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ABSTRACT. Weak topology implicit schemes based on Monge-Kantorovich or
Wasserstein metrics have become prominent for their ability to solve a variety
of diffusion and diffusion-like equations. They are very flexible, encompassing
a wide range of nonlinear effects. They have interesting interpretations as de-
scent algorithms in an infinite dimensional manifold setting or as dissipation
principles for motion in a highly viscous environment. Transport plays a funda-
mental role in these schemes, as noted by Brenier and Benamou and reviewed
below. The reverse implication is less explored and, at least at the outset,
less obvious. Here we discuss the simplest situations in the context of systems
of transport equations. We show how arbitrary Fokker-Planck Equations in
one dimension conform to the mass transport paradigm. Finally, we provide
some additional examples, including a simple existence result for velocity-jump
processes.

1. Introduction. Weak topology implicit schemes based on Monge-Kantorovich
or Wasserstein metrics have become prominent for their ability to solve a variety
of diffusion and diffusion-like equations. They are very flexible, encompassing a
wide range of nonlinear effects. They have interesting interpretations as descent
algorithms in an infinite dimensional manifold setting or as dissipation principles
for motion in a highly viscous environment. Transport plays a fundamental role
in these schemes, as noted by Brenier and Benamou and reviewed below. The
reverse implication is less explored and, at least at the outset, less obvious. Here
we discuss the simplest situations in the context of systems of transport equations.
We show how arbitrary Fokker-Planck Equations in one dimension conform to the
mass transport paradigm. Finally, we provide some additional examples, including
a simple existence result for velocity-jump processes.
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For the moment we consider one space dimension. The Wasserstein metric, or
2-Wasserstein metric, on probability density functions f, f* on Q = (0,1), or R with
finite variance, is given by

dtr s = [[ (o=,
QxQ
P = set of joint distributions with marginals f and f*.

Extended to probability measures on 2 (with finite variance if Q = R), d induces
the weak x topology. In this section, for simplicity of exposition we are setting {2
the unit interval. The same results hold for R with densities of finite variance, for
example.

Let us consider the basic Wasserstein implicit scheme for a standard Fokker-
Planck Equation. Let M(f2) denote the set of probability densities on 2. For a
smooth potential ¢ > 0 and o > 0, let

1) =111 = gl £ P + [ 0f +oflos flda. . €M@, (1)

We now consider the implicit scheme: given an initial datum f(© e LY(Q), a
probability density, determine iteratively the sequence f*) ¢ L'(Q) by setting
f* = f%1 and f*) the solution of

I(f) = min.
Of course, the sequence f*) depends on 7. Interpolating with
FO )= [P (@), kr <t < (k+1),
and passing to the limit as 7 — 0,

) = f where

0 o, 0 ,
—f=—(c— in 2 1.2
U%f+¢/f=0 on 99. (1.3)
For a more general example, the implicit scheme based on the functional
1 *
Sl )+ [ (0 + oo (1.4
T Q
produces a solution of the problem

9 CI)
ot = 92 (3!
(%a(f)—i—z//f:()on 09,

where « is a Legendre transform of ¢,

a(f) = fer— e (1.5)
The implicit scheme is a descent algorithm in the weak x topology of probability
measures on 2. It always has a solution since the integral functional is convex and
superlinear. In the case ¢(f) := o flog f, it affords us a direct and natural identi-
fication of its parameters with those of the Ito diffusion, or stochastic differential
equation,

H+Y'f)inQ

dX = —/(X)dt + V20dB;, X(0) = o, (1.6)



TRANSPORT VIA MASS TRANSPORTATION 3

where By is the standard Brownian motion [13].

Next we take a closer look at the Wasserstein metric itself. The Wasserstein
metric minimizes (a quadratic) cost among all measure preserving transformations
from f* to f. Given f*, f, consider all transfer functions h : Q — Q such that

[ cray= [ crons @iz, ¢ecw. (1.7)
Q Q
Then

ATV = [ (@ 0@ @)de = min [ @ = h@)P [ @de. (1)

Q
In one dimension, in fact, there is only one such h, which is given by ¢(z) =
F*=Y(F(z)), where F'*, F are the distribution functions of f*, f respectively [9].
We may interpolate from f* to f via a sequence of deformations f(y,t) (Eulerian)
or of transfer functions ¢(z,t), 0 <t < 7 (Lagrangian) related by

/ C(y) fly.t)dy = / e ) f (@)de, 0<t<r CeC®), (19)
Q Q

for which there is a velocity v(y,t) = ¢:(z,t). It follows from (1.9) that (f,v)
satisfies
fit (Wf)e=0inQ, 0<t<r, (1.10)
fli=o = 1%, fli=r = [ (1.11)

This is connected to the Wasserstein metric by the result of Benamou and Brenier
3,

1 *\2 . T 2
—d(f, f*)* = min v fdxdt, (1.12)
T 0 JQ
where the minimum is taken over pairs (f,v) satisfying (1.11). In one dimension, it
may be easily checked by choosing a special path (see Proposition 2).

Looking back at the implicit scheme, we see that transport is an important feature
of the mass transportation approach to solving equations. But the mass transport
implicit scheme cannot be directly applied to the solution of a transport equation,
for example,

of 0

_ ! 1
5 ax(w f)inQ, t>0, (1.13)
since the associated functional
1
1) = 5od(F 2+ [ wgda (114)
T Q

is not superlinear in f (see next section for details). We shall establish a more
intimate connection between mass transport and transport and resolve this difficulty
by using a Lagrangian-style formulation.

We noted above the straight forward connection between the stochastic differen-
tial equation and the Wasserstein implicit scheme functional (1.1). A more general
one dimensional Ito diffusion is the stochastic differential equation

dX = —'(X) + a(X)dB;, X(0) = xo.
The associated forward Chapman-Kolmogorov equation, or Fokker-Planck Equa-
tion, for its distribution wu, is
ou 02 0

e @(KU) + —x(l//u),
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where K (x) = a(x)?/2. Following the reasoning in Section 3, one can easily see that
there is no readily available identification between this more general Fokker-Planck
equation and the Monge-Kantorovich type variational principle (in fact, we will see,
in a more general framework, that no identification is available at all). We shall
show, however, that the general equation may be captured as a relaxation limit of
weakly coupled transport systems. Providing a framework for the weakly coupled
transport system is part of our work here.

Returning to the minimization of I from (1.14), we can easily resolve the one-
dimensional problem. Given probability densities f, f* on €, let h denote the
transfer function (1.7). Then

T =1(f) = S-dff° / fda

= [ {3 v + vinan - @as

For 7 small, depending only on v, J(h) is strictly convex and the integral can be
minimized by minimizing the integrand. The minimizer ¢ = ¢(x, 7) satisfies

- 9) Y@ =0or (1.15)

v =647 () or (1.16)

oM y) =y +7Y'(y) (1.17)
o

2),

and is independent of f* and f. For this ¢ we may write, substituting y =

/Q Cfdy = /Q () f* (@) de

* —1 d(bil(y)
| e wn = Pay.

Hence,
f) =+ W)L +79"(1), ye. (1.18)
Note that
¢z + TV ()0 = 1,
¢r + 7Y (d)or +¢'(¢) = 0
whence
b7 =~ (¢) s,
so ¢ as a function of (x,7) is just the backwards characteristic of the transport
equation.

To see how the transport equation arises from this scheme, we derive its approx-
imate Euler Equation. We have that

1 « / ’
- [ @ - pands+ [ @

Q

T

Substitute using the Taylor expansion

(@) =€) + (W)@ —9) + 5¢" a)a — 9’



TRANSPORT VIA MASS TRANSPORTATION 5

to obtain, using (1.15),
L) - @) = 2 [C6E) @ — 6(e)) — 5-¢" (e )& — 9(2))?

= ") — (@) — D) (9())

Substituting this above gives, in view of the formula (1.8)

A

1 * Yy 7m <" - £+
L[ er-ras [evsa] < gmaxic) [ - o) @)

_ % max [¢”]d(f, £*)2, (1.20)

the approximate Euler Equation.
It is interesting that the estimates which lead to the convergence of the scheme
amount to solving the transport equation in the weak x topology.

2. Further connections. As noted, the mathematical importance of the time-
dependent optimal transportation theory, i.e. the problem of connecting two prob-
ability measures pg and pp regarded as initial and final states by an optimal path
(geodesic in the Wasserstein space), was introduced by Benamou and Brenier in [3],
who employed an interpretation of the Wasserstein distance with a fluid mechanics
flavor. In the sequel we shall employ the conventional notations.

Let po and p., for some relaxation time 7 > 0, be two compactly supported
probability densities in RY and consider all smooth (p,v) satisfying

pt +div(pv) =0 in RY x (0, 00),
p(-,0) = po in RY,
p(,7) = p; in RV,
Then

1
d(po,pT = inf // (z,t)|v(z, t)|*dxdt.

(pv)
The velocity of the optimal pair satisfies v = V1), where the potential ¢ is a solution
for the Hamilton-Jacobi equation v, + % |V)|2 = 0 (i.e. the optimal solution is given
by a pressureless potential flow). In one dimension, this turns out to be Burgers’
equation for v. Put it differently, the pair (p, 1) given by

Dt + div(pvw) 0 in RN x (0, 00),
2|V1/}‘2 0 in RV x (ano)a
p(-,0)= po in R,
p(-;7) = p; in RY,

also gives the Wasserstein distance between py and pp by the formula

fd (po, pr)? // (z,t)|Vep(z, t)|*dxdt.

An excellent source for further reading on the topic is [21]. We would only like
to mention two very important results. They express the important roles played
by transport and Hamilton-Jacobi equations in the study of the optimality con-
ditions for the time-dependent mass transportation. First is the Hamilton-Jacobi
formulation of the Kantorovich duality:
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Theorem 1. Let ¢ : RN — R, be a strictly conver, superlinear cost function and
let po, p1 be two probability measures on RY. Then the c-optimal total cost for
transporting po into py satisfies

T(M07M1)—Sup{/ [z, Ddp (z / f(x,0)dpo( )}

where the supremum is taken over all solutions f : RN x [0,1] — R of

{ fi+c*(Vof)=0 in RN x (0,1),
f(-,0) = fo € Co(RYN),

where c* is the Legendre transform of c.
The following concept will be used throughout the paper.

Definition 1. We say that the measurable map S : X — Y pushes forward p into
v and we write Sy pu = v if, equivalently, one of the following holds:

(i) v(A) = p(S~1(A)) for all Borel sets A C Y;

(i) fy f@)dv(y) = [y F(S(x))du(z) for all f € C(Y).

The displacement interpolation in Eulerian formulation:

Theorem 2. Let pg, p1 be two probability densities with finite second order moments
in RN and let V® be a gradient of a convex function such that V®ypo = p1 (we
know, due to Brenier, that such gradient is unique and solves the Monge problem,).
Let ug := ® —1d%/2 and, for 0 <t <1, let

a2
ug(x) = yieI]gN {uo(y) + |932ty|} (Hopf—Lax formula).

Moreover, let py = Tyyupo be McCann’s interpolant between pg and pi, namely
T, := (1-0)Id+tV®. Then u; is locally Lipschitz for all0 < t < 1 and its gradient
vy := Vyuy is also locally Lipschitz in t and x on Ty(RN). Furthermore, {p;}o<i<1
satisfies the linear transport equation

aaptt + V.- (prvr) =0 weakly on RY x (0,1)

The present work explores new connections focussing on the role played by opti-
mal mass transportation via Hamilton-Jacobi in the study of linear transport and
some of its applications.

2.1. Optimal transport. Our plan is to examine the N-dimensional version of the
minimization problem discussed in the introduction. Let @ C RY be open (either
bounded or RY) and consider a ¥ € C?(Q) which is either bounded or nonnegative.
Set:

M(Q) = {p Q- RF

p is Lebesgue measurable and / x)dx = 1}

Fix 7 > 0, p* € M(Q) and denote by I.[p*] : M(f2) — RU {400} the functional
given by:

mwww:%Mmﬁf+Ammwmw. (2.1)

We will prove that I-[p*] has a unique minimizer in M( ). Note that the corre-
sponding problem with an entropy term E(p fQ p)dz added to fQ p¥dx has
been extensively studied in [13], [17], [16], [ ] in some cases even for more general
cost functions. The superlinear growth of ¢ or some other growth properties ([1])
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cannot be employed here to obtain existence in L! or L. As already observed, the
innovative idea used in this work is to rethink the minimization problem in p (prob-
ability density) and translate it into a minimization problem for the optimal map s
pushing p* forward to p. The uniqueness part follows from the strict convexity of
I.[p*] which is a consequence of the strict convexity of d?(-, p*) (proved by Otto in
[18]) although, in some form, it also comes out independently from our proof in the
sequel.

Denote by P the set all Borel probability measures on 2 and by P% the set
of probability measures on 2 that are absolutely continuous with respect to the
Lebesgue measure (which may be identified with M).

Proposition 1. Let ¥ € C*(Q) be such that [V*¥| € L>(Q2). If Q is bounded, also
assume VU € CL(Q;RN). If p* € M(Q) is positive a.e., then, for T > 0 sufficiently
small, there exists a unique minimizer u° over P() for

L)) = s + [ Wa)dula),

where p* € P¥(Q) satisfies du* = p*dx. Furthermore, u° € P (Q); therefore,
there exists p° € M(Q) such that du® = p°dx. If p* € M(Q) N LP(Q) for some
1 < p < oo, then for T small enough p° € M(2) N LP(Q) and

(1 —ar)¥?||p* e < 0% ey < 1+ an)V/7 | p* 2 (2.2)
for any given a > ||A¥|| Lo (q)

Proof: Most of the ensuing argument follows closely the one dimensional case
whose proof was sketched in the introduction. Assume €2 is bounded. We will only
emphasize the main difficulties one comes across in multiple dimensions. First of
all, for a given p € P(f), the map s such that suu* = p exists (even if p* is not
absolutely continuous, yet it does not give mass to sets of Hausdorff measure at
most N —1; see, e.g. [21]) but may not be unique. However, the optimal one is, i.e.
there exists a unique Lebesgue measurable s such that s#(2) C Q and satisfies

shyp” = pand d(p, / |z — st (z)|Pdp* (z / |z — p*(x)dx.
Therefore,

Ll = [ {0 s weran o

If ¢, := idg + 7VV is a diffeomorphism of €, then we have seen that the above
quantity has a unique minimizer s° := 11 which yields a unique minimizer p° €
P(Q) that belongs, in fact, to P(Q). All we need to show is that ¢, : Q — Q
is onto (as the fact that it is one-to-one follows trivially for small 7). Since VU €
C¢(;RY), we obviously have 1, (z) = x for all x € 952. Now, if we consider y € Q
we infer y € R\, (9€2) which together with ¥, = id on 92 leads to

deg(1/JT,Q,y) = dEg(idﬂv va) = ]-7

where deg denotes the Brouwer degree. Thus, the claim that ¢, € Diff(Q) (the
diffeomorphisms of Q) is verified. Next let M3 (Q) > p° := du®/dx which is, as
before, given by

P°(x) = p*(x + 7V (z))det(1 + 7VZT(2)) for all = € Q. (2.3)
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We have so far proved

reloo = [ {0 L wn e b > L)

for all € P(Q). The second inequality is due to d(p°, p*)? < [, [z—p7 ! (x)[*p* (x)dz.
Therefore,

Lp*)(p°) = L[] (1°) = Lain I (1)

which also implies d(p°, p*)? = [, |z — - (2)*p*(z)dz, i.e. ¥ is optimal. This is
in agreement with the theory of optimal transportation which asserts that v, is the
gradient of a convex function; indeed v, = V(|id|?/2 4+ 7¥) and such potential is
convex for the small values of 7 presently considered. We conclude the proof by
noting that det(1 + 7A) = 1 + 7trA + O(7?) for all bounded A € MY *¥ which
gives det(1 + 7V2U(z)) = 1 + 7A¥(z) + O(7?) for all z € Q. We now apply (2.3)
to obtain (2.2).

Note that, if O = R, then the fact that ¢, := y — 7VV is a contraction for
sufficiently small 7 for all y € RN suffices to infer 1, is a diffeomorphism of RY.
Furthermore, V¥ = 0 on €2 for bounded €2 would translate into lim|,_o, V¥ () =
0 in the Q = RN case. However, this is not required in Proposition 1 and turns out
to be unnecessary for proving existence of weak solutions for the transport equation.
This is, to some extent, counterintuitive since a formal integration of p; = div(pV V)
may appear to yield conservation of mass for p only if VU vanishes at infinity in
RY. In fact, V¥ may even be unbounded.

The map ¢t — (id + tV¥)~! is, as noted in the introduction, the backwards
characteristic associated with the transport equation p; = div(p¥). It is easy to see
that its inverse in z and regarded as a function of ¢, i. e. t — id + tVV, realizes
the optimal path (or geodesic in the Wasserstein space) connecting the minimizer
p and the initial p*. More precisely,

Proposition 2. For sufficiently small T > 0, the map © — x+7VY(x) is the opti-
mal transfer function that pushes p forward (“backwards” if we regard p as the final
object) to p* while the map v — (id + TV\II)_l(a:) is the optimal transfer function
that pushes p* forward to p°. Furthermore, the family of maps {id+tV¥,0 <t < 7},
is optimal in the McCann interpolation sense while {(id + tV\I/)_l, 0<t<7}is
in general, not optimal in the McCann interpolation sense.

Proof: The first statement is obvious, since z — |z|?/2 + 7¥(x) is convex for
sufficiently small 7 > 0. As in, e. g., [21], take now T := id + 7V¥ which satisfies
Typ® = p* and let Ty := (1 — t/7)id + (t/7)T be McCann interpolating maps,
0 <t < 7. Indeed, Ty =id, T- = T and, if we compute T;, we obtain

T, =(1—t/7)id+ (t/7)(id + 7V¥)id + tV T,
which concludes the proof of the second statement. Next, note that T—! (the
optimal s from the proof of Proposition 1) is the optimal map such that T#lp* =p°
However, we claim that the corresponding McCann interpolating maps (T’l) . do
not satisfy, in general, (T _1) . F (Tt)_l unless t = 7. To prove this, first observe
that (T_l)t = T,_4 o T, Indeed, this follows easily from T,_; = (t/7)id + (1 —
t/7)T. Therefore, (T’l)t = (Tt)f1 forall 0 <t < 7isequivalent to T' = Ty 0T _; for
all0 <t < 7. If we differentiate with respect to ¢t we obtain 0 = VU (x)-VU(T:_¢(x))
forallz € Qand 0 < ¢ < 7. Let t = 7 and take into account T = id to infer V¥ = 0
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in . Consequently, ¥ must be constant in order for t — (id—!—tV\IJ) ' to be optimal
(the trivial case).

2.2. Convergence of the discrete scheme. Throughout this section pg € M(Q)
is such that fQ po¥dx < +oo. The implicit scheme, given pg € M(Q) and 7 > 0,
reads:

For every integer k > 1 we define py, as the minimizer in

%d(p, pee1)? + /Q () p(x)dz = min (2.4)

Existence and uniqueness follow by applying Proposition 1 iteratively. Obviously,
the time-interpolant defined as

p7(x,t) := pi(z) for kT <t < (k+ 1)7, (2.5)

satisfies |[p7|| 1) = Tllpollei) = T for T < oo, where Qp := Q x (0,T) for
0 < T < oo. Furthermore, fix n € N large enough and let 7 := T//n. We infer, due
o (2.2), that

(1= ar)*" Ylpoll Loy < lorlle) < (1+am)*"||poll L) (2.6)
Let 1 < p < oo and observe that

n—1
17 W = [ / )t = 3 el

By (2.6) we deduce

n—l 1/p
{72(1—047)’”)/”} leollzey < NP7 lloer)

A

k=0
- 1/p
< { Z (1+ar) kp/p} ol e (-
k=0
Summing leads to the inequalities
1— (1 _ Oé,r)(pfl)T/T 1/p .
e < 1l @n /ool
1 (p—1)T /7 _ 1 1/p
L +ar) .27
(1+ar)p-t-1
If p = 00, (2.6) leads to
(1= am) " |lpoll =) < 07l (@r) < (1 + 7)™ [lpoll L (0)- (2.8)

We will now give the approximate Euler equation.

Proposition 3. Let ¥ € C?(Q) be such that |V2¥| € L>*(Q). Also, assume
VU =0 on 9Q if Q is bounded. Let pg € Mo(2) N LP(Q) and {pr}tren be the
solution of (2.4). Then pr, € Ma(2) N LP(Q) for allk > 1 and

’ / {1(pk - pkfl)C + p VU - VC}dm
Q T

for every ¢ € C°(RY).

1
< 2—sup|V2C| d(pr—1,pr)*, (2.9)
T RN




10 DAVID KINDERLEHRER, ADRIAN TUDORASCU

Proof: Recall that the optimal mass transfer map that pushes p; backwards to
Pr—1 is ¥, = idg + 7V for all k. It follows

1

;(% —ida)pr — peV¥ =0 in Q. (2.10)

Let ¢ € C°(RY) and multiply (2.10) by V¢ to obtain

[ 0e@) =) Ve@pads — 7 [ g0V Te@ir =0, @1)
Q Q
The following finite Taylor expansion formula holds

CWT(CU)) - C(Qﬁ) = (’(/}‘r@g) - ,T) : VC(‘T) + (1/2)(¢r($) - x)T(v2<)(Za:,‘r)(w‘r($) - 3?)7

for all € Q and the corresponding z, , € RY. Along with (2.11) this yields, if we
denote by I the left hand side of (2.9),

I \ [0 @) - wete) ~ ) Tt
Q

< ésﬂyyvm / o () — 22 pi () e

1
= SIV*Cllscd(pr1, px)* for all ¢ € CF(RY),

which is equivalent to (2.9).
The estimates (2.7) and (2.8) show that, if 1 < p < oo, then up to a subsequence
(not relabelled) we obtain p € LP(Qr) such that

p7 — p weakly in LP(Qr) or weakly * if p = oco. (2.12)

Now, following mainly [20], [17] and [16], we consider ¢ € C*(RYN x [0, 7)), integrate
in time from (k — 1)7 to k7 the inequalities (2.9) for £ = 1..n — 1 and add them to
conclude (by passing to the limit as 7 — 0) that p is a weak solution of

pe = div(p®) in 2 x (0, 00) with p(-,0) = po in €, (2.13)

(where ® := V). As a consequence of (2.7) and of the fact that « is an arbitrary
constant greater than g := ||[A¥||s, the solution satisfies

1— e—aoT(p—l) 1/p eaoT(p—l) -1 1/p
B » < P <4 6 — P
{ ao(p —1) } lpollze) < llpllzer) < { ao(p — 1) } [poll L ()
if 1 <p<ooand
e polloe )y < llplle @ < €T llpollLe (o)

if p= .

Recall (]20], [13] etc.) that essential to the existence result is the vanishing
cumulative error as 7 | 0, i.e. we need 22;11 d(pk, pr—1)? = O(7). It is easy to see
that, as py is the minimizer of I, [px_1], we obtain

L (pvr)(ok) < I lper)(prs) = /Q p_1 Ve

which, by summation, yields either

Z d(pr, pr—1)? <47 9| L~ (o) (2.14)
k=1
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if ¥ is bounded or

Zd(pk,pk_l)2 < 27’/ poYdx (2.15)
k=1 Q

if ¥ is nonnegative. Furthermore, note that, for fixed 0 < T < oo and 7 := T/n

(n is a positive integer) we can prove in some cases that 22;11 d(pr, pr—1)? = O(1)

without using the variational principle for the minimum. Indeed, if VW is bounded,

then

n—1 n—1
> dlprpia? =7 Y [ (VU@ pade < 7TV
k=1 k=1

since we can compute the Wasserstein distance directly by knowing the optimal
transfer map 1, at each step. It thus seems natural to attempt proving existence
by using such transfer maps (they may be non-optimal) ¢, := idg + 7 for ® €
C3(;RY) (if © is bounded) which is not necessarily a gradient vector field. If
Q = RY then it suffices to have ® ¢ C'(RY;RYN) N WL (RN;RY). For given
po € M(R), we define iteratively the push-forwards:

Pk = (qs*l)#pk_l for all integers 1 < k < n, (2.16)

T

i. e. pr = (pr—1 0 ¢r)det(Ve,) in Q.

Obviously, pr, € M(Q) for all k. Let p™ be defined as in (2.5). Clearly, the estimates
(2.7) and (2.8) remain valid if we set a := 2[|div®|| (). The corresponding version
of Proposition 3 with VWU replaced by @ is also true with the error term from
(2.9) (the right hand side) replaced by (7/2)||V?(||c ||®]|%,- Therefore, we similarly
obtain a weak solution for (2.13) for any vector field ® € Cg(Q; RY) (not necessarily
a gradient).

From here, it is a small step to proving (for 1 < p < 00)

Corollary 1. The initial-value problem (2.18) admits a weak solution for every
O € Whee(Q;RYN) with ® =0 on 9Q and every po € M(2) N LP(Q).

Proof: We consider a sequence {®™},, c C3(;RY) which converges to ® in
WhHoo(Q;RN) strong. This is equivalent to ®™ and V&™) converging uniformly
to ® and V® respectively. Thus, we can obtain uniform bounds for ||p(") ey as
in (2.7) and (2.8), where p(™ is the weak solution constructed above for ®(™ and
the initial value po. Consequently, p(™ — p weakly in LP(Qr) (or weak * if p = co)
for some p € LP(Q7). Due to this and to the uniform convergence ®™ — &, we
are able to pass to the limit and infer that p is the desired solution.

We can prove something even more general in the case Q = RY. Fix 0 < T < co.

Theorem 3. Let 1 < p < oo and py € M(RYN) N LP(RN). The problem (2.13)
admits a weak solution in RN x (0,T) provided that ® € L* (RN;RYN) and div® €
L (RY).

For the proof it suffices to approximate ® by functions in W1 (RY; RY) whose
divergences are uniformly essentially bounded (see [7]).

2.3. Explicit Euler schemes for characteristics. Here we would like to stress
the connection with the method of characteristics. This approach to transport is
equivalent to the explicit Euler scheme for the associated characteristic equation.
We argue that it is even more natural because it exploits the structure of transport
as steepest descent of the potential energy in the weak topology.



12 DAVID KINDERLEHRER, ADRIAN TUDORASCU

We go back to (2.16) and note that

Pr 1= (¢_1)$)p0 for all integers 1 < k < n,

i. e. pr=[poo (¢T)(k)]det[v(¢r)(k)] in 0,
where (¢;)*) := ¢, 0 ¢, 0...0¢, k times. Therefore, if nT = t, then

"= (6% po = [po 0 (¢-)™)det[V (¢,)™] in Q. (2.17)

The solution of (2.13) can be obtained by the method of characteristics in the
following way: construct a family {T'(¢;-)}¢>0 of diffeomorphisms solving
d
ﬁT(t;x) = O(T(t;x)) for t >0, T(0;2) =z, v € RV, (2.18)
Then, it is well known that the solution of (2.13) is given by p(-,t) = T'(¢;-)xpo. Note
that the explicit Euler scheme with step 7 applied to (2.18) yields the approximants
T satisfying

T{ (@) = T} (@) + T®(T{ (), k > 0.
Since T§ (z) = T(0;x) = x, it is immediate that T] = (¢,)*). It is known that, if
we are in a bounded domain, then for fixed times ¢ > 0 the Euler method converges
uniformly to the solution of the ODE at rate 7 from which the weak convergence
of the sequence {pt/"}n>1 (where p'/™ is defined in (2.17)) to p(-,t) can be easily
inferred. -

If we differentiate (2.18) with respect to x, then we obtain the following equation
for the matrix U(t; x) := V,T(t; x)

d
%Z/l(t;x) = V(T (t;2))U(t;x) for t >0, U(0;2) =1, € RV,

One can deduce that, if V& is Lipschitz continuous, we have uniform convergence
of VTY™ to V.T(t;-) (via the explicit Euler approximants U™ of U). Thus, in this
case, we have strong L' convergence of p'/™ to p(+,t) (even uniform convergence if
po is continuous).

2.4. Rates of convergence in the Wasserstein metric. Let ®(p) := [, Updz.
The metric slope is defined, for p* € M, in [2] as

e (20~ 2(0)
|8<I>|(p )= 1p—>p*p d(p*,p)

where the p — p* denotes the weak * convergence of measures. The same reference
makes the following optimal uniform estimate available.

(2.19)

Proposition 4. The estimate

d(p" (. T). p(-T)) < 10| (6°) (2:20)

holds for any initial p° € M and every T, T > 0.
We will next give a simple way of obtaining the metric slope in this case.
Lemma 1. If [VV| € L?(Q;dp*) and |V?¥| € L>®(Q), then
102[(p") = V¥[[L2(0uap°)-
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Proof: Since the limit turns out to be positive, it suffices to show that
®(p*) — 2(p)
d(p*, p)
for all p € M and find a sequence p* — p* such that
q) *\ £
L) — D)
=0 d(p*, p%)
Let s be the optimal map pushing forward p* into p. Then

(p") —@(p) = /Q[‘If(x)*‘II(S(x))]P*(x)dw

< V¥ (9iape) + Cd(p™, p) (2.21)

- ||V\II||L2(Q;dp*)‘ (222)

IN

[ @ = sta))- VU@ )+ sup (92l )"

Since
[ (@~ @) VU@ (2)da

Q
<( [ s<x>2p*(x>dx)1/2( / w<x>|2p*<x>dx)l/2,

(2.21) follows with C' := sup |V2¥|.
Next let € > 0 small enough such that s° := Id +eVV is a diffeomorphism of €2 and
let p° := s%p". It is easy to see that (2.22) holds for this sequence.

3. Weakly coupled transport systems. Fokker-Planck equation in one
dimension. For i = 1,2 let ¥; € Lip,,.([0, 00); C*(RY)) bounded from below with
|V20,| € L®(RY x (0,00)) and let v; : RN x (0,00) — R, be essentially bounded
away from zero and infinity. Choose the initial data such that
P € MRY)NLA(RY) and / () (x,0)dz < oo for i = 1,2. (3.1)
RN
Consider the weakly coupled system:
pre=div(p1 V1) — v1p1 + vaps in RY x (0, 00),
par = div(paVUs) + 11p1 — 12ps in RN x (0, 00), (WS)
pi(+,0) = pgo) in RV,
Inspired by [5] and [19], we set up the following iterative minimization problem:
Fori=1,2 and for every integer k > 1 we define p¥ as the minimizer in

3o (FPE 4 [ o) ¥ @)de = min, (3:2)

where

and

1 _ ruk k _ .k k
PF .= ( ! k) =1+7 ( ;3 _”;/,C) : (3.3)
2 2

‘We have used the notations
1 kT 1 k?T

vi(z) = 7/ vi(z, t)dt, UF .= 7/ U, (x,t)dt for i =1,2 and k > 1.
T J(k—1)r T J(k—1)T
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According to the previous results, the minimizers are given by:
= {(Id + V) 1}# (1 — 7vi)ph =t 4 7ok ph=1]

and
= {(1d+ V) frgey !+ (1 - d)ps Y,
or, equivalently,
P = {[(1 = 7vE)pi ™" + b ph o (Id + VIF) bdet(1 + V2UF)  (3.4)
and
ph = {[rvEpi ™ + (1 — 7v8)pb ] o (Id + VIUE) Y det(1 + V2TS). (3.5)
Let A := min{essinf vy, essinf s} and A := max{esssupvy, esssupva}. Then we
have
[(1—7vy )P]f Lt TV pg 1||p <(1- >\7')HP1 1Hp + AT||p§_1||p
and
It pi ™+ (1= 705)p5 ™ lp < ATllpy ™ lp + (1= A7) llp5 ™ s
where |- ||, denotes the standard LP(R"™)-norm. According to the inequalities above
and (2.2), we have

Il < (14 7an) ' {(1 = Al pf I + Arllo5 )} (3.6)
and

15l < (1 +Ta2) VP LA |5 + (1= AT)[Ip5 ) (3.7)

for given a; > [[AV, 0. If we let wi := (||}, , ||p2||p)T, then we may write (3.6)
and (3.7) combined as

_ 1/p’ 1/p’
wp < Acwp1, where A = ((1 AT)(1 + Taq) AT(1+70aq) )

Ar(1+4 7'042)1/1’/ (I=X)(1+ Taz)l/pl

where “<” means the suggested inequality componentwise. The simplest way to
obtain a bound for w,, for 7 = t/n (and thus on the solution of the system) is to let
a =max{ai,az}, M = max{||p?|, , |3]l,}. It follows

1y < (1+ at/n)™% [1 4+ (A = Mt/n]" M
which leads to

pillp < Mexp{[(a/p") + (A = N)]t}.
Optimal estimates, which we do not seek here, require computing limy . A?/n
which is a difficult task. To prove this procedure leads to the solution for our system
we employ (2.9) with (p*~'P¥); instead of p*~! for i = 1,2.
Note that the time-dependence of the potential ¥ can be dealt with by using
its time-average over [k7, (k + 1)7] in the variational principle at step k. The same
“trick” works in conjunction with a possible diffusion term of type f = f(¢,p) for

problems that we discuss below.

The Fokker-Planck, or more generally, the forward Kolmogorov Equation for a
stochastic diffusion, is just a second order linear parabolic equation whose highest
order coefficients need not be constant. At this time in the development of mass
transport theory, we know that many diffusion equations can be regarded as gradient
flows with respect to the Wasserstein distance, and, as mentioned earlier, there is an
extensive literature about this. For the most general cases studied see [1] and [19].
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Agueh utilizes general cost functions and proves convergence for doubly degenerate
diffusion equations of the form:

%_dw{pw (F'(p) + V)1,

where ¢* is the Legendre transform of a convex ¢ having specified growth proper-
ties. In [19] the authors prove convergence for general, non-autonomous, diffusion
equations of the form

615 =Af(t,p) + div(pVT(z,t)). (3.8)

The direct dependence of f (and ¥) on ¢ is treated by means of time-averaging
(see [19]). However, the gradient flow method has not been extended to functions
f which also depend explicitly on x. More precisely, we have the following formula
for the gradient of a functional F' = F'(p) in the Wasserstein space (see, e.g. [21]):

. oF
grad, F(p) = —div, (pvwép),

where 0F/3p is the gradient of F with respect to the standard L? distance. There-

fore, a PDE of the form
op _ oF
—div,
3¢ = —div <pV 5 >

can be interpreted as the gradient flow of F' in the Wasserstein space. Furthermore,
it is apparent that such an interpretation may work even if F' = F(¢,p) is of the

form
F(t,p) = /¢tpxt

and may lead to equations of type (3.8) since all the derivatives involved are spatial
(see [19)).

Absent so far has been a discussion of equations whose highest order terms depend
explicitly on z, even when they are lineas, e.g., equations of the general form

9p _ T

—_— = t)..pyp- .
a; — —iv[A( 2_) awz axj B, t)B" ()]0} (3.9)
The solution p(+,t) for this equation is the probability density function of the process
X which satisfies the stochastic differential equation

dX = A(X, t)dt + B(X,t)dW;, (3.10)

where the N-vector-valued A is the drift term, the N x N-matrix-valued B is the
stochastic force and Wy is the standard N-dimensional Wiener process.

Our next goal is to show that, at least in one dimension, the Fokker-Planck
equation arises as the limit of a sequence of weakly coupled systems of the form
(WS). First, we will briefly explain why it cannot be solved directly by time-
discretization in the Wasserstein space.

When F = F(t, p) is of the form F(t,p) = [, ¢(z,t, p(z,t))dx the L?-gradient of
F becomes §F/ép = ¢,(x,t,p) . Thus the gradient with respect to the Wasserstein
distance becomes, say, in dimension one,

P )0) =~ 5 { o 0ot p) + 0t S| b 1)



16 DAVID KINDERLEHRER, ADRIAN TUDORASCU

In dimension one, an SDE of the form

dX = —b(X,t)dt + a(X,t)dB, (3.12)
leads to the Fokker-Planck equation
dp 0 1o%
- %[b(x,t)p} + 5@[(1 (z,t)p]. (3.13)

It is easy to see now that, unless a is independent of = (i.e. a = a(t)), the right
hand side of (3.13) cannot be obtained from (3.11) for any ¢. A similar argument,
although more complex, applies in arbitrary dimension. An interesting question
arises at this point: is there any other type of F' (not of the form [ ¢(x,t, p(z,t))dx)
whose gradient flow in the Wasserstein space is precisely (3.13) for general functions
a? We give a formal answer at the end of the section.

Let © C R be an open interval and assume b, a are smooth functions on Qx [0, c0)
such that a < a < 3 for two constants 0 < a < § < oo. Next, define ¢, 1 on
Q x [0,00) by

(1) = a2(x,t)exp<2 /z " (y,1) dy), D(w, ) = a2(x,t)exp<4 /m " (y,1) dy),

o 02(y;1) o @2 (y,t)
(3.14)
where ¢ € Q is arbitrary but fixed. Furthermore, assume |¢,| is bounded and 1) is
bounded away from 0 and oo in Q x [0, 7] for all 0 < T < oo.
The conditions on ¢ and 1) are automatically satisfied if, for example, € is a
bounded interval.
Let us consider the linear system:

e = —%@c(&qf?) - E%w(gs — 1) in Q x (0, 00),

Ome = %8z(7ls¢) + 5%1/}(66 — ) in Q x (0, 00),

&=0,17.=0 on 9 x (0, 0),

& (+,0) = po, n:(-,0) = po in €,

where € > 0 is a positive integer. Obviously, this system is of the form (WS)
and, since the coefficients satisfy all the requirements, it can be solved exactly as
described above provided that py € L'(2) is nonnegative.

We are inspired by [10], where we find “the simplest example that illustrates the
regime in which a diffusion equation can be obtained from a velocity-jump process
[...]”, particles moving along the real axis at constant speed s, reversing direction
at random instances according to a Poisson process with constant parameter A\. If
pT(x,t) are the densities of particles at (x,t) that are moving to the right (+) and
left (-), then they satisfy a system of the form (WS) with ¥; = FsId and v; = A,
i=1,2. By letting p = p*™ 4+ p~ and j = s(p™ — p~), a simple calculation yields

6tp + am] = 07
Qj+2\ = —s 0
which decouples to give the telegraph equation for p
Pt + 22py = %P

If one places s = o/e, A = 1/e% and lets ¢ | 0, there results the classical heat
equation with diffusion constant o2. Next we show how the general Fokker-Planck
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equation is obtained by choosing appropriate variable coefficients in the system
above while still maintaining the form (WS).

Theorem 4. Let & and n. be the solutions for (S) with py € L*() being a proba-
bility density. Then, as e | 0 both & and 1. converge weakly in L? (Q x [0,00)) to

loc

the solution of the Fokker-Planck equation (3.13) with po as initial data.

Proof: If we multiply the first equation by £, and the second by 7., then integrate
twice (first in space and then in time), we obtain, using the boundary conditions,

Hﬁe(wt)\l%z(m+||ne(~,t)lliz(n)+A/Qw(w78)8’2[£e(x,8)—ne(x,S)}dedS (3.15)

I i
=2l 5 [ [ ol Eele5) o€ o s) + el s)dods
0
for all 0 < t < oo. Denoting

ue(t) = (1€, )72y + (122 () ve(t) = (& = ne) [l L2(@x 0,0
we infer, due to (3.15),

- t 1/2
welt) +r2(0) < 2l + O 0 ([ uas) (3.16)

for all 0 < t < T < oo where Qr := Q x (0,7). Inequality (3.16) implies, for any
§ >0,

1@ ll L= (1 L
ue (t) + av?(t) < 2|lpoll 720 + T() u2(t) + 3/0 us(s)ds . (3.17)

By choosing § small enough, we obtain,

o l6ellor) [*
zuw+2ﬁmszwﬂ;mwﬂg@gﬂﬁza@w. (3.18)

We can neglect the terms containing v. and apply Gronwall’s lemma to deduce
that wu.(t) is bounded independently of €. So is fot ue(s)ds and we go back to
(3.18) to infer v, enjoys the same property. Therefore, &, n. and (§ — n.)/e are
uniformly bounded in L?(27) for all finite T > 0. Up to a subsequence, they are
weakly convergent in L?(Qr). We do not relabel and, due to the convergence of the
latter, the former two converge to the same limit, say, p € L?(Qr).

We will next prove that p is the solution for (3.13) with initial data py (and natural
BC if Q is bounded). Let us begin by adding the first two equations to obtain

(& +ne)e = —[0(& — ne)/ela-
Let f denote the L?-weak limit of (. —1.)/e as € | 0, so that
200 = ~(f6)e- (3.19)

Note that the weak convergence of ¢(£. —1.)/e to f¢ holds due to the boundedness
of ¢.

Now we subtract the first two equations in the system to obtain

(€ —ne)e = —[0(& +me)/ele — Y[(&e — me) /€] /e
If we multiply by € and pass to the limit as € | 0 we further obtain

0= —2(pd)a — 2¢f. (3.20)
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We combine (3.19) and (3.20) by eliminating f to write

op 10 (00
ot~ 20x\vox ")
It is easy to see by direct computation that this PDE is equivalent to (3.13).
Note that, if we tried to write (3.13) as the Wasserstein-gradient flow of some
functional F', we would end up with the equation

0 O0F a®(z,t) 0

5 gy (1P (@) = (. 8) — ale as(e.t) — 2T o logplat). (321)

If B is a primitive (in z) of b, then we should have

%Z(t’ p)(.’b) = —B((E,t) - %a%x,t)[l + logp(‘rvt” + ~/z: a(yvt)ay(yvt) logp(yvt)dy

for some g, maybe time-dependent. The first two terms from the right hand
side can trivially be written as the L?-gradients of some functionals of the form
J ¢(z,t, p(z,t))dx. However, we argue that the remaining integral term cannot be
the L?-gradient of any functional, not necessarily of the form mentioned before,
unless ¢ is independent of x, rendering the term zero!

In the following formal discussion we drop the dependence on ¢ (which is irrelevant
in this context) and we let f(z) = a(z)a’(x). Indeed, if there is an F such that

%(p) () = /xj f(y)log p(y)dy,

then the Gateaux derivative of F in the v-direction will be
Foho) = [ vla) [ 10108 plw)dyd
R xo

Assume that p is bounded from below away from zero and all integration require-
ments are in place. Then the map p — (F'(p),v) is obviously C'°, so F must be
C*. Consequently, the second Gateaux derivative must be a symmetric, bilinear
form. However, we have

(F"(p), (v1,02)) = / o () / ’ Wdydx

which, in general, violates

(F"(p), (v1,v2)) = (F"(p), (va, v1)).

Can Theorem 4 be extended to arbitrary dimensions? The answer is yes, it can
be, but only for some special Fokker-Planck equations. Here are some details.
We rewrite (3.9) in divergence form as
dp

5 div{ — [A(z, t)p] + %pdin} (3.22)

where Q(z,t) := B(z,t)BT (x,t) has rows denoted by @Q; and divQ is the N-vector
field whose components are div@Q; (all derivatives are spatial). In dimension N, ¢
from (S) is replaced by an N-vector field denoted by ®. Thus, the N-dimensional
version of (S) is
0 = _5_1div(€5q)) - 5_2w(§£ —17e) in RY x (0, 00),
O = e 'div(n-®) + e (& —n:) in RY x (0, 00), (Sn)
56(')0):/)07 7]6(70) = Po in RV,
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The assumption |¢,| is bounded is now replaced by div® € L*(RY x (0,T)) for
all T' > 0. One can retrace the proof of Theorem 4 with only minor changes to
conclude that, as € | 0, both & and 7. converge weakly in L*(RY x (0,7T)) to the
solution p for the second-order PDE

% = ;div(zdiv(tﬁp)). (3.23)
It is intuitively obvious that such a PDE can be identified with (3.22) (and, thus,
with (3.9)) only in some very special cases. Indeed, there are N? + N independent
entries/components in B and A, whereas only N +1 in ® and ¢. They only match,
of course, when N = 1. Next we will see what is required for ® and 1 to be
determined from B and A if N > 1.

We equate the right hand sides of (3.22) and (3.23) to obtain, componentwise,

1. ;.
—Aip+ idlv(in)@dlv(;@)

for all i = 1..N, where A; are the components of A. If we impose these equations
independently of p, we obtain, after identifying the coefficients of p and Vp,

1 D,
—Ai + 5divQ; = @diwb (3.24)

and
Qi =

for all ¢ = 1..N. The latter yields Q;; ®,®, /¢ which basically means that
Qi; = ¢;q; for some N-vector field q. We deduce ®; = ¢;4)'/? for all i = 1..N.
Going back to (3.24) we discover, after some computation,
q-Vlegy = —4A;/q; +2q - Vlogg;
for all ¢« = 1..N. To summarize, we need Q of the form (g;g;);; for some vector q
and the following compatibility condition
—2A;/q; +q-Veogq; = Az,t) is independent of i. (3.26)

Then we choose 1 as any solution of q - Vlogy = 2.
Note that B has to have identical entries on each row, i.e. B;; = b; for some vector
field b(z,t), and ¢; = b;N'/2,

i) (3.25)

||

4. More applications.

4.1. Velocity-jump processes. Let V C RY be open and the turning kernel
T:V xV —[0,00) (see [10]) with the following properties

/ T(v,w)dw=1forallv eV (4.1)
%
and
/ / T2 (v, w)dvdw =: M < 0. (4.2)
vJv

Next consider the transport equation:

0

Ep(ma v, t) +v- pr(xa v, t) = _)‘p(xa v, t) + )\/ T(U’ 'IU)p(JU, w, t)dw (43)
1%

describing a wvelocity-jump process ([15]). Here p(z, v,t) denotes the density of par-

ticles at position 2 € RY which move with velocity v € V at time ¢ > 0. The
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constant A > 0 is the turning rate while 1/\ measures the mean run length between
velocity jumps. The kernel 7 (v, w) gives the probability of a jump from w to v if a

jump occurs.
Denote by F(z,v;p) := =Ap+ A [, T (v, w)p(z, w)dw and consider the IVP:

pt +v-Vep= F(x,v;p) in RY x V x (0,00), (4.4)
p(x,v,0)= po(z,v) for all (z,v) € RN x V. ’
Consider initial data pg such that
po(-,v) € M(RY) for almost all v € V, (4.5)
and
po € L*(RY x V). (4.6)

In [20], [19] the authors exploit the implicit scheme introduced by Kinderlehrer
and Walkington in [14] for proving existence of solutions for nonhomogeneous diffu-
sion problems. This approach modifies the standard schemes to accommodate the
nonhomogeneous term. Here we fix v € V and consider the following version of
(2.4):

For every integer k > 1 we define py as the solution of

1 .
Q—d(p, Pr—11)> + / (2 - v)p(x)dr = min, (4.7)
T RN

where py.1 = px + T7EF(-,+; pr) for all integers k > 0.
Note that the above scheme assumes that pg 1 € M(RY). Indeed, we have

pr1(x,v) = (1 = A7) p(z,v) + )\T/‘/T(U,w)pk.(a:,w)dw. (4.8)

By integrating (4.8) with respect to z and using induction, we see that (4.1) and
(4.5) yield

1
pra(v) € M(RY) for all k > 0,0 < 7 < X and for almost all v € V. (4.9)

According to the previous chapter, the optimal transfer map is the translation
¥, :=id + 7v. Along with (4.8), this leads to

pe(z,v) = pr_11(x+7VU,0)
= (1-h)pp—1(z+710v,0)+ h/ T (v, w)pg—1(x + 7v,w)dw,(4.10)
1%

where h := Ar. This implies
low(@,v)|* < (L+h)(1 = h)?|pr—1(z + Tv,0)[?

+<1+}1L>h2</v7'(v,w)pk_1(:zf+Tv,w)dw>2.

It follows, after using Holder inequality for the last term and then integrating in x
over RY (|| - ||z denotes the L?-norm in R™)

(013 < (1= R)(1 = h®*)llpe—1(,0)3
—i—h(l—&-h)/v||pk71(~,v)||§dv/vTQ(U,w)dw. (4.11)

Now denote by || -||2, the L2-norm in RY x V and integrate (4.11) over V to obtain

lowlZy < (1= BY(L = B2)llpin |2y + R(L+ 1) pps|Zy /v /V T2 (0, w)dvduw.
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According to (4.2) we get
lowl3.v < lok—1l3v{(L = h)(1 = h®) + Mh(1 + h)}.
Let a := M — 1. Then, for small enough 7, we have (by induction)
pxl3,v < llpoll3,1[1 + ah(1 + h) + K]~ (4.12)
According to (4.2) and (4.6), T (v,-) € L?(V) and po(-,v) € L2(RY) for almost all
v € V. Consequently, the set V' C V defined below is of full measure:

V’:{U€V

/ T2(v,w)dw =: M(v) < 00, po(-,v) € M(RN)N LQ(RN)}
v
(4.13)
Fix v € V. Then (4.11) and (4.12) imply
ok Co0)l3 < (1 =)L = h*) [l pr-1(, )3

+M (V)| poll3 v h(1 + R)[1 + ah(1 + h) + h*]FL (4.14)
If we let ax == [lpr (- v)[13, an = (1 = h)(1 = h?), B := M(v)l|pol3,,, and
cp =1+ ah(1 + h) + h3, then (4.14) reads

ar < apag—1 + Bh(1 + h)cﬁ_1 for all integers k > 1.
It follows 3 3 3
ap < agal + M(CZ —ak) <a0 - M)aﬁ + Mcﬁ

Therefore,

n—1
o G2 = T a
k=0

< 1 s 1—0‘2T/h+ﬁ Lot (4.15)
= AW\ T M) 1t T M -M) +h—n2 [

which leads to the fact that {p7}, o is bounded in L2(RY x V x (0,7)). Indeed,
(4.2) and (4.6) imply the integrability over V of the right hand side of (4.15). Next
we extract (no relabelling) a subsequence {p” },|o such that

p" — p weakly in L2(RY x V x (0,7)) (4.16)
Again, due to (4.15) there exists a subsequence {7, } depending on v such that
P (v, -) = p(-,v,-) weakly in L2(RYN x (0,T)). (4.17)
By taking the limit as 7 | 0 in (4.15), we observe
AN
ot Measxiomy < (a0 47 )y + ACOLTA, (418)

where
e)\T(M—l) -1

MM —1)

Our goal is to prove the following

C(M,T,\) := if M#1and C(M,T,\):=Tif M =1.

Proposition 5. Let T and pg be nonnegative and such that (4.1), (4.2), (4.5) and
(4.6) are satisfied. Then the initial-value problem (4.4) admits a weak solution in
Qp :=RN x V x (0,T) verifying

PNz < llpoll3.v C(M,T,N). (4.19)
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Let us now define what a weak solution is:

Definition 2. A weak solution for (4.4) is a function p(z,v,t) satisfying
(i) p e LARY x V x (0,T));
(ii) For every ¢ € C°(RY x [0,T)) and all v € V'’ we have

/OT/RN {P0:C — (v-VQ)p = Ap(:,v,)

—/ T (v,w)p(-, w, -)dw]( }dwdt = —/ po(z,v)¢(z,0)dx.
\% RN

We now drop the subscript in 7, to simplify notation. According to Proposition
3, the approximate Euler equation for the variational principle (4.7) reads

‘ /Q {i(p’“ = Pr—1,1)C + pr(v - VC)}dx

1
< ?SUP|VQC| d(pr-1,1,p8)%  (4.20)
T RN

for every ¢ € C°(RY) and all integers k > 1. Taking (4.10) into account, we infer

d(pr—1,1,pr) = T|v|.

Subsequently, we integrate (4.20) over [kT, (k + 1)7] with respect to time, add for
k =1..n — 1 and recall the definition of p” to obtain

= 1 L
-/ /Qp(x’”’“;“(%wﬂ—C(x,t»dmdt—; / / oo )t + 7Y

// (v V¢)dzdt + = /T/RN )Cdadt

T—71
1
R <dxdt\ L9232 2 < 192 T
k=1

Let 7 | 0. Finally, we use (4.17) for most of the terms in the left hand side of the
above display and (4.16) for the last, nonlocal term to pass to the limit as 7 | 0 and
see that p is a weak solution for (4.4). Clearly, (4.19) is an immediate consequence
of (4.18).

Second-order partial differential equations involving the convective derivative
9/0t + v - V, have been studied via optimal transportation methods by Carlen
and Gangbo [4], Huang and Jordan [12], Huang [11]. However, since there are no
v-derivatives in (4.4), the differential operator from the left hand side represents
ordinary transport in the x-direction and has nothing to do with convection.

—_

4.2. General first-order transport systems. Here we analyze similar schemes
for systems of first-order equations. Let 2 be either R or (0,1). We next study the
VP

pt = (p®), in Q x (0,00) for all ¢ = 1..d and p(-,0) = pg in Q, (4.21)

where p = (p',...,p%) and ® € M%*? is a matrix function. Let 1 < p < oco. For

given py € [MQ(Q)]d N LP(Q;R?) and small enough 7 > 0 we wish to construct
iteratively py, then obtain p™ by interpolating time (as in (2.5)). Next we give the
definition of a weak solution for our system.
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Definition 3. A weak solution for (4.21) is a vector field p : Q x (0,00) — R?
satisfying

(i) p € L35, (0, 00); I7()) for all i = 1..d;

(ii) for every ¢ € C°(R x [O 00); R?) we have

i//gm{ L Zf” 2, }dmdt X:ij [actow  a)

The discrete scheme used in [5] to show existence only works for weakly coupled
systems, i. e. ¥ is diagonal and there is a zero-order term F'(z,¢, p) in the equation
(if F = 0 then the system is completely decoupled which is not interesting). Our
goal here is to come up with an appropriate discrete scheme for (4.21). The trick is
to first look at the approximate Euler equation (2.9) and consider what should be
changed to replace it with something of the form:

d
‘/ {1(02—02_1)C+Zpi<1>m4’}dz
Ql\T =1

for all i = 1..d and all ¢ € C>°(R). Denote by s; the transfer map pushing pi
into pi. Then (4.23) becomes

<O(7) sup <"1, (4.23)

d
/ {[asi(x)) @b+ T;pi_@ij(sj)c'(sj)}dx <

o(T) S%p IC"], (4.24)

where 77 !o(7) — 0 as 7 | 0. To simplify, let us assume that p’ := p};_l are given
strictly positive and smooth such that p’/p? is bounded away from zero and infinity
for all ¢, j. Then, the problem is to find s;’s such that (4.24) holds for all {, all
i and for o(7) independent of the step k —1 — k. We have ((s;(z)) — {(x) =
(si(z) — z)¢'(z) + [si(z) — z|2¢" (y) for some y between x and s;(z). Also, we add
and subtract 7 Zj 1P 1Pi;(s;)¢" in the integrand from (4.24) and assume we are
able to prove that

d
/QZPL@U(SJ')(C'(SJ') = ¢')dz ~ O(7), d(pi_1,pi) ~ O(7) (4.25)
j=1
for s; chosen so that

v (s —I—TZ P /p")®i;(s;) =id in Q, (4.26)
J#i

where ¢% :=id + 7®;; for all i = 1..d. Obviously, by assuming ®;; = 0 for i # j,
the equations (4.26) become d completely decoupled equations with the solutions
= (12)~1. Thus, we are back to single equations.

Our goal is to establish a minimal set of assumptions on the matrix ® in order to
ensure existence and uniqueness of the s;’s which must also have requisite properties,
e.g., to imply (4.25).

For clarity of exposition we consider the d = 2 case, i.e. two by two systems. Then
(4.26) becomes

- *(x) _
{ ZZJ (s1)+ . @12( 9) =z, (4.27)
+ 7 Dy

()
U2(s2) + 758 By (1) = a,
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which is to be solved to give s; := s;(x) for all z € Q. Assume, as in the previous
section, that ®; € C1(Q) N Wy ™(Q), i = 1,2 (so that, for 7 sufficiently small,
% are both diffeomorphisms of ). Our goal is to prove that (4.27) has a unique
solution (s1, s2) and then study its properties. The interesting feature of the d = 2
case is that (4.27) decouples and we have the equations:

1 p*(x) 0 02 m_Tpl(x) 1)) — o —
Pr(s1) + Tpl @) P19 0 07( 2(z) o1 (51)) =0 (4.28)
and ,
2 P@) g e L@
d)T(SQ) + sz (.’13) ‘1321 97_( 1(3}) @12( 2)) =0 (429)

for all z € Q, where 0% := (¢£)~ 1.
Furthermore, let us assume 2 = R. We can prove:

Lemma 2. The system (4.27) has a unique solution (s1,s2) for sufficiently small
T > 0. Also, s; € Diff(R) fori=1,2.

Proof: Let us only analyze (4.28) since (4.29) is similar. For z € R, we define
F(z,-):R— R by

F(z,5) := 0 (x — 78(x)®15 0 0% (x — Ta(x) P21 (5))),

where o := p'/p? and 8 := p?/p'. Obviously, F is differentiable in both x and s.
Furthermore,

QF(%S) _ T(I)Im/(al) TP (s) 7

s 14797, (az) 1 + 7P, (as)
where ay, k = 1,2,3 are functions of z, s, 7. If ®}; are bounded in R, then F(z,-) is
a contraction for all x € R and all sufficiently small 7 > 0. Therefore, the equation
s = F(z,s) has a unique solution s = s1(z) for each x € R. Therefore, there exists
a unique map $1 : R — R such that s1(x) = F(z,s1(z)) for all z € R. In order to
see that s; : R — R is one-to-one and onto, it suffices to show that s = F(z, s) has
a unique solution x for all s € R. This latter equation is equivalent to:

x=(s) + 70(x)P1g 0 02 (x — Tau(x) Doy (5)) (4.31)

and it is elementary to prove that the r.h.s. is a contraction in z (for yet smaller 7 >
0), ensuring thus the existence and uniqueness of = as desired. Therefore, s = s1(z)
is the unique map satistying s(z) = F(z, s(x)) for all x € R. The Implicit Functions
Theorem yields that s is differentiable and s'(z) = Fj(z, s(x)) + s'(x) Fs(x, s(x)).
Idem for s5. Also, in order for s; to be transfer maps, we need them to be strictly
increasing. According to the previous proof, s} (z)(1 — Fs(z, s1(2))) = Fy(x, s1(x)).
Since F; is given in (4.30), let us now write Fj, in detail. We have:

0 1

%F(% s) = HT’ll(ln){l — 73/ (2)P12(b2) — 7B(z) P15 (3)[1 — 70/(37)4’21(5)]}’

for by, k = 1,2, 3 functions of z, s, 7. It is now clear that 8| = F, /(1 — Fs) ~ 1 for
small enough 7 > 0. Same goes for ss.

If we let r; := s; ', then we define pi, := (pi_, or;)r}. It is now easy to prove, since
r; ~id + O(7) and r; ~ 1+ O(7), that (4.25) are true. However, the choice of
the appropriate 7 depends on the L°° norms of p,lc_l/pi_l, pi_l/p,lg_1 and, what is
worse, on the norms of their derivatives.

(4.30)
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5. General costs. It is interesting to realize that only for gradient vector fields do
we obtain the solution approximants by steepest descent or discretized gradient flow
of the functional p — fQ pWdx with respect to the quadratic Wasserstein distance
on M(£2). We are then led to existence of a weak solution in £ x (0,00). It may
seem that no such interpretation is available for the nonconservative case. However,
while the steepest descent interpretation becomes unavailable, in some special cases
we may still employ time-discretized implicit schemes involving generalized time-
step scaled Kantorovich distances to obtain solutions for all times. To this effect,
consider the Hamiltonian H : RN — [0, 00) of class C? satisfying

H(0) =0, H is strictly conver, i.e. H is convex and det(VZH) > 0 in RY, (5.1)
and

H
H is coercive, i.e. lim (2) =
lzltoe  |z]

(5.2)

Let 7 > 0 and define (see, e.g., [1])

W1 (po,p1) := inf L =y dp(x,y), (5.3)
PEP J JRN xRN T

where pg, p1 € M(RYN), L := H* is the Legendre transform of H and P is the set
of all Borel probability measures on RY x RN with marginals podz and pidx (see
[1]). Next we analyze the following version of (2.4):

For every integer k > 1 we define py as the solution of

TWEL(p, pr—1) + /RN U(z)p(x)dx =: I;[pg—1] = min. (5.4)

Assume py > 0 a.e. and note that, as in the proof of Proposition 1, we may write
x —st(x
Hocl = [ () vueo o, 69)

R

where 1 € P(RY) and s* is the unique transfer map pushing forward py_idx to u
that achieves W7 (u, pr—1) according to its definition (5.3) (note that it can easily be
extended to probability measures not necessarily absolutely continuous with respect
to the Lebesgue measure). It is well-known from the classical theory of Hamilton-
Jacobi equations (e.g., [8]) that, for all z € RY, there exists a unique minimizer
sy := (id + TVH o V)~ for the integrand in (5.5) which does not depend on the
step k and

w(z,7) ;= min {TL(Q”T?/) + \Il(y)} = w(xff(’”)) L U(s (2)  (5.6)

yERY
is the unique semiconcave solution for the Hamilton-Jacobi IVP:

{ ug + H(Vu)=0 in RY x (0, 00),

u(-,0) = ¥ in RV, (5.7)

Therefore, the scheme (5.4) admits a unique solution {px};. Based on this, we
recall the construction of the time-interpolants p” which, under some conditions,
can be shown to converge to the weak solution for (2.13) in RY x (0,00). Let us
next sketch the proof of the following:

Proposition 6. Let ® € C1(RY;RY) be of the form ® = VH o V¥, where H €
C?(RYN) is conver with H(0) = 0 as its minimum and such that H(z) < K|xz|?
for all z € RN and some K > 0. Assume |V2H o VV¥|, |[V2¥| € L®(RY) and
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po € M(RN)NLP(RYN) for some 1 < p < oo. Then there exists a weak solution for
(2.13) in RN x (0, 00).

Proof: Note that, for every ¢ > 0, H¢(x) := H(z) + €|x|?/2 satisfies (5.1) and
(5.2). We will show existence of solutions p, for (2.13) with ®¢ := VH oV instead
of ®. Then we will pass to the limit as ¢ | 0 and obtain a weak solution for our
problem in view of the uniform boundedness of p. in LP. Note that

N N

o 02 H* 0%
divet = 3>, o0z, " V) 0i0a,;

i=1 j=1
= (VPHoVV +el)- V¥
= (VZHoVV) VU 4+ cAV.

According to the hypothesis, this equality shows that if we can prove existence of
pe as the limit as 7 | 0 of the time-interpolants p7, then (2.7) or (2.8) is sufficient
to infer uniform bounds in LP for p.. In order to prove existence of p. note that,
the inequality (2.7) or (2.8) gives the boundedness of {p7}, in L} (RY x (0,00)).
This leads to the weak (or weak x) convergence of a subsequence to p.. To show
that p. is the expected weak solution we can apply Proposition 3 combined with an

appropriate version of (2.14) or (2.15). Note that, instead, (5.4) gives

TZWZE (Peis Pei—1) < 2[|¥| oo (mvy (5.8)
k=1
if ¥ is bounded or
(o)
T Z Wie(pe ks Pefi—1) < /N poPdx (5.9)
k=1 R

if ¥ is nonnegative. We have seen that the map pushing p. back to pep—1 is
Y :=1id +7VH® o VU. It follows

Wi lpesspert) = [ L(VH o VU())pealad
R

Since 0 < H < K[id|?, we have L¢(z) > C(e, K)|z|? for certain C(e, K) > 0 (for
small €). This and the equation above lead to

2 o0

2 - € 2 T T
T |VH o V¥|°pe pdr < ——— Wic(peks Peji—1)-
2 /L e 2

In view of this and (5.8) or (5.9) we obtain

> [ o= vi@Poon(eyis < €1
=1/ RY

for some constant C = C(¢, K, ¥) > 0. Thus, the proof is concluded.
What happens if €2 is a bounded domain? Then we have the following proposition:

Proposition 7. Let ® € C}(;RY) be of the form ® = VH o VU, where H €
C?(RYN) is strictly conver with H(0) = 0 as its minimum and such that H(x) <
K|z|? for all x € RY and some K > 0, ¢ > 1. Assume |V2H o VV|, |V2¥| €
L®(RN) and py € M(RYN) N LP(RY) for some 1 < p < co. Then there ezists a
weak solution for (2.13) in RN x (0,00).
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Proof: Let T > 0 and 7 > 0 such that T/7 =: n is a positive integer. The
inequality H(z) < K|z|? yields L(x) > K'|z|? for some K’ > 0 and, consequently,

|l vr@Paa D) < TEWE (i) (5.10)

Inspired by [1], we distinguish two cases:
Case 1: 1 < ¢ < 2 implies 2 < ¢’ < co. Then, according to (5.10) and Jensen’s

inequality, we have
! 2/q/
[l = r Pl ( [le=wnto pku)dx)
2

(KN2/d [WL<Pkapk 1)]2/(1-

IN

(K7)

By summation we get

n 72 T 1-2/¢" n 2/q'
Z/Q | — b (2)* p () dar < W <T) [Z Wg(pkapk—l):| :
k=1 k

It follows
2/4
Z o= (@)P pu(@)de < T (K)Q/q{ ZWL P P 1)] s e

with C' independent of n.
Case 2: 2 < q implies 1 < ¢’ < 2. Note that (5.10) implies

/Q 2 = ¥r (@) pr(a)de < (/Q |z — wr($)|q//’k($)dx> e

(diam€)2~9"
= WTqWL(pkapk—l)-

Summing over k leads to
> [ o= vr@)Pon(o)ds < Cro 1,
k=19

with C independent of n. Therefore, in both situations, the cumulative error term
tends to zero.

Case 1 does not rely on 2 being bounded while case 2 does. However, in case 2
we deal with a summable series (the constant C' is independent not only of n but
also of T).
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