout ) ) )
| [ b — i)

> =1+ 11+ 1II. (6.23)

e

Using (6.8) and (6.14), the first term on the RHS of (6.23) can be estimated by

[<2Aty Y / ((upbaube)' = (') E ) malr)

’/MDG nlr]
ol

We now use the Cauchy-Schwarz inequality, the trace inequality (2.4), the inequality (2.6), the
assumption (3.2), the assumption that A < 1, r > 1, At < 1, the approximation inequality (2.2),
the bound on u}, from Lemma 6.1:

e

<2Atx Y (/(wm na

e

+ /(pT

e

~ " ) ) thin(r +1,sp) thin(ru—f—l,su)
< 0 He S 2 sl e (P2 Y
ecly, P u

A similar bound can be derived for the second term II on the RHS of (6.23). To estimate the last
term on the RHS of (6.23), we first use (6.14) and the definition of the one-sided local speeds

(6.7) to obtain
m<car Y (g, + | f1gm]) =1

e€lyer
Then, using the Cauchy-Schwarz inequality, the assumption that A < 1 (and choosing h small

enough), r > 1, At < 1, the approximation inequality (2.2), and inequality (2.4), we bound I
as follows:

h2 min(r,+1,s,)—1

2
Z
2+ A -
,€ r P
el"ver 14

Combining the above bounds on I, II, and III, we arrive at

2
T¢| < efAt HT;H;QJF}%N > ‘%’" H[Tg]}}376+R7At||7';||(2)’9+R8At (

thin rp+1,5,)—1 thin(ru—f—l,su)
7"2Sp + 7“23u :
eel'y, P u

(6.24)
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The terms T7 - T}, are bounded in the same way as the terms T} - T¢, respectively, and the
bounds are:

|T?| <5§At|||VT |||OQ+R9A1§H HOQ (6.25)
T¢| < ALV o + Raolt |72, (6.26)

) h2 min(ry+1,s)
T < efA|| VT [0 + R At T (6.27)

2 7“,2; 12 in2
|TTo| < efpAt H HQQ + Rip At Z H H[Tp]Hoﬁ + R13AtHTvHO,Q
ecl’y,
h2min rp+1,5,) thin(rU—i-l,sU)
+ R At 5 + > ) (6.28)
Tp 4 Tvsv
For the term 7Y, we obtain the following bound:

h2min(rp+1,sp)

| 1‘ < 811At H HO Q + R15AtT (629)
P

Next, we bound term T},. First using a Taylor expansion with integral remainder we can write

ti+1

Pt =75+ Atop(tY) + ) / (s — t"YOup(s)ds, and we can bound
tt

),
2 tt

4At

pit1L pit1 i+l 1

(5 — t1)3u(s)ds < %( /t (s—ti)2>é< /t (0u(s))ds)

Hence,
. 112
L ﬁz—l—l _ pz
t - - -

ti+1 ti+1
1

<L wﬁwf 1045 ()II2, ds,
0,0 At i ti o 0,02

Hence, using the above estimates we obtain the following bound for T%,:

i+l

i 2 ~
Th| < hot |72 + RisAE? / 0w ]2 ds. (6.30)
tl

Next, we bound T}, using Cauchy-Schwarz and the approximation inequality (2.2):

h2min(rp+1,sp)72
Tl <20 > ||Vl o IVE Nl 5 < et AtV T[[5.0 + RirAt 52 (6.31)

Ee&y P

Consider now term T7,:

4|<2At2’/{vg n.}

ecl'y,

<24ty {VE, - n o[, HOe—QAtZ|€| I{VE, - ne}HOe| o

€€Fh GEFh |
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Next, using Cauchy-Schwarz and trace inequality (2.5) we obtain:

le]

7”2 . . .
< efiAty ﬁ =1L, + CAtS Y (WHIVENE e+ RIVENR £)

eel’y, P Eeg,,

Finally, using the approximation result (2.2) we derive:

h2 min(rp+1,s,)—2

r2 .
|T1p4| < 5/1)4At Z ﬁ H [TZ)] H(Q),e + RlSAt T2sp—2

ecl'y P

Next we bound term 77y :
ITf| < e2At ) ) / (V7 n}E]
ecl’y, €
Now using Lemma 2.3 and approximation result (2.3) we obtain:
) 3 hmin(rp—i—l,sp)—%
<At Y ||V7illos - Ch™2 -1, e
Eeégy, Tp ?

Next, applying Cauchy-Schwarz inequality we get the final estimate:

h2 min(rp+1,55)—2

15| < s AL Vllle.0 + RioAt 25,3

p

Now, we bound term T%;:

2 i)

,
| Tis| < 2Ato, Z ﬁ

ecl'y,

1
GEFh|e|2

Hence, we obtain the following bound for T}y by using approximation result (2.3):

r

T i i
<2Ato, Y | [[7illloellE) 0.

h2 min(rp+1,s,)—2

2
) < ot 3 Nl + Rt

ecl'y | P

Terms T}, and T}y are bounded respectively using the approximation inequality (2.2) :

19 2min(rp,+1,s,)
|77 < el A7 |60 + Rar At 55,
D

) ) - thin(rp-i-l,sp)
ITHs| < 518At|||VTp|||0,Q + Ry At 250
p

15

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

The last term that needs to be bound is the term T7¥. To bound this term we again subtract
(6.16) from (6.3) and choose w” = 7. — 7. Using similar techniques as for the estimation of
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(6.17), except now use inverse inequality to estimate V(
[ =

il _r
p
73]|l0,c; We obtain the following estimate:

') and inequality (2.6) to estimate

At*r At*r) r2 o
it il < e + CEE T > lmlk,
ecl’y,
At2 4 At2 4 At2 4
O = [llon + Ot =2 Imillon + CE =2 I o
kﬁt%ﬁ p2min(ro+1,s,)=2  p2min(rutlsy)  f2min(re+1,s.)
2 (

ti+l
~ N2
e R e N L BT
Tp u v tt

(6.37)
Some details of the derivation of the estimate (6.37) can be found in Appendix 9. Next, we

combine estimates (6.19)-(6.36) together with (6.37), plug it in (6.17), and using again the
assumptions h < 1 and r > 1 to obtain:

4 Atr
175+ o = Illgq + 282 = €y

Atr? r2
N0+ iz, 0ot 3 2 I,

ecl'y
At?rd At2rt At?rd
< G5 [mlloa + iz [llon + 5=z [l

c At%"ﬁ (thin(rp+1,sp)2 thin(rqul,su)

h2 min(ry+1,sy)
672 2503 +

tit1
r25u + r2sv ) + C7At2/ Hattﬁ(s)H?),Q ds
P u v t;
(6.38)
Now sum (6.38) for i =0, ...,

JAN7
I o = I lloq + (2 = C1=52)

Atr?
+(20P—C'27p)ZA Z| |H
1=0 eel’y,
Atr 9 Atr Atr4 i
ZNH Tolloq + Ci—73

ZN Irilloe + G5, ZN 71l

h2 min(r,+1,55)—2 h2 min(ry+1,84) h2 min(ry+1,80)
O ( s+

n tit1
~ 2
o + -y ) +CrAE? E /t |0k p(s) ”0,0 ds
) v i=0 "

Now using induction hypothesis S for >_" At ||7?
obtain:

Atr

(6.39)
if2 n il|2
Tullog and 32 g At[T]lg g, (6.10)-(6.11), we

Atr?
HT:HHE,Q +2-0C4 h2p

_ : Atr
)2 ANVl + (20, - oot Zmzhw .

ecl’y,

112 2
i 0|
Tolloo T 117 100
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+(Cy-Cy+C5-Cy+CY)

Atrd h2 min(rp+1,s,)—2 h2 min(re+1,s:)—2 h2 min(ry+1,84)—2 h2 min(ry+1,84)—2

h2 25p—3 + Tgsc—?) + T%su—?) + T%‘S“_?’

P
. . Atrﬁ ) pem [hH e
+(O4'Cu+05'cv)7At +Cr AR / 10p(5)][g,0 ds (6.40)
— t:

Let us now define C,p := max(Cs, Cy-C,+C5-C,+Cf, Cy-Cl+C5-C?), where constant
Cinae depends on the properties of the exact solutions p,u,v , T and domain (it follows from
the standard DG techniques and induction hypothesis for ¢ = n). Hence, we obtain:

n o Atr;‘; - Tg 112
) AUIVTllEe + (20, = Coz®) 3 At Y (il
=0 i=0

ecl’y,

Atr?
HT:-HH;Q +(2-C th

Crnar 5" ZN 72l + 171l

Atrd h2 min(rp,+1,s,)—2 h2 min(re+1,s:)—2 h2 min(ry+1,84)—2 h2 min(ry+1,84)—2
. < + + + )
2 25p—3 25.—3 254—3 25y—3
h rp P TC c Tu u T’U v

+ Cmaa:

Atrsy ax [~ e
+Cmaa: B2 At + C(7At Z /t ||attp(8) ||0,Q ds (641)
=0 i

Next choosing At < mz’n( Omir;%’ 0?14, CZig)’ setting penalty parameter o, to be large
enough, defining C,,,;,, := min <1, 2—C4 A,g , — (s A}g ) = 1, which can be done by choos-

1 1+Cx foT||3ttl7(5)||g,QdS> _

Cmin ? Cmin
1+ Cy fOT H@ttﬁ(s)Hdes. Note that, now, the constant C,,, is independent of the induction
hypothesis. Hence, we derive:

n+1HOQ+ZAt |||V7' |||OQ+ Z le] H

ecly,

ing penalty parameter o, large enough, and setting C,,,,, := max (

n 12 h2 min(r,+1,s,)—2 h2 min(rc+1,5.)—2 h2 min(ry+1,8,)—2 h2 min(ry+1,50)—2
< Com Z At HTPHO Q+Cmm 25p—3 + 25.—3 + 254—3 + 2553
. ) 7",) 7/.C TU TU

+Cram || 7 + Cum AL, (6.42)

Hloa

where C),,, depends only on the properties of the exact solutions p,T" and domain (2. Now,
applying discrete Gronwall’s lemma to (6.42), we obtain the final estimate for 77!

“+1HOQ+ZAt|||vT|||OQ+Z 1171]le,) <

ecl'y,

o <h2 min(rp,+1,s,)—2

25p—3
Tp

h2 min(re+1,5¢)—2 h2 min(ry+1,84)—2 h2 min(ry+1,80)—2

t 2
+ 702&73 + ’1“1218“73 + ’1“12)8”73 ) + CpAt ’ (643)
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where constants C”, Ct depend only on the properties of the exact solutions p, domain €2, T" and
independent of n. We now proceed in a similar way to the derivation of (6.43) for 7/™! = 77+!

and we obtain:

h2min(rp+1,sp)72 thin(chrl,sc)fQ
n 1
7 et ZAtmvaowZ ) < (M
| Tp Te
thin(ru—f—l,su)—Q h2min(m,+1,s1,)—2 . )
= B e )+ Clae (6.44)

For the some details of the derivation of the above estimate (6.44) see Appendix 9.

Next, we proceed by proving that the induction hypothesis S for u’gél. Once again, by the
consistency Lemma (4.1), the exact solution satisfies the following equation (compare it with

(3.5)):
/ tz+1 Jw" + Z /~L+1 L+ Z / At ) ng[w"] — Z /’C*iJrlnmwu

EEE eEF"er eeaﬂver e
+o, / ~z+1 _/€i+1,w Z /€z+1
u
ecTy, uanver lel Eebn g
s Y [t -o, - / ot (6.45)
eeaﬂver e eerhuaﬂver
where o , _
(_Ci+1)** o _a?utcz+1|eE alncz+1|E B ati)uta;n [ i—}—l]
u T qout — am qout — a[in U :

7 7 7 7

Subtracting equation (6.45) from (6.5) and choosing w* = 7:*1 we obtain

2

T ; 2
I o + 0w Y ﬁl![nﬁ“]!\o,g

e€l', U0Qver

- _ E :/ erl z+1

Ec&;, B eclyer eeaﬂver

z+1 i+1 erl erl z+1 i+1 erl
§ : / CDG —C )u E / /é-

+Z/§Z+1 AR /5@“ AEETY %/[gm][ M= Ty 4 L+ TY, (6.46)

Eegh E eeaﬂver e eerhuagver

and bound each term on the RHS of (6.46).
Let us now bound term by term on the right-hand side of (6.46). Consider the term 77}*. Using
integration by parts, we get:

i1/ i+1 _ Z+1 Z+1 i+1 Z+1
- [t s = A e Y [,
E

e€0F

where n, denotes the x— component of the outward normal vector to element F.
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Summing over all the elements F we have:

Z/ z+1 z+1+zz/z+1 i+,

Ecé&, Ecé&p, ecOE
_ § / H—l H—l E / i+1 z+1
Eecéy e€l'7ruoQ

Recalling the formula for the jump and average (2.1) we get:

_Z/ L) i Z/ L, — Z/ P, = > /Tj“[rj“]nx

Ee€&y, eclyer eclyer €€ Nyer ¥ €

Hence, using the inequality (2.6), Cauchy-Schwarz’s and Young’s inequalities, using lemma 2.4
for ||7i]] and applying assumption (3.2), we have the following bound for T}

2
Bt 3 S BT e+ X 2 ) 64
e€l',UOQver ecly,
A bound for T3 can be obtained in a way similar to the bound on T} :

out ) ) ) )
HESN( / e (GO E PRy

ecly,
a aout ) )
/aout [ug—(}l . uZH]nz[ z+1]

i a’i

_|_

) =1+ 1T+ IIL

e

From (6.8) and (6.14), the first term on the RHS of (6.48) can be estimated by

=5 (| frene )1

ecl’y,
Using then the Cauchy-Schwarz inequality, the trace inequality (2.4), the inequality (2.6), and

‘ gz-‘,—l na} [Tz—i—l]

the assumption (3.2), we estimate 1 as follows:

B 12 7"2 H_l thin(rc-‘rl,sc)
[< KK |rit gq+ KKy > el o + KKy

ecly,

A similar bound can be derived for the second term on the RHS of (6.48). The third term on
the RHS of (6.48) is similar to the third term on the RHS of (6.23), hence it can be bounded by

KK,-h 1
111 < (74+—)

2
T 2

h2 min(ry+1,s4)—1

Z| |||[ TP+ KK - h

7”25“
eel’y, w
By choosing h small enough, we obtain:

h2 min(ry+1,84)—1

< 3 e, +

ecl'y,

_ai-n . 2 . 2 .
+ ’ / aqut _Z ain <(CZ[;’—G1r)f - (CZ—H)E )nm[TZJ’_l]
% )
e

(6.48)
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Combining the above bounds on I, I, and III, and using lemma 2.4 we arrive at

2
U ) i 2 Ty ) 2
|T|<U3<|||VT+1|||OQ+Z||H PR/ D [
ecl’y, e€l',U0ver
thin(rqul,su)fl thin(rCJrl,sc)
+U5( o +— > (6.49)

To bound the term T3, we use the Cauchy-Schwarz inequality, Young’s inequality, the inequal-
ity (2.6), and lemma 2.4 which yield

2
u 7 7 2 ru 1
T3] < Us (V7o + Z ] H o) U7 D EH[ 7 Ml (6.50)
eEFh eeaﬂver

The term 7} is bounded with the help of Cauchy-Schwarz inequality, Young’s inequality, and
the approximation inequality (2.2):

h2 min(ry+1,84)

102
ITy] < egllmt oo + Us—; (6.51)
u
Using similar idea as for the term T}, we can rewrite T} in the form
g 1 5
Z 52—}—1 H—l + Z /é—l-{—l z+1}n$ + Z / z+1 gz—i—l}nm
Eeg / FVeT FVeT
+ Z R, = T, (6.52)
e€0Qver
We then use Lemma 2.1 and Lemma 2.3 to obtain
2 2min(re+1,s¢)—2
~ 1o —~ r , h
IT5| < ebllmi M loa + 0o > ;‘]H[T&“]Hﬁ,e tl—m (6.53)
e€l' L, U0Qver ¢

The term T¢ is bounded using the Cauchy-Schwarz inequality, the trace inequality (2.4), and
the approximation inequality (2.2):

1 thin(rc-i-l,sc)
T < Uy Z T g + Un—5—— (6.54)
eE@Qver ¢

The last term 77 is bounded using the approximation result (2.3). Hence,

y 7,.3 12 h2min(ru+1,su)—2
T <V Y e+ Uis—5s— (6.55)

e€l',U0Qver

After obtaining the estimates (6.47)—(6.55), we plug them into (6.46) and use the assumption
h < 1,r > 1, assumption (3.2) , choose the penalty parameters large enough and an appropriate
scaling to obtain
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2
. 2 T ; 2
I loe + D ﬁ”[ﬁ“]”o@

e€l',U0Qver
; T? ; 9 h2min(rc+1,sc)72 thin(rqul,su)fQ
< CUIVT I+ 3 (6 + € (s + ) (650)
ecI'y, c u
Next multiply both sides of (6.56) by At and sum for i = —1,...,n to get
- i+1)|2 Y T i1 2
D AU ot DA Dl o
i=—1 i=—1 e€l', U0Qver
2
r
< GV o+ A D g,
ecl'y, |e| 7
n 2 n 2min(re+1,s¢)—2 2min(ry+1,54)—2
4 Q2 ERTIGIIR: 5 h h
+3 OBt X Il )+ X () - (657)
i=0 e€l’, i=—1 ¢ “
Next, using the inverse inequality, inequality (2.6) we obtain:
- 12 - T i1y 2
Z At”Tu ”O,Q + Z At Z QH[TU ]”O,e
i=—1 i=—1 €€l UdQer
Atrd 2 Atr? 2
6 c n+1 c n+1
o eCcY o Ly Sl
n ; TZ 2 n h2 min(re+1,s:)—2 h2 min(ry+1,84)—2
+3 CIALVTIR o+ T [iEAlEDS c;fm( T B ) (6.58)
i=0 e€ly, i=—1 ¢ v
Final estimate is obtained by choosing At < C ﬁ—i and by using the estimate (6.44):
- i+1)|2 - ra i+17)(2
oAU oo+ > A > HH[TU lo,e
i=—1 i=—1 e€l',U0Qver
h2min(rp+1,sp)—2 thin(rc+1,sc)—2 h2min(ru+1,su)—2 thin(rU—f—l,sv)—Q . )
<o e A I )+ CLAE. (6.59)

The estimate (6.59) proves the induction hypothesis (6.10) for i = n + 1:

n+1 h2min(rp+1,sp)—2 thin(rc—i-l,sc)—Q
At|72, < C -
ull0,Q — ~u 25,—3 25.—3
i=0 Tp Te

h2 min(ry+1,54)—2 h2 min(ry+1,s,)—2

t 2
L >+CuAt
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Induction hypothesis S, (6.12) can be shown using similar techniques as in (6.10), see details in
Appendix 9. In the same way, we prove the induction hypothesis S for 7, and show that:

n+1 n+1 ’1"2
e CAITEANIE
> AtlTlloa+ ) At D EH[TU]HO@
i=0 i=0  e€l'RU8nor
h2min(rp+1,sp)f2 h2min(rc+1,sc)72 h2min(ru+1,su)72 thin(errl,sv)fQ
t 2
S CU( 2sp,—3 + T230—3 + 7’25“_3 + T’25U—3 ) + OUAt : (660)
Tp c u v

7 Runge-Kutta Second Order Time Discretization
Find a discrete in time solution
(PDG- Cas Unas Uba ) € Wi X Wi X Wi w X Wi,

which satisfies the following weak formulation for the chemotaxis system (1.2):

/zf)va /pDGwP At Z /V,ODGVUJ - Z/{VpDG n, }{w’] —|—52/{Vw ‘1,
) Eegy, R eel'y e€l'y %,
r? .
+%Z ﬁ / [ohallw’] = / XPhatba (W), + > / XPbatbg) M w’]
Ee&y, eclyer

- Z /XPDG”DG Z /XPDGUDG “ny[w” ]>,

Eegh E eel"hor

pDG]

(7.1)

/ZDGcw —/CDGw —At Z /VCDva - Z/{VCDG n.} —|—52/{Vw n}[cp]

Ec&;, B ecl'y, ecl'y, .
+0. 30 1 [lebalu] + [ chour - / o).
ecln = 7% Q Q
i u Ti i
ZDG,uw + 0oy Z |€| [ZDG u Z ZDG c + Z ZDG c unx ]
Q ethuaﬂver e Eeg Fhor
o Z /ZEG,cnxwu>7
e€0ver e
. 7"2 . . .
[aowwrro. 2 [l ==X [hodn),+ ¥ [(-shoinlu
Q e€l L, U0Qnor e Eeg&y, B EEFEOY 4
=Y [ o).
eethor

e

/ Vibo, V= 3 [{Vsba,  nuu’]

Ee€ ecl’y, e

1 . 1 ,
/pgéwp = —/prGwp—F —/Z]ZDG wp—O.5At
Q

(7.2)
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—HSZ/{VUJ Ile ZDG p]+JP | |/ZDG,p Z /XZDGpZDGu ):13

e€ly % eel’y, Ecén g
p
+ E /XZDGpZDGu N (W] E /XZDGpZDGv y 1 E /XZDGpZDGv ny[w” ])a
eelyer EeEy ecrhor %)

Z’“C—l : C+1 05 V..V {Vv Huw®]
CDGw — 5 [ baW TS ZDGC ZDGC w* ZDGC ne
Q Eesh % e€ly,

+e § /{vw ne ZDG c] +UC | ‘/ZDGC /Z]ZDG ch—/ZBG pwc>>
ecly, e ecly,
r2
41, u U erl z+1 z+1 u
/UDGw +ou E E/[UDG § :/CDG 1 E / —¢pa ) ]
) e€l',U0ver o Ee&y B eclyer
- g /cgénmw“>,
eeaner e
r2
+1, v v i+1 _ i+1 i+1 v
[ S o= -(X [adwn,+ X [ddinbe]
Q e€l, U0 or e Ec&;, E eEFlﬁor e
i+1 v
— E /CDGnyw ),
eGBQhDr e

Again, we use (3.8) to approximate the convective terms in the scheme above, with the one-sided
local speeds given by:

out in

Gjy = Max ((XUDG)e 7(XUDG)E 0) ag,, 7= min ((XUDG)e 7(XUDG)E 0)

b?,lf;t ‘= max ((XUDG)e ) (XUDG)E 0 b?,lv ‘= min <(XUDG)e ) (XUDG)E O)

ag = max ((xzagu>§ (e o) alr,, = min ((¢zhe,)E' s (zhau)",0)
i = i ((xzho, )2 (vzbo,) 2 0) b, o= min (xzhe )2, (Kb )7, 0)

Denote by my := u, z,, ms := v, 2, and notice that we make the same settings here as in the

Remark in section 3. Also notice that the inequalities similar to (3.10),

(7.9)

out _ ain bout _ bm
—m_ <y WM oy W™ ] ogpd —2™2 <] (7.10)
aqut _ in — aqut —aln — bout bln — bout bm —
7,m1 2,M1 7,mM1 2,M1 7,M2 7,M2 7,M2 7,M2

which are needed in our convergence proof, are satisfied for the local speeds defined in (7.9)
as well (for simplicity, we assume that aS% — a® = # 0 and bS% — b~ +# 0 throughout the

,m1 1,m1 ,m2 ,m2
computational domain) and the initial conditions:

/U%qu = /uow“, /U%Gw” = /vow”.
Q Q

(7.5)

(7.7)

(7.8)
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Now, let us use a similar idea to [41] and define new variables z,, 2, 2y, 2:

2p(2,y,t) = p(z, Y, 1) + pe(,y, ) At (7.12)
ze(x,y,t) = c(z,y,t) + ez, y, t) At (7.13)

zu(T,y, 1) = u(@,y, 1) + (v, y, t) At (7.14)
zo(z,y,t) = v(x,y, t) + vz, y, t) At (7.15)

Next, using the regularity of the density p, the concentration ¢, and Taylor expansion, we obtain
for p and c:

At At
,O(l', Y, t+ At) - p(l', Y, t) - pt(xa Y, t)? - ,Ot(x, Y, t+ At)? = O(At3>
A At
C(l’, Y, t+ At) - C(l’, Y, t) - Ct(xa Y, t)?t - Ct(l‘a Y, l+ At)? = O(At?’)
Hence, we obtain:
pe(z,y, t+AL) = —(xp(z, y, t+A)u(z, y, t+AL)) . — (xp(@, y, t-A)v(z, y, t+AL)) +Ap(z, y, 1+AL)
= (=x(p(@,y,1) + pe(, y, )AL+ O(AL))) (u(z, Y, 1) + ue(, y, ) At + O(AL)),
H(=x(p(@,y,t) + pi(x, y, ) At + O(A))) (v(, y, t) + ve(w,y, 1) At + O(At?)),
+A(p(z,y,t) + pe(x,y, ) At + O(A?)) = —(x2p2u)e — (X2p20)y + Az, + O(A)
In the same way, it can be shown that
c(z,y,t + At) = Az, — z. + 2, + O(AP)
From (7.12) and the Taylor expansion above for p, it follows that:
7= p' = ((xp'u')e + (xp'v"), — Ap')At
a1, 1., o o At

pPr=gp s ((Xzp20)z + (X220 )y — AZZ); + O(At?), (7.16)

Similarly, for ¢ we get:
2= — (=Ad + ¢ — phAt

¢t = 50‘ + izé —(=AzZ + 2 — 22)7 + O(AP), (7.17)

Note that for v and v we will have:
Zu = U+ WAL = ¢ + ()i At = (¢ + ¢ AL)y = (20) 2

2y = (ZC)y

Hence, it follows that:

utt = ()., (7.18)
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()

i+1 — (C

)y (7.19)
Denoting by Err(z,y,i) = O(At*) and multiplying the above equation (7.16)- (7.19) by the

test functions w,, w,, w, and w,, integrating by parts, and using consistency of the DG scheme

we obtain the scheme for 2}, p"™!, 22, ¢+, 20, u™ and 2}, v**h:

/Zﬁi’wp:/piwp_'_AP(pi?uiaviawp)Ata
Q Q

/,0”110”:—/p’wp—k—/zzwp—l—Ap(zl,Z;,zf),wp)——i—/Err(x,y,i)wp (7.20)
Q 2 Ja 2o’ g 2 Q

, 1 , 1 , .y At
/c’“wC = —/c‘wc—l— —/zéwc—l—Ac(z‘,zé,wc)— +/E7"7"(:c,y,i)wc (7.21)
Q 2 Ja 2 Ja g 2 Q

2
[Aarso, 3 [l = A,
@ €€, U er el Je
2
/u”lw” + 0oy Z ur /[u”l][w“] = A, (™ w") (7.22)
@ €T, U0 Qver el Je

iU TQQ) 7 v 7 v
Kﬁw+% ) @/WWF%MMW

e€l L, U0Qnor
2
/v”lw” + 0o, Z T /[v”l][w”] = A, (" w?), (7.23)
Q e€l L, U0Qhor |e| €

where we denoted by

A (1, 7, 73, 1) ::—<Z/Vx1pr—Z/{Vxl-ne}[wp]+62/{pr-ne}[x1]

Eeg&y, E ecly, e eel'y, e
2
+0, Z ﬁ/[ml][wp] — Z /Xl’ll'g(wp)z + Z /(Xxlzcg)*nz[wp]
cery, 161/ Ee€ % ecTyer ¥
— Z /Xxlxg(wp)y—i- Z /(Xxlxg)*ny[wp]>, (7.24)
Beé g echor ¥
A (21, x93, w) 1= —< Z /V%Vuf — Z /{Vxl ‘n w4+ ¢ Z /{VwC ‘N Hrg]
Eegh E eEFh e GEFh e

0.3 % / ][] + / it — / ey, (7.25)
e Q Q

ecly,
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Ay, w") = —< > /331(10“)95Jr > /(—951)2%[“1”] - ) /9€1nzw”>, (7.26)

Ee&y, E eEI“\}/Ler e e€0ver e
Ay(z1,w") = _< Z \/xl(wv)y + Z /(_xl)zny[wv] - Z /xlnyuﬂ’), (7.27)
Eegh E GEFXEY e e€0ver e

Let us again introduce similar notations to (6.14)

i i ~j i i i i ~i A R
Tp'_pDG_p’ gp'_p_p’ Te = Cpg — € £c.—C—C, (728)
7=l —w, & o=l — @, 7=l — O, & =i — .
u *— “DG ) u ) v VDG ) v )
and A
i i i T S P i i i i 5t
T., = ZDGy ~ Zp fzp =2, = Zy Ty = 2DhGe — Por Sa 1= e Zc (7.29)
i ‘ j i i :

NI ) _ %t T 3 R _ (O S
Tzu = “DGu Zus gzu =y Zur Tz T ZDG,V Zy) £zv = 2y Zy-

and subtract (7.20) from (7.1) and (7.5) respectively. We obtain the following error equations:
/ 7w’ = / Tyw” 4+ My (w?), (7.30)
Q )
i+l p e g} p ZNi(wP
/QTP w /Q(QTP—I—QTZP)UJ —1—2 p(w )
i L L i
= / Tw’ + iMp(wp) + §Np(w”) (7.31)
Q
where

MZ(wp) - /Q(gip - g/i))wp + (Ap(pzb(}v quG, U]iDG’ wp) - Ap(pi’ uiv Ui’ wp))At’ (732)

Ni(w?) = / (6 — ¢ — £~ 2B(zy, i)’
+(AP(zEG,p7 Z%G,ua in)G,v’ ,wp) - Ap(zi Zi Zi wp))Ata (7'33)

P “ur v

In the same way we obtain the error equations for concentration ¢, we obtain the following error
equations:

/chwc = / Tiw® + M (w®), (7.34)
Q Q

i+l, e _ ) ) c _N? c
e = [ Grie griout + 3Niw)

. 1 . 1 ..
~ / riwt 4 S () + 2 N (w) (7.35)
o 2 2
where
M (wf) = / (6 — €0 + (Ao P w7) — A, i) AL, (7.36)
Ni(uw) = / (26— € — € 9B (a5, i) + (At er 2 1) — Acl2h, 21, wf)EBT)
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The error equations for v and v are :

[rwtson 35 [l = i, (739

e€l' L, U0Qver
2
[rrtwr o, ST [l = Vi (739
Q €T}, U8 ver lef Je
where
M (w )Z/fzuw +ou Y g/[é}u][w |+ (Au(zpger w") — Au(zg, w")), (7.40)
Q €T}, U ver €
2
Niw) = [t aos 3T+ (el ) - A )T
Q €0, U ver el Je
. 7“2 . .
/ T W’ 4 oy Z —L /[T;v][w”] = M, (w"), (7.42)
Q e€THUIN0r lef Je
2
[t o, S [ - Niw) (7.43)
Q e€l L U0Qor ‘€| €
where

Mi(u?) = / gauto, S / €6, ]10°) + (A(zhgor?) — Ay(zhw?)), (7.44)

e€l R U0or

. . r2 . . .
Ni(w") = / Gruteo, Y2 / €[] + (A (e w?) — Ay (¢, w))7.45)

e€l L U0 or

Next, set w” = 7/ in the equation of (7.30) and w” = Tép in (7.31), add the two equations
and after easy calculations, obtain the important equality that will be used to derive the error
estimate for the density p:

75 o = Iallog = |[7o*" = 7|, o M)+ M(72,) (7.46)
Similarly, we obtain for the concentration c:
i g = Il g = N7 = i llg o + Mi(r) + Ni(rL) (7.47)

As for Forward Euler Scheme, let us make the following induction hypothesis:

SR = { (ubg, Vha) € Wi X W

n
> Atflupg — @l
i=0
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g+ + +

h2 min(rp,+1,s,)—2 h2 min(re+1,s:)—2 h2 min(ry+1,84)—2 h2 min(ry+1,84)—2
<
ru Tgsc—?) T%SU_?’ rgsv—?)

p

+CL A (7.48)

n
Z Atflvpg — UZHO,Q
=0

h2 min(r,+1,s,)—2 h2 min(re+1,5)—2 h2 min(ry+1,8,)—2 h2 min(ry+1,8,)—2

TzSP_B + rgscfi’; + Tgsu73 + ’1"12)8”73
+C! AL, (7.49)
* h 7 * h
sup ||UDG U ||OQ < Cru 2 Sup ||UDG U ||OQ < Crv 2 (750)
0<i<n min 0<i<n min
B2 4 h?
s0p b = Plos < G 510 leb ~ Tl < Cii | (7.51)
<i<n rmln 0<i<n T.I‘I]Hl

The induction hypothesis SR implies the following lemma.

Lemma 7.1 For (phq, Cha, Uba, Uhg) € SR, there exist positive constants M,, M., M,,, M,,
N,, N., Ny, and N, independent of h,r,,rc, 7y, and r,, such that

sup ||PDG||OOQ < M,, sup ||C%G||oo,ﬂ < M, sup ||uDG||ooQ < M,, sup ||UDG||ooQ < M,,
0<i<n 0<i<n

<i<n 0<i<n
, , (7.52)
sup ”ZDG p”ooﬂ < N Sllp HzIZ)G,C”OOQ < N Sup ”Z]Z)G,uHOOQ < Nu7 sup HzDG VH 0.0 < Nv'
0<i<n 0<i<n 0<i<n ’ 0<i<n ©0s
(7.53)
Proof: For the details of the proof see Appendix 9. U

Theorem 7.2 (I*(H') and [*(L?*) Runge-Kutta error estimates). Let the solution p, ¢, u and
v of the Keller-Segel system (1.2) be sufficiently reqular. Furthermore, we assume that penalty
parameters o,, 0., 0y, 0y, are sufficiently large. Then the induction hypothesis holds true for n+1.
Furthermore, there exists constants C,, and C,., independent of h and r, such that

2 1
1 r i i1l12 2
lon6 = Pllieozyszay + AtV (e = p)llliqoirriza (Zm > &b —» . )

ecl’y,

hmin(rp—i-l,sp)—l hmin(rc+1,sc)—1 hmin(ru—f—l,su)—l hmin(rv—f—l,sv)—l
< Crp( — + — + — +

Sp—5 Sc—3 Su—3%5 E)
r, ? e 2 Tu 2 T

lcpa — C||zoo ([0,T];L2(2)) + At2|||V(CDG - C)|||l2(0T :L2(Q)) (ZAt Z le] H CDG ]Hiey

ecl’y,

+ At?)

_3
2

hmin(errl,sp)fl hmin(chrl,sC)fl hmin(rqul,su)fl Jymin (ro+1,85)—1
< Cre( + + + + At?)
> Lrpe 3 3 3 3 )
SpT2 Se™3 SuTg SvT3
Tp Te Ty v

where (1,,7¢, Ty, Ty) > 2.
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The proof of the above theorem is postponed to Appendix 9.
Remark. The error estimates obtained in this paper are h-optimal and r-suboptimal (by 1/2),
and the numerical tests reported in [18] confirm the theoretical error estimates.

8 Numerical Example

In this section, we consider the initial-boundary value problem for the Keller-Segel system and
compare the solution obtained by the proposed Forward Euler DG method and by the Runge-
Kutta DG method. We take the chemotactic sensitivity y = 1 and the bell-shaped initial data

p(x,y,0) = 1300e 09 ¢(x,y,0) = 650e~ ),

We consider the above problem in the square domain [—3, 1] x [—1,1]. According to the results
in [23], both components p and ¢ of the solution are expected to blow up at the origin in finite
time.

In Figures 8.1-8.4, we plot the contours of the density p along the line £ = [—%, %] x 0,
computed at different times before blow-up on uniform grid with A = 1/101 using quadratic
polynomial approximation (Figures 8.1 and 8.2) and cubic polynomial approximation (Figures
8.3 and 8.4). The dashed line represents the solution obtained by the Forward Euler DG method
and the solid line represents the solution obtained by the Runge-Kutta DG method. As one can
see, the higher order time schemes are important for such type of problems with rapidly changing

solution in time.

9 Appendix: Proof of Several Estimates

We collect in the Appendix details of the proofs of the several estimates.

9.1 Derivation of the Estimate (6.37)

To obtain the estimate (6.37), we again subtract (6.16) from (6.3) and choose w” = 7.7 — 7/,

I =l =~ S [ vrve =)

Ee&y,

Aty /{VT ] —eat Y /{v i) }[TZ]—AtUpZ% /6[7;‘][7;'“—7;]

ecly, ecl’y, ecl'y
+AE Y /XT upa(Th = T, + A Y / XOTL(Th = 7h),
Ecé&y E Eegy,
~At Y / XPEL (T =Ty — AL > / (XPbatbe)’ (xpiui)**)nm[f,i“ — 7]
Ec&;, eel‘vef

+At2/x7 UDG ZH +At2/x,07' i+l i Ai&Z/)(pfZ i+1 Ti)

S Ec&y, Eec&y,
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ot 3 [ ((rbatbe) = () Yl =+ A [ 6,007 = 7)

eerhor

Sibl

+At/ﬂ <ﬁt(tl) - %) (ot —1))
+AE Y / VEV (T =) — ALY / (Ve -n 't -1

Eegy, E ecl’y, e
i+1 z+1 )
+eAE Y / {V(ri = 70)  n }E] + Ato, Y / — '] (9.1)
ecl'y e ecly, | ‘
—At Z /Xf erl _ 7_;' — At Z /X€ z+1 z)
Ee&y E Ee&y E

=TT +TTy + ...+ TTY,.

Now let us bound each term on the RHS of (9.1). Using similar techniques as for the estimation

of (6.17), except now we will use inverse inequality for the estimation of the V(7/! — 77), and
inequality (2.6) to estimate ||[7F! — 77]]| o Hence we obtain the following estimates:
1 At2 4
70 < oo 7 =il + B 2Vl (92
1 At2 4
T < o 1% = 7lloo + B p|||VT 1150 (9.3)
1, . : At? 7“
ITTY| < 21 HT;H _T;H(Q),Q—'_R 12 Z H HO@ (94)
ecl'y,
1 ., . At? 7“ r2 .
TI < 57 1t =il + B =52 2 75 I, (9:5)
21 h? = le|
1 . AtQ 4
‘TT5P‘ < HT - pHo,Q + 52 e H PHOQ (9-6)
1 ; At? ru
TTE < 57 17" = 7lloe + B* =2 Imillon (9.7)
1 . At2rd h2 min(ry+1,54)
TT7] < 57 7" =Tl + B o = (9.8)
1 . At2 4 At2 4
77g] < Lot = ni2 + ROEE a2 0BT
Ap2rd h2min(rp+1,sp) h2min(ry+1,su)
: h? P ( rp " r2su > . )
o 1 i+1 i|2 12At2 ;)1
TTy] < 21 H P pHo,Q tR 2 H pHOQ (9.10)
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1 . .9 At2rd 12
i+1 ) 13 v %
TThl < 57 157 = Tollog + BY =5 I7illog
1 ' ' At27’4 h2 min(ry+1,sy)
‘TTlpl‘ < 21 HTZH B T;Hi,g +RM h2 ’ r2sv
1., . - At2rd At2rd
i+1 i 16 || 17 p || i
[ TTH| < 21 HTp - pHo,Q +R h2 HTPHO,Q tR 2 HTvHo,Q
ng At%”ﬁ h2 min(r,+1,s,) h2 min(ry+1,50)
h? o e '
1 A g thin(errl,sp)
i+1 ) 19 2
|TT1P3| < i HTP - PHO,Q + RUAL r25/)
p
TTY) < = |74 = 7|+ RoA - 104p(5)ll5 0
141 = 21 7-p pllo,Q i ttP\S 0,Q S.
1 . 2 Ap2rd h2min(rp+1,5,)—2
|TT1P5| < 21 HTPH - PHO,Q + R h2 ‘ 7“28”_2
p
1 . 2 At27n4 h2min(7“p+1,sp)—2
‘TT1P6‘ < 21 HTPH B TPHO,Q + R* h2 ’ 7“28”_2
p
1 . 2 At27’4 thin(rp—i-l,sp)—Q
|TT1P7| < i HTp—H - TPHO,Q + R h2 . TQSp*3
p
1 . 2 Ap2rd h2min(rp+1,s,)—2
|TT1PS| < i HTP—H - PHO,Q +R* h2 s TQSp*3
p
1 . 2 At2rd h2min(r,+1,s,)
TTH| < 21 7o+ - TPHO,Q + R* h2 ’ 250
p
1 ‘ - At2rt h2min(rp+1,sp)
1+1 ) 26 p
TT| < 21 (A TpHo,n +R 12 25
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(9.11)

(9.12)

(9.13)

(9.14)

(9.15)

(9.16)

(9.17)

(9.18)

(9.19)

(9.20)

(9.21)

Now, combining all the bounds (9.2)-(9.21) and using the assumption that h < 1, r > 1, the

estimate (6.37) follows.

9.2 Derivation of the Estimate for the Concentration (6.44)

First, from the consistency Lemma 4.1 we obtain that the exact solution of (1.2) satisfying the
weak formulation of the form of the equation (3.4), which may be rewritten as

JEGERD W ACTED WL S TEEE WLAS RS wiry [T

Ec&y o

Q
+/Eiwc—/?wcz—
Q

—e Y [(verne

ecl’y, e

[t =3 [vavur+ 3 [(veny]

Eegy, E ecly, e

0.3 ﬂ Jiean1 - [ e+ [ e
e€ln © "¢ Q Q

(9.22)
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We then subtract equation (9.22) from equation (6.4) and set w® = 7¢ to obtain

7 o = 17l 0 + 28809715 0 + 2At0, D % 1o, = (17 =7l
ecl
o ~i+1 i

+2At/§ —2At/§i7i_2At/7i7i_2AtHTinQ+2At/ (@(ti) ¢ - c )Tﬁ

+2AL(1 —¢) Z/{VT n.} +2At/§CttlT+2At2/V§VT—QAtZ/{Vg
ecly, o EEghE ecl'y e
+2Ate Z /{VT n.} + 2Atac | | / =T¢ + T2 + .+ le
ecl'y, e

Let us notice again that the term on the LHS of (9.23) is rewritten similar to the term on the
LHS of (6.17):

. . i 2 12 i112
[ P P
0 At © 9Nt 9Nt 9Nt

The terms on the RHS of (9.23) are bounded using the same techniques as in (6.17). As before,
we start with term 75

(9.24)

h2 min(re+1,sc)

IT5| < esAt 7o, + C§AtT (9.25)
o 2min(r,+1,sp)

T3] < e5At |7 o + C§AtT (9.26)

P
5] < ngtHTgH;Q+C§At}}T;‘H§ﬂ (9.27)
Te| =2 ||7]]; (9.28)

- i+l

ITE] < ot 7] + CEAE / OuEs)| g ds. (9.29)
TS| < eSAH ||V |||OQ+C’7At| | Z ez HOe (9.30)

ecl’y,

2min(re+1,sc)

c c il|2 c
T3] < egat |7y o + CeA o (9.31)
o 2min(re+1,s¢)—2
T3] < 5|Vl + Gl (9.32)
7,.2 19 2min(re+1,s¢)—2
‘TICO‘ S 6(1:0At Z ﬂ H [Tcl] HQQ + CfOAt 280—2 (933)
ecl'y € TC

] 2min(re+1,8:)—2

T < eh AL[IVTl[5 o + CF At (9.34)

25.—3
reoe

‘n ]

(9.23)
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h2 min(re+1,s.)—2

2 .
IT5| < ehat Y ﬂ |75, + Chat

rgsc—?)
ecl'y,

Next, we need to bound the term 77 as it was done for the 7. We subtract (9.22) from equation

(6.4) and set w® = 771 — 7% to obtain:

Q

33

(9.35)

it - HOQ—At/g i At/g o) A i - ) - At/ﬂ ri(rit -
St

~;

7)

+At/ﬂ<’c}(ti)—T;C)( i _ AtZ/VrV 1 +AtZ/{VT no [t — 7

Ee&y

—eAL ) / V@™ =7 mle] - Ao ) / T — 7]+ At / Eo(£) (74!

ecl’y, e ecly,

— 7

c

—i—AtZ /va AR AtZ/{Vf ne Z+1 —i—AtSZ/{V i Tci ne}[fé]

E€&;, B ecl'y, e ecly, e

+Ato, Y / T - =TTy +TT? + ...+ TTM.
ecl’y, | |
Using similar techniques as in (9.1), we obtain the following estimates:

2min(re+1,s¢)

775 < 2 4 = 7o + APKC?

r2se
175] < L it ) + AtKC*H
I e N el 71
775 < 2 [ =il + ACKC |52

ti+1

Ty < 1 AT TcinLQjLKCE’At?’/ 10:(5) .2 ds-

7

1 At2 4

Ty < & [ =7l + KC= 52191 o
1 At
|TT;|<15 = wil g + KCTELIE o

, At?rd T2
ITTE] < — H7-z+1 Hzﬂ + KC® - Z el H[Tc]Hz,e

ecl’y,

1 , At? 2 :
15| < LR+ K hr 3 %' ([l
ecl’y,

2min(re+1,s¢)

+ A?PKC10

1 )
TT5| < IR [ TCHO,Q 25

(9.37)

(9.38)

(9.39)

(9.40)
(9.41)

(9.42)
(9.43)

(9.44)

(9.45)

(9.46)

(9.36)
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At2 4 h2 min(re+1,s:)—2

c ]' ) Tc
|TTy| < 15 HTcH - TcHo,Q +KCH 72 72502 (9.47)
. 1 ; At27ﬂ21 h2min(rc+1,sc)72
TTh| < 12 7ot = 7iffgq + KC™ Y Py (9.48)
1 ) At27“4 thin(rc+1,sc)—2
c i+1 13 c
TTH| < £ |7t = 7il|pq + KC 3 g (9.49)

At2 4h2min(rc+1,sc)—2
Kou2 e (9.50)

—Te HO,Q h2 T25673

775 < o [l

We combine all the bounds (9.25)—(9.35) and use bounds (9.37)-(9.50) to estimate |7 — 71|}
(similar to (6.37)). Then we plug the estimates in (9.23). Choosing At < Cif—4, summing

for i = 0,..,n, applying Lemma 2.4 for H ‘ using estimate (6.43) and applying discrete

1.

Ho Q7
Gronwall’s lemma we obtain the final estimate for the 7'“r

h2 min(rp+1,5,)—2 h2 min(re+1,s0)—2

"“HOQ+ZAt 1970+ 3 7 0 < 0 (o + s
ecl'y, c
thin(ru—f—l,su)—Q h2min(m,+1,s1,)—2 .
+ o + o ) + CIAL? (9.51)

9.3 Proof of the Induction Hypothesis (6.12) for u}t

Let us consider (6.46) and bound each term on the RHS of (6.46).
Consider the term T}*. Using inverse inequality, Cauchy-Schwarz, assumption (3.2) and Young’s
inequality, we obtain:

T < e¥ HH“HOQ U, - (9.52)

< )2,

A bound for Ty can be obtained in a similar way to the bound on T} :

out
mi< 3 (| /e (G2 - 7 Yot
eerver

Z

Z

ﬁ_

a

in ,out
[ el =
a’i 7

> =1+ 1I+IIL

e

From (6.8) and (6.14), the first term on the RHS of (6.46) can be estimated by

)
< (firrenseo | fease]) -

ecl'y,
Then, using the Cauchy-Schwarz inequality, the trace inequality (2.4), the inequality (2.6), and
the assumption (3.2), we estimate I as follows:

T2 ) 9 h2 min(re+1,sc)
j“]H [t llo.e + KU32—

Sc

T< KU[7 o0+ KU Y

GEFh|

1n ) ) ) '
| +] f g (s = @bt
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A similar bound can be derived for the second term on the RHS of (6.46). The third term on
the RHS of (6.46) is similar to the third term on the RHS of (6.23), hence it can be bounded by

KU, -h 1 T,
< (K024 0) S P+ Kt

u 2 eel"h ‘ |

h2 min(ry+1,84)—1

2s
ot

By choosing h small enough, we obtain:

h2 min(ry+1,84)—1

< 3 Lo, +

GEFh

Combining the above bounds on I, II, and III, and using lemma 2.4 we arrive at

T3 < UG |7 oo+ UUs Y

2min(ry—+1,s4)—1 2min(re+1,sc)
L Y e e
e€l', U0Qver | ‘ Ty re
(9.54)
To bound the term T%', we use the Cauchy-Schwarz inequality, Young’s inequality and the in-

equality (2.6) which yield

2
T3 < UUs |72 o g+ UUs S %Hmﬂmé,e. (9.55)
e€OQver

The term T} is bounded with the help of Cauchy-Schwarz inequality, Young’s inequality, and
the approximation inequality (2.2):

h2 min(ry+1,s4)

U U || -t 2
T3] < 2Pt o+ U0 (9.56)
Using similar techniques as for (6.52) to obtain
- o r2 119 thin(rCJrl,sc)fQ
T < it o+ 005 30 Tl )R, + U0y (9.57)

e€l' L, U0Qver

The term 7§ is bounded using the Cauchy-Schwarz inequality, the trace inequality (2.4), and
the approximation inequality (2.2):

. TZ, 172 h2 min(re+1,s¢)
Tel < UUs Y o + UUi—; (9.58)
eE@Qver |€‘ rc
The last term 7% is bounded using the approximation result (2.3). Hence,
y ri ; 9 thin(rqul,su)fQ
T <UL Y Pl + Ve (9.59)

e€l',U0Qver

After obtaining the estimates (9.52)—(9.59), we plug them into (6.46) and use the assump-
tion h < 1,7 > 1, assumption (3.2) , choose the penalty parameters large enough, choose an
appropriate scaling and use the estimate (6.44) for the ||77"!|| to obtain

2 min (ro+1,sp)—4 h2 min(re+1,s.)—4 h2 min(ry+1,84)—4 h2 min(ry+1,8,)—4
n+1 H <C, Ct e At2
H 0,2 — Tisp—7 + rgsc—'? + 7’55“_7 + T’?)SU_? + v h2

(9.60)
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The estimate (9.60) proves the induction hypothesis on upg (6.12) for n + 1 by making the

appropriate choice of At = O(’;—j):

h
HTS—HHO,Q < O;TQ— (9.61)

9.4 Proof of Lemma 7.1

Firstly, the proof of the statement (7.52) of Lemma 7.1 is the direct consequence of the induction
hypothesis SR, and is the same as for the Lemma 6.1.

Secondly, to prove the next statement (7.53) of Lemma 7.1, let us first consider (7.30), and
set w? = ij, to obtain:

i
Zp

2 . L.
oo = /QT;T;[) + M;(T;p), (9.62)

where

M) = [ (€, - = ae( 3 [vrve = 3 [197 njw)

Ee&y, E ecly, e

= /{w-ne}[TZH%Z %/[Té][w”]

ecl'y, e ecly,
=Y et = 3 [+ Y [ i),
EEghE Ee&y £ Ee&y, E
+ 2 [ (wbauhe)” = Gy Jmalui) = 3 [ambatup)y ~ 3 [ iritu)),
eEF;’ler € EeghE‘ Eeg&y, E
- / XPE(wp)y + D / ((wpbavbe) = (xo'v)™ )y )
Beg, U F ecthor ¢
- Z /VféVw” + Z /{Vfé ‘nfw’] — ¢ Z /{Vw” ‘n}E]
Ee&), B ecly %, e€l'y %,
TQ . . .
o, S [+ X [, + 3 [agei),)
ecl’y, e Ee&;, E Eeg&y, E
=T +T9+ ...+ T}, (9.63)

Recalling the definitions (7.28), (7.29) of 5; and £ | we can then easily obtain the following

2p?
bound, which will be used several times throughout the error analysis:

h2 min(rp,+1,s,)

leitt = €illon +|IE, — &)l < CngAtQ (9.64)
o

2
0,0

where positive constant C, depends on d,u and is independent of 4, h and r (similar bound is
valid for the concentration ¢ which will be used in the derivation of the error estimate for c).
Using techniques similar to the estimation of the terms TTY — TTh, (9.2)-(9.21) and applying
the already verified result (7.52), we obtain:
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h2 min(r,+1,s,)

2
TV < &1 ||wp||o,ﬂ + AR, 2%

p

At?r8
TS| < e Wl + Ro—7 2

7M.

t2 8 9
T3] < e3 ”prOQ + Rs——— & H HO,Q

TE] < el + Re T2 ” 17200

ITE| < &5 [lw?|l3 i p 172000

At rp

|T¢| <56”pr09+1%6 H HOQ

At2 7’8 h?

121 < el + Rt i

At2rt h2 min(ry+1,54)

2 2s
h r2su

IT¢) < es [w’llgq + Rs

A2t At*rS b2

T4 < 2 o0+ R =52 [I7illo g + T el [ P

Ap2rd h2min(rp+1,sp) h2min(ry+1,su)
+Ry—57" ( > :

h2

2s 2s
rp L T.U, “

At*r)
ay
At2r8h2
il

‘T10| < €10 Hw Hoﬂ + Rio—5—

1T} < en ||wp||on + Ris——

24 h2min(ry+1,s,)

2
1| < e l[wflloq + Bia—psy 25,
v

A2t At*rS b2

ITh < eisllw? 30+ Bis—2 | 7illo o + R 37 [l

h?
At%"ﬁ (hQ min(r,+1,sp,) h2 min(errl,Sv))

+Ry7

2s 2s
’rp ’ TU v

h2

At2r;4) h2 min(r,+1,55)—2
h2 7",2)5/)_2

ITH| < erallw’llyq + Ris

$2p4 h2 min(r,+1,55)—2

TTs| < 15 ||wp||09 + g R2 2502
p

37

(9.65)

(9.66)

(9.67)

(9.68)
(9.69)
(9.70)

(9.71)

(9.72)

(9.73)

(9.74)

(9.75)

(9.76)

(9.77)

(9.78)

(9.79)
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At%"g h2 min(r,+1,s,)—2

2
TT6| < €16 [|w’]lg.q + Rig % 35,2 (9.80)
Tp
AN o h2min(r,;+1,sp)f2
‘ 7| < 617 prHO 0 + R20 h2 25p_2 (981)
Tp
2min(rp+1,s,)—2
ITf) < e1s ||wp||OQ + Ry At? z 25,2 (9.82)
p
2min(rp+1,s,)—2
ITT| < €19 ||wp||og + R22At2 ’ 55,70 (9.83)

Tp
Now combining the estimates (9.65)-(9.83), using the assumption that h < 1,7 > 1, At < 1, and
plugging them into (9.63), we obtain the following estimate for M} (w?):

; At?r® At? T h? At? r h?
|M (w?)] < 5||wp||OQ+M1 hA e H Ho,g'i" 274 E H HOQ 37 1 H HOQ
N h2min(rp+1,sp)f2 2 min (ru+1,s4) h2m1n (ro+1,80)
+M, 7 P ( rzsp_Q + 2o + T%SU ) (9.84)

Next, choosing w” = Tzip in (9.84), making e small enough, taking At < C , and using the
induction hypothesis SR (7.50) and (7.51), we conclude that we obtain from (9 62)

2 —~ h
Tl < Cpg— (9.85)

As with estimate (9.85), it can be shown that

I 2 < T (9.56)

min

Now, let us consider the equation of (7.38), it can be shown using the same techniques as in the
derivation of (9.84) and (9.60):

i T
M < e et g M [t e+ 02 Y G,
e€l' L, U0Qver
thin(rc+1,sc)—2 thin(ru—f—l,su)—Q
+MS< s T ) (9.87)

Considering w" = 7. , making ¢ small enough, taking penalty parameter o, large enough, and
using result (9.86) we obtain from (7.38) that:

h2

7 llo0 < Cumr— (9.58)
In the same way, it can be shown that:
32
I 0 < Co (9:89)

m1n

Applying these estimates (9.88) and (9.89), the inverse inequality, and the use of Lemma 2.1,
concludes the proof of Lemma 7.1.
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9.5 Proof of Theorem 7.2

First let us consider, (7.46), which can be rewritten in the following way:

. 4 . r2 . , T2 12
7o g = il + ANV + 00 - 5 Nl )+ AUV e+ ox, 3 35 [ ]] )
eGFh eEFh ’
= =i+ M + R (9.90)

where

2
M(7;) = /ﬂ(fzp = &)1+ (Ap(Pbas ubes vbas 1) — Ap(p'su' o', mh) = (IVTll[50 + 05 ) ﬁ Al

ecl'y,

NZ(Tzip) = /§2(2£Z+1 - 5;) - 5;,) - QE(:E, Y, i))T;ﬁp + (AP(ZJiDG,p’ Z%)G,m Z]iDG,w Tip) - Ap(zli), Zqiu Zqin Tip)

2
. r
~(VTLllloa+os D 75

GEFh|€‘

[7,]

Let us estimate, the terms on the RHS of (9.90), starting with terms M and N. To estimate these
terms, instead of techniques used to obtain estimates in (9.84), we will use techniques similar to
the ones used in estimating the terms T3 — 7Y, and Tf; — T}y in (6.17) (including Lemma 6.1).

Thus, we will obtain the following bounds for the M(77) :

—~ —~ 4 N 4 ~ r? 4 —~ 4 —~ .
M)l < MA |7 + Ear SNV T+ Cor 30 2 Nl ) + Mt [l + Mot 7
ecl'y,
N h2min(r +1,85)—2 h2min(ru+1,su) h2min(rv+1,sv)
YN ( o > (9.93)
P u v

Similarly, we can derive the following estimate NZ(ij) (applying now Lemma 7.1):

N N7 i 12 ~ i ~ r i 1|12 N i |12 N7 i |2
INi(L )] < NiAt ’ Tollog t ENAL(IIVTL IR+ Cn > ﬁ 7] . ) + NaAt |72 [[ o + NaAE |7 [
’ ecl'y, e
. h2 min(r,+1,s,)—2 h2 min(ry+1,s4) h2 min(ry+1,s0)
+N;At — + + + O(AP) (9.9
QSP 3 ,r-QSu 7“2311
Tp U v

Next, we need to bound the first term of the RHS (9.90). First, let us notice that by subtracting
the equation (7.30) from the equation (7.31), and setting w” = 7,*! — 7! | we obtain that the
first term on the RHS of (9.84) which can be expressed as :

1+1 ) 1(,1+1 ) i/, 1+1 i
Tp+ -7, o= i(Np(TpJr — sz) - ]\4p(7'pJr - sz)) (9.95)
Hence, in order to estimate 7';*1 — Tzip we need to estimate the RHS of (9.95). It can be
0,2

shown, using ideas similar to the ideas used in the estimation of the terms TT{ —TT7, (9.2)-(9.13),
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and TTf, — TTh (9.16)-(9.21), that the following estimate holds:

. 112
L <RIV T T I
’ ecI'y,
At*rd At*rs At*rs
o hpu,wM2 PO AL o AL e
7,,2
+CMN (||| |||3,Q+Z|f L,
ecl’y,
Ard At*rd At*rs
CéVIN h2 . 7—;/) 0,0 +C’§VIN h2 p H ZuHOQ CéWN h2 p H Zv i,ﬂ
AtQ 4 2min(rp+1,s,)—2 2min(ry+1,s4) 2min(ry+1,sy)
e (h e ) +OAF)  (9.96)
P u v

At this point, we need to get estimates for T;'u and T;'U. Consider equation in (7.38). To obtain
an estimate for 7 in terms of 77, we apply similar techniques as in (6.46) to the terms T} — T
(6.47)-(6.55). Thus, we obtain the following estimate:

2
. 2 T . 2
I et > TG,

e€l',U0ver

. thin(rc+1,sc)—2 thin(ru—i—l,su)—Q
< CLUNVL IR+ 3 15 ) oz (B T o)
eely, ¢ uw
Similarly, for r;‘v we have:
2
Ty % 2
|| zv 079+ Z HH[TZU]HO@
e€l LU0 or
thin(rc+1,sc)—2 thin(m,—i-l,sU)—Z
< CLUNV e + 3 1o 0 e i iy B CY '
eel'y, c v

Next, let us plug the estimate (9.97) and (9.98) into (9.96), and after simple modifications we
obtain:

4 4 At2 4
i+1 i
TP TZ/J 0,0 = | |H HOe
_ At 2 4 " At2 4 At2 4
42 ﬂupmg 2, mg a2 e,
~ At
G5 — (IIIV |||OQ+Z [2,]
ecl’y,
A A2t 2
+Cé\4N 2P((H|v |’HOQ+Z |H Zc Oe MN hgp ;p 0.0

ecl'y,
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» At2rd (h2 min(r,+1,s,)—2 h2min(re+1,sc)—2 h2min(ry+1,s4)—2 h2min(ry+1,5,)—2
N P

_'_03 h2 25p—3 + + ™ > T O(At5)

/’«C Sc 3 Tusu 3 TUSU 3
( )

Next, we combine estimate (9.94), (9.93) and (9.99), plug them into (9.90) and use the assumption
that At <1, h <1, r > 1 to obtain (after some simplifications) the following:

) . . r2 TP
[Ean HT;H;Q+At<|||w;mag+apZ o e o) + AtV 1B a+ 02 el
e€ly, el e
t2 4 JAr At*r)
L) + 0 Hf,auz,ﬂwg BT
eEFh
AtQ 4 A 2
+Cj ”HT loo + G5 (|I|V |||OQ+Z ]
At?rd At 1y
+Cg P(|||v |||OQ+Z| |H zc Oe C(7 h2 T;p 0.0
rAt2r;4) h2 min(r,+1,5,)—2 h2 min(re+1,5)—2 h2 min(ry+1,8,)—2 h2 min(ry+1,8,)—2
+Cy 72 ( r,%s”_g + 7253 + r2su=3 + 72503 )
+O(A) (9.100)

Next, consider the error equations (7.47). Using similar techniques as for the estimates in the
equation (7.46), we obtain the following estimate for 7¢:

HT;“H?),Q—HTzHi,g+At<|||sz|||%,Q+ocZ| ‘H 1[]e,) + At(|| V7 |||%,Q+UZCZ|’"§‘H[T;J o)
CEFh CEFh
AtQ 4 c 2
< Ce——< (||| VT, ||||OQ+Z‘ |H Il + Csat [[7le

eth

At? 2 4
FOSAR [ + O 97 o+ 32 15 MLl + Csad |-
ecl'y,

. ) CAt2T;4) h2min(rp+1,sp) thin(rc+1,sc)—2 5
+CEAL || 7 HOQ + 05 ( =t s ) + O(Ar’) (9.101)
P c
2
Now, choose At < Cff—j, apply lemma 2.4 to estimate ||7; o sum for ¢ = 0,...,n, and apply
c 0,

discrete Gronwall’s lemma to (9.101) to obtain:

n+1HOQ+ZAt|||vT|||OQ+Z = il 3 a9 |||w+ze| 1]

GEFh =0 ecly,

ZNH HOQ+KCZAt 197 [I120 + Z |_p

h2 min(r,+1,s,) h2 min rc+1,sc)—2)

+K§ Z At ( 25, + TQsCfB

i=0 Tp

Oe

i
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+O(AY) (9.102)

Next, summlng the equation (9.100) for ¢ = 0,...n, using the above estimate (9.102), con-
sidering At < on =2 choosing the penalty parameters large enough, and using the assumption

At <1, h<1r>1 we obtain:

T2
”WM+ZNMme+Z‘HHw+zmwvum+zé
eel’y

ecly,

<RlZAtH H0Q+RQZNHT HOQ+RBZNHT oo

h2 min(r,+1, sp) 2 h2 min(re+1,s:)—2 h2 min(ry+1,54)—2 h2 min(ry+1,s,)—2
1y Z At ( 2sp—3 + r2sc—3 + r25u—3 + r2s0—3 )
c U v

+O(At4) (9.103)

Now, applying induction hypothesis SR (7.48) , (7.49) and using discrete Gronwall’s lemma we
obtain:

T2
I p“HmZAtHWT|||m+2|‘H !%ﬁZAtmv Mot
eEFh

ecl'y
h 2 min (ro+1,sp)—2 h2 min(re+1,s:)—2 h2 mln(rqul,su)fZ h2 min(ry+1,84)—2
+0(AtY) (9.104)

The estimate (9.104) also confirms the induction hypothesis (7.51) for p for i +1 = n+ 1. Using
the final estimate for 77" (9.104) we derive the following bound for 7!

"“HOQ+ZA75|||VT|||OQ+Z |H H06+ZN|HV

| H Zc

Oe
ecl'y ecly,
s (thln(Tp+1,sp)—2 . 2 min(re+1,5c)—2 . J,2 min( ru+1,su)—2 . 2 min(ro+1,s0)— 2)
rfz)sf:«: r2se=3 r25u=3 r2su=3
+O(AY) (9.105)

Again, the above estimate (9.105) confirms the induction hypothesis (7.51) for ¢, for i + 1 = n.
Next, to obtain the estimate for 77! we consider second error equation in (7.39). Employing
similar techniques as in the case of the error equation (6.46) and multiplying by At, it can be

shown that :
n 2
i u Ty i
Z Atllri log +CE YAt Y el 7 Mo
i—1 i=—1  e€l,U8ver
Atrd Atrd

S ol I e
h2 min(re+1,s0)—2 h2 min(ru—i—l,su)—Z)

Z t(l[| v |||09+ Z |H HO@ +CUZAt< r2se=3 T 125u=3

1= EEFh

(9.106)
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Final estimate is obtained by choosing At < C ﬁ—i and by using the estimate for 71 (9.105):

n n 2
: 2 T . 2
S AT oo+ > At > ﬁwwno,e

i=—1 i=—1 e€l', U0Qver
h2min(rp+1,sp)f2 h2min(rc+1,sc)72 h2min(ru+1,su)72 thin(errl,sv)fQ
<U — + + + + U At (9.107)
2s5,—3 T230—3 7’25“_3 T’25U—3
Tp c u v

The estimate (9.107) proves the induction hypothesis (7.48) for i + 1 =n+ 1:

n+1 h2 min(r,+1,55)—2 h2 min(re+1,5¢)—2

P12
Z AtHTIZL”O,Q S U( 25,—3 + 25.—3
1=0 T'p e

h2 min(ry+1,84)—2 h2 min(ry+1,84)—2

- - ) + U, At?

284,—3 2sy—3
/r‘u u /”‘v v

Induction hypothesis SR (7.50) can be shown using similar techniques as in the proof of the
induction hypothesis S (6.12). Similarly, we prove the induction hypothesis SR for 7, and show

that:
n A ) n ’1"2 2
PR TS DL DR v [ [
=0 =0 e€l L, UoQnor
h2 min(r,+1,s,)—2 thin(rc+1,sc)—2 h2min(ru+1,su)—2 h2min(rv+1,sv)—2
V(e + + )+ VAt (9.108)
P r Sc—3 ’1“28“73 ’1"28”73
Tp c U v
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Figure 8.1: contours along the line £ of the density p on 101 x 101 grid using quadratic polynomial
approximation p = 2 at time ¢t = 5 x 107% (left column) and zoom view of the same contours(right

column). Forward Euler - dashed line, Runge - Kutta - solid line.
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Figure 8.2: contours along the line £ of the density p on 101 x 101 grid using quadratic polynomial
approximation p = 2 at later time ¢ = 2x 107°(left column) and zoom view of the same contours(right

column). Forward Euler - dashed line, Runge - Kutta - solid line.
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Figure 8.3: contours along the line £ of the density p on 101 x 101 grid using cubic polynomial
approximation p = 3 at time t = 5 x 1075(left column) and zoom view of the same contours(right
column). Forward Euler - dashed line, Runge - Kutta - solid line.
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Figure 8.4: contours along the line £ of the density p on 101 x 101 grid using cubic polynomial
approximation p = 3 at later time ¢ = 2x 107°(left column) and zoom view of the same contours(right
column). Forward Euler - dashed line, Runge - Kutta - solid line.

Y. EPSHTEYN AND A. IZMIRLIOGLU

=)

=)

0.5

0.5

3100

3000

2900

2800

2700

2600

2500

2400

2300

-0.05

3.24
3.22

3.2
3.18
3.16
3.14
3.12

3.1
3.08

-0.01

-0.005

0.005

0.01



