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Tso and & have Hhe sane vertee seﬂ

ad L6 = L(&).

Conjedwre T G4 5 6.,C,, 2, L Ko £

Mp o Fhe adddion of ISZ)’mLeJ verl-wc.es

Hhen & i edae-—recms'fwc%b

32

§€+ E'-' ?l@,;..»,e,,.,, S s E/: %'p,)-.;.)—gv“—%\

WM /La\/ész ,?72) A

T G=(LE) and [E[ >5[

& s Pdoe-——recansfmc%b'e.

—WOV‘&W( (Mul[er /?777

# |abelled wpies of H in ey

>,'\/'/

éf WQV T is & b}(ec-Hai« —~

»
v

Sy eF = §o6,o(pReE §

L

#m G=( \/f,E) S eclge-rems-f?ucﬁb!e.

G
b9

= P

N(H&)= 2-3-2-2 = 24

e & H=(WF) ad [Fl<]E

Fhen N(H &) = N(H, &).

hi Y

> N(H &)= N(H &) e~

=1

IAA N

> N(HG )= NH.&")

'|=l




S 0= ONH,,6).

+ Tl
L We can do +he Same, Véaéauvwe G with G
. St Al=%5e: e, e (€3 Now,

~

A_-; = NCH._D 6/ [ﬂg@?m ms&yiuj the 1verse |.
I o=IN(&3 57= C’?A/ = > O

=1 I IC[wt
| «2;}(—1)"'/\1(# &)
| ‘i%—’———— - V=V bijections £, | Duthemore, if T +# [w] Hhew N(H,,G)= N(H., 6).
‘ | 7 i _ Cince Hre " sums  are ewal |
e T =3 _Q:e;er(E)? ) . , \
e, Ai=jre SRR | N(G,6)= N(Hyo, &)= N(H o &) =NI6,E). |
o*? Sov-e & 3&% ,
— % gell: e, e o) VieTf Sod N(é,é) > 1. |
= /A) A. : - B -DeQ« The Defmawd' of a watrix M= (Wl )d.”l,
1€T ' 1< n
Note: [A] = N(Hz,G). - per(M) = 2o [ [ Mo,
T Cosider Fhe merse of o wop ey, B eg. per ([€d]) = ad+be.
' 'Deﬂr A wodching v a Qmpla G=(VE) i
e [M_VQ . o a_set of edges X € E™ cuch +hat
O = N(('o g\)= T i , (-4 M.A:c : e f € X~ = enf=¢.
o~/ 7 =1 ' TIehml . ‘ . _ ,,v!’
> (,ifﬁ% N[[_{ G). X Is a pertedt Vmﬁ—cwmg X ="
TEm] N =




Ve o sterz

' , Let Q=[] = {o: )= [3.

graph with b?paf—ﬁ%‘m ?u..---.u,@ Fovr i=1,.. wn let

“The bipartite acfmcznav mocvix_ s ﬂé ) | L
- J=Sreq  idTnlD?

lMa‘f'Wx_
"
Ior vef], st )= [—'71%,,.\.
= FCr7

Note Fhat \
LN AD)

\-l_:, =/

Nojr@ ¥ & is a bpwﬁ‘ﬂ%ﬁ C{Vé@[f\ with 'B\/ inclusion—exc lusion,
hipartite ad;amw watviv A= (a J) ard
VAR N VYT i o9 o= 3,

JoeQ: a()¢T Yiellt
-

e cempute peff M)

The Yomds_in He definidion has e claine HiaF
nl-1 mialams,. n!(n-1) mutplications.

™

= 170> w.).

= \J¢I Jd 7

A Lovm of incdusion—exclusion: ¢
O

Jof 2 be a seb, A, AL Define | T
AI L TE I—;ﬂ as ‘usual. P@"[M)"" Iz[ ("i) B

TF -F=2ﬁ—-’> sahishies 70()()‘—‘2 P6) ond f8)-0, e have
: . ‘ 2" (n-1) + 2" = # of addious,
Han 2OV UAY) = 57 CO7 LA, /

' Ny ) = # of Mv(/-HP!s‘cachs.




Recall: A WIAWL(/LM M. Aa 4V&PL\ G = /V I:-) T(é) = \/Q,ng cover Nt ber ot &
1S & ao//ec-fvo—m of paww«sz dtS(OTM+ edqes = é}w} : WEV aund enWi g \-/eeEf
de'a o W ic a verlex an/e,r'(
Emmp Tt Y be aswt, A= (4 cY [ied).
svs}e/wt of cl«s“!-mc:!' V@preswrfvr,vves /m’ a ég A
'}Vavmﬂ e a collechien /a i:eT) of q/ X (,’5 'V(CS)=2.
“ohstinct elemerds of Y suclx that a: e A; \w J T(C5)=3
-)Z; aJ( | € I i
Nebe: /(<€ T ¥V & (His is easy)
Cms«dzx Jhe IOIDMHe aw«olx with btmr%cm Y | 7
WF'H’\ o edﬁ& il.)(-{ l"P Xé/( 7712"6 6)61,54'5 %@mf (K0mq—— EQQJ;»VQW_{ '/’AW@M)
0 dvpversal - B hove is- a wadelivg. Hhet vl = Te) “for G Io,,ga,\;.,_y,e.,
'covers" _every céJ—

DQ“GIM"’?M gw,ld a WlﬁcLuM IS J' ';Dev-(’ec(f

X Korig— Egerviry = Hall

Theorem (. Ll's Yheoven)

E. L@L @*“’(V’E) re o blPar-H-%e QVKPL\

Wl#t bmw%m Xw‘f/

+ G=(V.E) be & bipurte graph with |
hiparbbion X, Y. - Then " hove ‘exists an For AcX Yhe _deﬁde_ﬁmg of A
N porfeck wideling  i§  and miéw . ’
No [ = JAl WAEX o) = AL = INEO
NA) > A < X. . . S
2 waigfbachood of_A: Let D(c) = wax a(A). Qo
N(A) = €ve\r’ ExeA s+ ?xﬁéE? i AEX \‘N /[ ]
S C——— Clie £: (6 =[x [= DO 4w |,
wrhion =(LE &_grapia. B : NS NA)
Za = Cloim 2: 7T(6) € [X| =D(X)._ vl v
v(6) waddiva _mumber of G ! r
-\-—54arcf§m‘?~wr o@ a Max;mum P‘P Clwase A X Quai\ %@:{* D(X) 864)
ma+ch3 in & R Nete +hat  N(A) U ( X \A)

is a Vertex cever.




Pfoo-p of Ha[% ‘H"@‘Vem S

é(v

E) is bvpm*«'/’e with bcpar%m XY

élzt,P 'POSZ

[N = | A

VA< X.

éo b/}/ v?molw.;/'imeﬂ /EI

CﬂSé i

[N

> [A] fr all ASX, A2

Remove' an edge and app[y Hhe mductive

[Be carebul with A=X.)

~_,_,______—————————-—’—‘—_"'—"_"—’/

- — D(X). /i assumprhion.
ch O'C Clain 1 /MS'”& H&U/S 7%@@? ,6(362 mre oxists ACX such -/’[/lw/' A%x
We_defire _a bemﬁﬁe ampk &~ Fhat vE B, ond |NQA)| = A
Contnins G bv nhoducivg o new set R R
of DO ver-hces and oll edaec of 4 /,4 @(AS“ / For 6=(VE) a qreph
form_Gxy 2 where  xe X au yle Y pnd XSV, the
/ induced gubgvaph
Let A< X, > 8[x]= (¥, Ea(¥)).]
N = w7 Covder. e gragh H,= GTAUNG.
eiahbabecd. o < e Nole +hat Hus is o bipardide gvaph Fhat
KA & AZ _ §(Z} _i,./\/ [ %hs-ﬁes Haﬂs (LMOH'»M go,dbv w&ctuc:hm\
e 15 on A’pevfed- ma-@c[/unq M4 in HI\
A SiA) + Dx) o
- Now define H, = GL0x\4) U (Y\NW)].
A . 77;145 IS b«/)wf‘)ﬁ-i'e. émfls:c(mr BCX\A
G, & s an M- parfect wackchiva, o, Mlé% N, (AvBY\ N, (&)
T wle) = [ X[=IY] = x]= DX so [N, (@] = [N (aB | =[N (2
> [Al+ Bl - N Q| = [B].




%‘S-"c,acs now adﬁ o ZX‘['TR /5 mmwlé’s WVH 5:00,

|
|
g | - % wake up for Hhe dwo lost deys | pst week.
Mu M 1S X-" 'Fecé' VV(&'\'"’CL\AMQ ‘L morem Ip G is a blpaH—nLe qrapL %ﬂ

n @- - o | V(6) = ?/é)

. | )
| k T R TR
| B Theorem_(Tute 1%47)

et &=(\,E) ke a graph. v ScV et
Z/S) = number of 0dd caw,pmwls of é[\/\S]

Thon G has a DerpeowL wietehivg F and a'ytlv o
cz,/S) = /S| o all ScsV.

a—FchIM;S n hyp@rqrwhs
\ 77 =

- | E ”[/L&{/’we/gmlph "“ = tollechen of cets

— Wiy = every set has size Kk
, M; " 4—"050’"/’;%2" = V=4, 04, U- UAk
| and  each ltvoevedae has




Note: Tor M&%L‘,S we _write 4 741/\/74‘-@ Exdvemal @”bg"‘“’!’”ﬁ&
%/efﬁmkfimhw;iques ,)__Q‘é_g_@)_z__——_———\ b A € 2" e i aidichain

ABesk, A+B => A4 B
sters m,ech«fe TF X is a kvuw?#mm,

L= parkte “hyperqraphthen | =3¢, ¢, ..., c,i
1) v (%

a_chain CCC

___’ggws #Lewem (1928)
Tf A < 207 s an anbichain

< ( "I( ’

[4 ...l

OVa'S PM‘f"fe .PTP 1. W€ DM‘?‘T‘/‘M’M ZLM M'{‘D /)nlzl Ch&thS

AU~ )
—— 3
v‘

- | | 2z Let C. e dhe Dpertte
o v, 3-perhte. , grep, _pwirtn_biparttion Vi, Vi
Th méf”_“." '»53/9?61—@ where Vi = (5, and n

N . ;
/4'-'2‘- fz}/gev's Mrgec“wfe - KOWS—'%@J’V&V?’ -H/tzorewl

w ‘J’" %Ag? iS Medqe
Aé V CAYER
od 1999 by Aharov, using methods %
— K%wcf va harevii, Maxe’/

cB.

|[ETS pr P < m/ﬁu then (3 has a

sus | | \/‘-—-p ect  wmatclung.

-Lé(:jt O,pex\ ] We am Holl's Heorein. let X E
Ne. (O e}

o= ‘ ~— yevkhices vere

d

-




So

Db F € 201 e inferseching i

X (V!"H) "-i'-"”nwlae,r of edges " G XUN(;'(X),

ABeF => AnR =+ &.

< ] NG (X) (isd).

i

Extremal ?HZS‘HGMS o inteveechina collections

0. ‘- What

Cinece: n-1 = i+1  we haove Xf IN (X)) |-

Co by Ha s ‘H'LQOY&M G [Aas /48 D&N@ed—

mox 3 |5 F €25V inforsecting 37

|

Note:

Wa-f'czuwf{} . , I:\

() |F|] = 2" because

D¢ 2 Tov each ceS, lef

|Fnia Xz <1 V4]

A= ? e : A=%a(D, o(2), ...;cr(’.@)} for some )é’;;.

i) 6“PP056 G s m aximal intersecting.
Thea /%/'—' 2”" ~

Note that since e sels Mot ave pm%ai ,

PJC_ Suwase Aé@v So theve is BeF

itk _vespect Yo a5 et is, He sefs in £,

frm a (;Lw,«m ‘we__have ,}94'6‘ < 1.

st BnA= ﬁ ire., BE A.

. ) X Since F s maxf‘ma;, Acd O
I '/. 194'/) [;'1' é“' )r k- L ' .
- >o*es /54”! - l \LLL [ Whet lis Max?l , ?9(52})} ?/M"evfecﬁngz’
= > (n— AD’ [Al] Given
76:&

V4

(2) TF Zk>n dhea max=(]).

() TF 72k =n Hhen wox= (1) =0

P\,

[From each mwp/eww% paiy, choose ove .

() ¥ Zk<n Hhun max—-'(ﬁ:f}.

IErdos - Kc i Q&A{? -/'i\.aowe,m?




[-_Thic precess ( repeatedly slxu—%nﬂ “teruiinadtes

|
Note For case (¢), WMox = ( e D) Comsider | Observations
| -
|

gg( = ¢ Aé([":.l)»: )(é/(f. | since /%; g ¥ decreases.
Tho (ErdbsKo-Rodo) Lot 2k < n. | 2. The shiffed set is not S
I‘F gf (D'Z) is ;M‘Iﬂr%(;-’r?mﬁ) ' . . ,. | ‘ necessar ‘,’/ W?ME.
' 5 5@ =17

7| .é—(‘;:_:’f,. ] ot T
' | | am inter c-hmg = S %k ) intersecting
erMm,ove i | r,) Hhen - _ ge ( ) Se-l.}J
g"g'/ ‘)EU‘V Sa-me )(6 TVIY ' p‘F JASQW ‘QTV ‘Hte cale 04? ddVl'{’Vac{ic’v‘m W
Wi ﬁgég{g) jwo( A/‘)B"'
| . | € _May asspme /\2,,,? 52 cf Bn%iit=
_ T ‘ , )\}0‘}2 M §C8) € g" MC‘ Bé% iﬁtﬁg/‘ é ?
Qp‘& ifting  For Aé( ;4‘) ond 7<J‘ set ée?;{ ov /A\?;ﬂu? [
3 | | - w ANB=¢& c(S()nS'==
S =54 T AR TP Y S R =
(A\%J{?)U?:f, £ Anfit=5f - '
Qirn. 2= IF g:zs Slm&éc( Md /{86%

+hen A/\B#gn?

Futiormeo ve, set

Si (%) = ?S (- AeFf
U §A: SN #A and SDEFS. Theu

Nebe T Aed and AES; (TF) then
Af\%s,.ﬁ=§ﬁ nd (A\?U:?iuéi ¢ . .

[\e Sy Wt G ic chiffed i

go b?, induchon _en_ n.




&%#Muiﬂé DVDO'Q 0-? En —-—*KO-— QA@‘O W@M

L 134 S,

0 wes asene BLF) =F

I HLZ lase a‘? egm(&/-ywe, use -H«e_ fa[lowfwj:

(hin 3 TF S.(F)= T Lo come weli
4;:?1 G = ?fi\ : H{ ,‘ A ’?5/—-

7o show: | F /<L (1=

We go b\/ induchon en  n.

Z =4

Qﬁim 2: T AB e F thon AAB%ng.

Go, 4o _aceve e?m%/ in (%) we need

Pr Ascume Lor e cake of contradichion Shat

[ose I: 2k < n-1.

A, BeF and ANB-= 2&1? Since 2k<n,

réfm-( sd. 1 £ AUB. Since 9,../@") &,

%G F =

we “have Q.,(AYG@'/ B g(A)/\B - 2.

Vi v / r4

Dofine

and rﬁ X?él/ ‘H’lZﬂ #@%!;gg CG’WLQJ
nmnMvw gg—}g

= SAeTF - ng Af,

7
Case,Z.: ‘ w..:..b}/[—i‘

A
7 =

2/4\%:? : Ae“}' ne/(f.

€

P

F IS an m-(-e«f%c(’zm collection  1n (tu’;u

(5‘{ i an ?w%%c“uﬁ —pnwu[v A {/[M}) by /'Jmuz

So, A (Y.

[4

lzﬂ

I o

AEEARACSD

\)
y -

NO‘ﬁe :

(1) We can ke n=3 ac a base case.

D TF Zk=u-1 dHun we nde Hrot /9:

d«rech. Since at yuost eme of A

l;t i-(\A s n

™~

Farthermore, Y Be ()3

Bed or J2k{\B e

contams v must bo i g.‘ 4o Maindein

M\’-ﬁl’éec:f"vm DVDWILV wri’l\

P »
X

|




Eoch Ae is Mch&é n F. for

Ol 2 (Katona "cirele method")

k! (n- k) diffevent oeS,. S

Ior g€ S, let

@:-'w /41(%-' )’ = Z / T

p.. o4
(¥4

"4 |

Y

= 7 Ae T A is cousecvtive w.rt. O”E
) ¥

Sb, | R | Lon

3 i st

A gf(!) 0"(14-1) ’-..‘d'(v+k'i>%\

e IT#_A&YA_L S

[ o] = 7—
Lol =

W”We a&{clrhm 1S dnken module n.

':Z;\ ‘H/\e case a‘ﬁ egua,[c%f we. Lave

[2£))

g ()

) /
Fo | =
v

w.rt. o

bt the ¥’ masy Vary with o=

e

Yove ave Pk-1) sets

are Wsecw"wve with veg@,edr

s dercedr A, This collechon of

pam‘-«%m«ecf ko k-1 pedivs

Such Ahat Jhe sets i gach pecr do 'not
mtersect

Fhen ”J',,..
g

Pf lexX

pmeras

Gince 'v‘mnswsv-hms of Yhe Jovim (X;l) gﬂem!@ S

o
-




3, ( <a,+ona)

Carollary (EKRD ) T
- r R LN { Let < 25, We Sovy @ /S 'f-—m-leygecl-.m
17 %< (éﬁ) — (Lfltll‘) is )nJrersec-Hmﬁ, ﬁ ¥ A BedF = /Ané/ ,

. L | This rmpl,es
Hen [F| == (521). [No veshviction on K | . -
o .EX = é:zcm)/z V;,)s, * n=t (wd 2)5
- L= (0 + (25, # ndt i)

Question:

#’lm/t} ,”4 e e a { ~1! Vl')tergeofm_q

Meve._extrenal czues‘/'vaztg on ?mlersgclv‘mif collections

be?

%;T’mg‘c(g:?)

7

2. A alervate Fn%ﬁec:("?nj ‘érw?f;f:

[Thegvem aﬁmm—wmmr/%7)

T g () s inkrsecting

AeF

Hhen

Fle (G- (D -1

{

(Cowwant:  This _3s Hhe firsh instactce of

Lo binatovial S_i ab) L

Theorem  (Ahlswede, Khachatrian 1999,

| Nete: W gan alinys gt |1 =(E2) %
(2 . . Alweys 9 e —#
T AT b et Tred L ) o
1 Contein X _and . |
(s Fouch A, ad A. Let | N
N T A () Aozl =it
Nudoer of such sebs: (121 ) = . /)+i ’
N Nete
T K 'ﬁxed, (4’2:;) = 'Z’Z:B“ "'O( k’z) | () G, is t- /Mergeclmm
et et SR i) ) [ = (RE).
Y (5 = 0(dF)

M{echwed by EMI(J)
Vouk + i such Hhat

. XN

[ gl) %-v?m@sesﬁmj = /”57/4 '/‘{;7: I;

2y

with, ectiualrf}/ T

1S JMWPLJC, o

4




Db F (5D s inibial in < F

4, Ohidal’s Coniechre  (1972)

Let Tc 201 ), an ideal (e, f AcT and

Bc A Hew Be ). ¥ ZF<T is wm erSechq\

[ ==

A<, B wnd Be% ;m,pi;;s AeF

EX

Hhen there exists Xé€ I}\'l such Hroct

|F| < lﬁAeI xe A2

wmrhed ju <o — SI/MQECI '?% tnrfial

ENeaka

c<i'7
N I

2. G ivihad => OF iwial.

Note: EKR wadd be o special case.
Kruskal — Kotona
3

Theovem  ( Kruckal 1963, Kodona 1968)

P@Q( The (/ow) §1taoéw A F 2 S

Awmns F < (w) WnLI« /97/—:/14,

5% =3 Ach]: d Bed st AcBY

/ng is mimintized when G ¢ inthal

“A coyevs 8

A

Loy =S

AER and IB\A[=1.

Quachon: Given F €[ 1) with |F|=m,

whet_is the minimum possdoie value of ,9?7/?

%Tm Keverse /@X?%VQLL‘;C / colex) ovder

N

‘ -~ 3

HAFevence

ST 9« 22

)y-; = ?'ﬁ + /7.:/5@*3 in < ~H4a+ dﬂﬂda)ﬁ"’aw\i?

t4 1t

€A eB

€.q.
_--d--
123, 124, 134, 224, 125, ...

We defive Hhe 1= Compression “ of’ % 4o be

Nele  This does not d@p@ncl on Hhe size

~ of the awa\cl Set,

Ci=C(F) =X v =4




Clearly, |]=|F. < |9F, | + max §|9%, [Tl
Cless |28 < |07, L < o7~ (0% v 7|
B Observations: ] |$4c05 1eA} SACOF : igA%
(D /@r/]_;//gj/ f a !ag : 7}
(2) Iaéf/l !99:',! }&r' New we Mar/ _assume C(F)=F Yi. ()
Nete )ﬁ%’ is inthial _in /EAZ\W) ﬂLr ,7‘; SI’“’W F i whal in <p, .
S)o ‘/’LUS Olcserva:,'\m -é/lms 137/ ?ma(uc"fm . Ts "H"’;S ""VM? CN04 a’WMS- But f so weve dm)
BNErACAEFS | Cuppose A <q B, AT and Be
- R Note 4het £ I ie AnB Hhon we get o
cince i smckiad i [P1) cortrodickion of () by cousidering ~the
R X | ) S CO’VWDVESSW% C 'g'wfm/w we Lw(ue a
() (931—:-)(/)2%;/ ==:me% 9,2{7[) ,glef . Mﬁa&cﬁm ¥ 3 £ AUB. Thus, we
hove A<B (o n= 21 oud honce A< B
smce bo#x Qﬁ. and ﬂ ave indied a (: e, A is Fhe vmwdm}e predecessor of 'B
(l’n]\z ?) , w ‘-”l’w IWLear OVc(ermq <.‘az,>~ go
I e observehons i hand, we have L ”OU:':?/ C: C<,p AE v B.
og] = a1+ (a8 v, This_con_bappen_oly, +F
I ! N ' W I , 4 A
TAeSY: At SAedd: 1¢AS - =(000,..,0,44,4,...4,0)
.’ . k=1 4 ’
|9, | + W“X§’9ﬂ7> KK N S— | .
4. =(4144,.,1000,..0 1)
NV - TN -




Note Hak @ pwjmﬁve ?fm.
a1 erYd A prjechve plane  consiste of a set X of points
99{ / o=t ) < 2@2, . and F_f set I__CZ_ ,m-es such Hat
'l”’"i e N () any two_points de:(-m.e o line
ot L (Vxtye X Tl hel Fxyied);
and i) M;/ -'!'wo lives inlersect in emcﬂv
one peoint

(VY Ptmel FlxeX xejnwd

i) theve exists a Omdw/wﬁﬁmi

(Lour Dmvd*s no three of wihuch lie

Desion—Type redwa%aws on ntercechons

on tk /m.a\

@_éd [,W—pv( raic W@%

FEXI Tov any Dmrechve plane theve exists

a_g such et~ x| =L =g%49+1.

)
(1 cafisfies
z a,fd }j’i{ ___é;:l_ L&+ M b£ % MO(dQ,M& M&C‘}Y‘t)(
Do m=]F < n. of F= 54, A, 3 et is,

-

Ipmwks are elements;

(,wves ore se-%s-l

. B
1

"’/aﬂ-o %D(W

-
P

—

L

LA S 1% 'hn..
'Y LY
b Nhs NN

i~
.,,uﬁb ") )}
J




2 T+ Suﬁﬁ-ces "‘”O slAM ‘Hm-}' H\z

Pm\/im_; Fecher's nequalhy ( rontinued )
= t 7

===

Yows o'PA_;M

n are [«‘weaf/7 independest.
Pf 4 We Mave | _ = Lot Vi ooy Vg, be He vows of M,
AL A A& o I Sﬁp,pose " ‘ R
A JAL A~ | : | 2, % v, = 0. ; (o(?efR>
MM =] a 2 14,0 -~ “
N _ Covsider
‘% w w
Claim: vk (MM™) = . \; o\ >, oV, D> = O.
Suppose the lpim I""{ds} . ~ xr On e oller hand,
L]
N= rank (M) = rank (MM™) = m. /2, o 4 A\
<Z.;0C;V:)v_>__;0( 'Z“;&:(V; V;
Pf of Ol _ ,,v " L =J
(AL A A o A = 2 0?4+ 22 oa; A
ﬂ !A"' ﬁ o 2 ',":' 27 \ '<J, na ‘J\ -
det | 4 A Al - A = 2 af(Al-2)+ 2[5 «)"
. . i .. . i=1 A g— U 7
: . |3 " >0 N e

20

=




F s 50,,.,.,..,\ s-1% -r?nLevsec,f%mﬁ.

| § o L
e hewe %= %= (2"

The bownd From RCW 35 (o) &

M@*MWCWM wmodular RCW Hieovem (Dez»z, Frankl, Qmj'/u l?83>

Let p ke prine, LeZ,, |Ll=s.
TF 'F < D01 gudh thot
D Al € L (med p) V 4 e F-

@ Mnslél— (wod p) VA BeF, A+RB

2. guf)p se kg Wk@re g 1S o prire. H g 7Y ’ P40
(./ Le-}”\;é ,F- f'w; iY{/s ) L_f (ﬁ,)+(;4)+(g)++(g)_‘=: (55)‘
2 fuste field x
v‘o'um»cl set: VY % JF (So n= k‘?) ; ll WM clges #us q:ve w ‘H/m §e‘H7m;s a‘ﬁ
3 ‘ Ea | ﬁscﬂws Meaualr/’«/ ud Rew?
( 7 —
/ | Bk (Alow, Babai, Suzalc: 1991)
3 7 ;1 Otline: /. End a vechr space V st AtM(V)é(‘S)
] /7 | ‘ - 2. Fiud an mlec’vm g F—V.
Y 4_;_;1 3. Show :BH(CF) s [mzar’;/ nc(e'pénclzn-F ] V.

. -
‘ 5 V will be o subspace of F [x,..\ X, .
15 v fe LZ__A_@;QM__,_M/
= ..Fm,/ - _r . D@Q/l F;V q € )_x.s..-\xj, /6+ 3 Be —f'll-e
e T4 S | T TN A e )

3 !
X> X; z




M we i/mve

= (\Z % }3; )(\{,) =Z o b (Vj>

g«me p. (\/)'—'éo we  have oy = O.

Thic o lds for aﬂ B

Note: We Humke of x=(x,;...,><3,z

Claim 2: %e ex:.ds a Suibg{)ace W
of H:Tx.\.\.,x.,? such Hiat

D«(’ff’) W and  din(w) ns).

Moot T = 54,4y A, %

2E [+ W [Qe the Space speued by

pd

2 T x = Ac(FD§.

Nete -

{ 1eA

OB (Vj) = P:Lyj)

Then W contnins Cﬂ(/f) L ol A e F

Furthermorve, W W@s Hee deswecf dinension. ®

1

@ deg (5) < g =s.

— 3t

I

Ao coplicabion- Covstructive lower bovunds

b consider the Map

on Qmsev numbe g,

@ F = F [y

Y

A, l————-»;S

7_}_\_#14 //\/agg’/ 1972.) 72\/75,754-1) /f J—) ORI

(w1 @ s _an ivjec!ive wep ond IM(CF) is

WZ; ?vxc(e_’ae,n&m*.

ch Let V=(P7) Debre £:(7)> f»zea, Bluef

pa

H?AB%)— S Red, #F [AnB[=1

- ( B/we\ otherwise.

T Ouppose a,a,,... € 5 such et

A red /4 consists of sets 4,\Aa\--..4 6(&'”)

Z,o(;_ g'b\; -:-:O.
i

such that /A ﬂA I




Pras WS!‘YMC;""M Hrat
some c>1.

luwin~ h,/,pg, zmedims

Whed i

G=(VE) a QWDL\ Wi

:Mmé% [E]

—

€q. 8=2: no "ILVI\Mﬂ’e-

NO‘!'RHM Turdn -‘ﬁmdﬂtm F s a dam'p‘m

: 6=(VE) has |V|=n and CZ Ft.

ex(m,,r—') = max?

1€.9., the question (¢) asks, ex(nK,)= 3’1 =

e

De@e /( camg’e}e Wulv‘zwﬁ-!'e Wap[« 1S 4
'V‘abl\ G=(V.E) —)ﬂw which Hore is a

Partihon V= \/,

U Vk SUCZ/I -HA&J"

XEV;, €

s a lomplede mu %pwh%@

H"l";’lm 1S dU/'l eé?wparﬁ-fwm




Lot To(w) be the Tardn geoph with

This aveph  has wmove eclqes Han & mui has

Vo TZN. (because not both Y, and \/, can

N Verbices and kK W*LS

be mw-!' of & 7<,~,‘:> Since 3\/ v~? 1S

ot on g § o

%orw« (’ Tota 1943; r=3 was Maikel 1907)

[ 4

For any NZr =3,
éx/Vl K.Mﬂ = # 6c(qes I /,, ().

Case 2: dly) <d(x) and d(/\/z)éd&).

m%mm'e. T(m) is “Hhe mﬂ/ C?"“PL

Naw dons:dw #w dmp’/t where we

ot ackieves Fthic  bound.

4

(i) _remove v,

re

(u u')“npf«cx!»e,“ X.

wofﬁ { go obas | ?é@\}

Tt & be a  wexiium Km-w@ee @mpb

The W i e number apedmzs is

T i« evough Jo_show et & s W@{&e

2d06) = (dé)+d(y) = 1) = 1°

mulhipartite. S [EX]

Se Hus omol«/ has  ove eciq,es +han G

Tn other werds, i is onovah do shaw Hiat

3
d; S am equa“/bwce relation. . and o 7<,,+',. j 1
B ziiuj@mﬁéyﬁ\fe sake' of tovttradichen HHrat ‘ k
Vla%wacdmwwcv i (G is ot an eguiveleace ex(n, F) Lo generel P
velokiont.

Qeca(( 77\-6 Chmmﬁ’c numdaer a-ﬁ a graph

F=(VE) is the swuallest k sucdt Huet

£ V=TT ¢t IxyecE = 460+ ().

721-6 Chmmx"cc mmézr mc F 1S dzuokcl /)/(F)

“.“,,x

//Yz- (jase I dly) > d(x).

Nete: I x(F)= k, v%n Fé¢T., 0,

Y1

//ms;d.ar e 4%‘4 qiven Lav

gs  on embec(d«m a-fz F I -H'us qmpl«

()  vemove x\

would give a pmw //é"l)"w/awm? of E

(i) insert a "du@?m%" of v

o vertex . such '”AM

20 7t e E &= Ty, 2§

ex(nF) = # of edges in T, (n)

)4 = M RN

D

(No " Hhak ?v v? is nﬁww\édw\

>

o= 2) T OG).

{

><’><




[ hegvert (Evdds — Stone /‘?‘/*é) | C/aj Tf 9 _is_o_prime power nd
j | P | 2/0 4o+ 1)
w_, ‘ QX(V\, 22 (f‘”)(?z"’i*’)
lee ¥ x(F)=2 (Gee., s bipartite), TPF (sketch)
 Eodds — Stone iuS‘?’ mves e bound ‘ E:i\) There _exists- a pmfecl-vve plane with 9 +q+1 points
, . /‘ O\ 3~ S and g +4+1 /tm.es.
ex(nF) = 0((2))- .33 |
(ml / e — _—g’\_; Efc“”: A Dmtechve P(an—e covsists_of
e ovder of waguihde of _ex(n,F) for iE i st X _of pods,
F bipar-H-Fe IS 72{4}@1% opests , \\3 o ; ulc’LL :L a;d' L<2* of |ues

4. ‘}Wo /IMS /mlers_ec‘f' m exacFL/ one me(*

et WS'HM r 2 egvvem bapw%ﬂz%e areph F ,

TA o= o (F) such et

b. wo peints define a whigue [ine;

C. ‘/'Aere exists a ?uadrw»eqfe N pmm‘s

no -/’ltree O‘p WLUCL /:e on_a /me

oc+o( )
ex(n F) = n : |

EX| Even/ point lies on q+i lfnes and

1) ~ wrankiewicz meo’ewt (/ 1951): ‘

Deternive ex(m FL -Fo‘r F-' Kk,,é’ .

every bne ' contaivg z+f ,pa'iwd's.

, .~ =) |
- . QX(W) KZ) ’ = i\?,,_"o(i)) M-?ll— ;, ’

( Kovort, Sds, Tuwdn 175%) .

. N \ =l
ex(n K ) = (T +oD)n ’

(Brown 1966, Fiavedi 1996)

| . ex('m:@%t) = 5 [tu® + O(m“ )

— (KT 1954 _F 17%)

N\

C)am?ciw Hhe S}mpl«

TN\

/)

/

?X 1% e E
X £ ff xeld.
/ /
\_/
X L
(IPMS A the (’me.s of He
proj- P(ame} pwj- F(m')




This centmims no

H!{QMQV@L WIA
l [} e L)

of _edges is /4+

;‘s a k—»umﬂwm Z’W}Q@zmmah

a kﬂmpﬂ o Fe ().~

Theovem( Fiived: /?%) IF g is a prine
power, Fhen |

For a_fixed k-guagh &,

Y

ex/q +q+i K. )= /g-*i)(i}z-!-f“* 1)»

Theovew( Kovam Ss, Twrbn 195 ‘/’)

TP g=t, then

ex(w)g‘d)"max?‘gf;’ 2] 1S @ k-'qmpb\ on__ o
N verhices and @déﬁ .

p ey fe ™
ex(n, K. ,) = O(Vl‘ 7).

]

5‘3’ &ﬁf;f !}*é-wgtf‘ag)é’\
4

ard)
exm, gy

1S nam‘mweasc‘mﬁ

)

Recall: Notakion. Let -€3= N—R..

Next fine.

NES -?/q—-aO we write ')C: ol(a).

L £2 Cc“ we write  £= O(a).

IF -F/q =5 0o, we write L= o (a).

IF -F>Ca; we  write ']0 _Q.(JS

If f-= O(q) ond £= .Q_(a) we write 4= @(3).

ms m:ec('ufe Iflolc‘.r ‘ﬁr s=2.

T also “holds 4o > !+ 14 (Kollar,

Qon}mi> Szabo /?ié)




C ﬁwéﬁ? 7T { ( g,]))

5/2.

H\/Wg»mpl«\ b mew

Lot 7 b o fxed k-unidonu hypergraph Exanple  [n]=V, OV, OV, on equpartition.
(k. a. fqmpl«) Let |
€X( Y, @‘) = Max i, x}y s a k- witovm thMmPLx
o n verhces Such e Yhat F LA S,

YA o
exin, g’/

Theoven, For amy k-'qmp'a G =
1 Jg 1 L)

15 han;meaﬂ%

Tk 1 Lot n<wm. Lot < be o Pued k-qrapl\

on. m ver-hces oﬂ" wh%wm ‘g?

[ - /—Z,‘—#PK(AX) where X is an L e
T dlowent subset. of the vertex =% Ac(Z): [AnV[=1 £ i=0125
set, AeX, and Al U%Aé(%{: Ti s+ |AnV =2 -
and | AnViyl=1§

VTN
Lfc) knktk I«c

ard) I

7 f s VAR UL T\ - 3 Tre
Kutown —= r‘(gi)/) g 27 .
_ L Chngy Lis 1299

So, W(TF)= i -{—/'-)—(%fl exists.
k.
Tluis is He '%ém dms&%y, of G

Cooblew (Erdde, $500) (ompete 7 (%))
for I>k =3,

Mtrk’,k(lf) s called $he W/efre /d—gm‘i\%

on vertees.

Note: Kos*f'oclaka CQudakov found wany
examples ot watch Hhe lower botwd.




Wz pmbabi /I‘S‘/'z'c M@*H/loc( _ pVDPOS""‘M If ne 2— Heenm \// n) > k+1.
Examp! . _(EV_D_QC N One _of Jhese
P i, = Q B X ) pieces must Cotain
// ot least V!/Z verhices.

Ty A Hdownement i o directed d/mol« 7= \L/@

ﬁﬂc‘ a subﬁwnm~ﬁ

where A = c \/x\/ such Fhot

@) (X,X) ¢ A . \ -'Hrwfem with k vertices
@& Y xyeV, xty, [An3iey 0t =1. \,//) wd add x to it.]

‘s an ovientahion of K,.

1e, dﬂl’aurnamen-/’

We go bv mduckion en k.

(14 2 )

?f

Ascone the pmpas%m holds Lo p= okt

Dby B WEV Hte cubtowrviament _induced

L@+ T Ae a ";’;LCVV’QWM o . Verhiees,

by W ois Tw] = (W, An (wWxw)),

wrth

Zk*l

42 *2"”’1

Let x be a vertex.

i (xv), (v, 2) e A

Deb T /s Hansitive
YR

Y=% y: (xv)é/ﬁ

fm’o/fes (x z) €

By pacwanl«w!

IX[= 2% o

By

mducf-mm ‘Hue

mciucec! Sula dfqrabh

(V!\) VIAM% V: any Jowrnament en ny vertices

[
on

%s set has a4 Fvansthve éuéﬂ%wnmm‘f

hat a Pamsiive subtovonament

o k. verfices.

AHach  X. in

o v_vertices ¢.

\/(n)

Z/oga M_j -(~i.

AN

A

(. oum;/

7 ©

&MPIe | \/(3)= A

%Pos‘r"fﬁﬁ_ (: Erdé/s} MoSer / ?55‘/‘)

V(i) =3 I/,—r“[ o 1

l/ 4

+ 1,

\/(m:) < ZZ /032 n

Q*Tbe&*}wrmwww‘f’m

N verbices chosent  wnfevmly o vandem,

Equafew#v Pv/(xw)exO Pf((v.x)éA} 2

({OMMC(EM"”V/ \7/ X, L/ €

V; X¢\’/~




Pr( T o Frausthive subdowrnamedt on k ve»hbes)

= Q"(I / éTfAT s ‘*vmsx%ve?)

E?w' va(am-ﬁb;/ :

Z (V\)——— MM? f\/ any mxm: O—1 watvix

WFH« Nm/tes has o

rxv_Submalvix  of all ones

r=2_ upper bamc!

-

| Ae(k)

<> B /TTAT s '/Vms;%ve\)
Aé(v) ) ) .

= -5 = () 7,7‘)‘
sty 2® -

:H s exzauﬁfa o stw

L e 5 .
. ) =5 k=/2lng, n|+1.
S 2 , = = N

v, = # of ores jn yow . (““!A”o?"z

VAR " p < .
\//“)22(2') é{mm%nmw of Fimes

ik;
@-—‘%@:{(i &= 3442{

)
2 aa ! L), “’ =1 éﬂd’l Fé}iw' of columus _;E'S
2 Lwiirs COVeEr > 7o
(To® <1 &= =7 < 1 = Covered by vow]
k,, It /£ N\
v “ L = \ 7 ~ Y /N/m)
~tr< — 2z~

v ) y
= /ogz_MA% & Zlagbn+i< k.

O
EX| We can oct Ha stodoment o5 wiiten f0+ £l > 2£(5F)
T /wr% the foov) Ao Hhis. L ) NN .\x ’ )
| ;0 Vl(ﬂ;’l/ 2 M' -‘;{"(';‘:"l/
Exomple 2 The Lorankiewicz Pmb/em - < L
) n?(-0) = N(N—n) (£})
124 CM‘ v ) — & dawespmaqu /wm ':Lw)e - ) 3 C

Dmb[ew(

(/WSN’JQ( N ——MN —'Vlzfvt I) = O

Z. (”) Muin g N: & blw-"n‘e with Zn_vertices

whick  has mo«‘s pt T

eqwlmpar%md wmd N edges

Wl .2
oI VU +"T(FC=P0 7
)

—

= K_ =NECXK'

')

\ 31‘ /2
(@)= N<n"4n =Z W <n+n.




Eﬂmﬂ Zz/n).-‘-: @\/mg/z)"

Pv*(g an_vxr Subma:*ﬁx

of omes)’

Now: Z.(0) for r=3,

B (O §Ais all oes})

rxr submedvix

U@y bovind

[ psider an_nxn 0 1 mm‘wx with. no

= P (A s oll ones) <

Note -Mtai’ Pr{-:_.!' M‘ v;xr §M£M;1~ac"";“lx of ms» <7

rxr  subwabix  of oves. ‘Le‘f’ r be the

ones i vow M/@ have

HMDhes Z, (n) > N.

\Olikl

n) (=

7 TN

n éum'a“en%/ /a/je.

We choose on  nxn O—1  watrix wihk N oves,

wieovm l»( ot random.

MO"’Q %s s a Dmbnfo fr-h/ space mﬁjm’ng

(1) _watvices.

(onsder o Fixed ¢ xr submabix A.

Y

o oo

o oo




A H 6Va“HUVI S

p( an /Afy_efagﬁ%f

I‘p )( s A mwdow( Vaﬂwb

gecall We Saw 'Hw,’ R

m

V4 \

Jhen
Pr(X=E[x]) >0 and P (X<E[X])>O0.

Pmap We chose a.coawm ( >= RvB 19;/ se:l-hmg

G(VE)beaamoL A -

Pr(e,é R=F /eéB) ';!_' mc(ependwﬂy

Dl L O g s o KNG = V.

P o mianachanmatic K, Z (ﬁ)z(é)@

Question: M small_can a Am“aﬁ«grsak be 7

which ¢ loss Hhan 1 For 1= ;;'6 R

osithion  Let e =(VE) be a awqgh
—;%ﬂ pe(0,4) ¢ exstc a ting se:l’x Bt wart, Hf we let X=# of wonschowatic K,'s,
such et r - SN
u T - Ho)+1 7 E!_X_ 7 Plf(/7) S VMO’MOCLVOM&JHQ)
YI€ 2 leo+ (12" | Zelrhy
R (N2 (®

2L (Choose @ vandom set U £ Vi b PwFHMﬁ

A._A

2ach veV ks U with @mba!b: +y D,

oW, “('UY eﬂCh GOIO‘WM % "H’LQ b&b' l’l“‘/ space\

we Dmducp o colmfm\j W/‘H/t no mowoclamwwhc Kn

1AQep MA&WH gd’ ’

X TUvu ?ve\/ véUamA N() n U= g

Jbév de,ld'mq one Vavh;(p o each movochomalic

M@r-hws mmmmvgg

k-__ﬂtuum‘:w
< of least n—=X. Se

Note ‘,’W& >( is d&erwuws%ca )adawunth

n=E[X] < Rkk).

(ﬁin - }

E[XT=E[Z 4, .,7{—;-—251%“%_

= v §vextl vev ~_=
S BlveX) |
veV ~ 7
= > | p+ (1D 1.
Al S S

T3 yemams o oLwasg an n_Fhat maxmizes

n= ()23

Ne _wavk wih Fhe [ower bound Vl"(—yl'e':) Z—;'f_")

?r(veU)f Pf(VéU avd N(v)nU=¢)___.EL/




/

dewdwce Vlbwtbev

<
0
<
o

o (6) = mef I x|

é.

2 1k
M'\%’)LZL-Q%)CZ):Q — ZLj&“‘VE";‘,‘{/‘;} Q Does o locall, Sparse " qraph
]r me ), WA MC@SS&-W imve SW!&J Qiﬂmmi-@ac: nmf;er?
) o eq. , ,
(H
Clan: T Follows H= (=2
- , . , N\ 1,2_,(/2
Rk k) > (1+o(D) 55— |
rJEX] , , Db Cirth (&) = Jeugth of a swallest
- . {/;e , ) J CVQe, LA 6. ~
So 2 = kL < 4. ( .
| ; Cluoction: fvm ( s:mul—iuneaus[ have
| . | f lavae qufL and /me chromele” wunber 7
Recall: Let G=(V,E) be a_graph. ; J
; '_ﬁm /Erdé 959) Fov all k 4
/j\mmwlu number : - (4 exu‘Fs a _agvaph G such ‘*f'ém:é“
X(G)“:—-" Wjﬂg‘f Haompuw[muqopé : ale)>=J4 and” {)'RCG,)? k.
Cligne. pobar i e conchuctiely, by Lo \
conshruchvel ) ) 75,
Z;M(eé% max? XeV and G{X;( 15 mu{)(ele})_, ) e 7 vasz /?é&)




v Se(D,
R( IS is an ?m&pwcﬁzw!' Se,-!" n G

A"

Note:
® er'aomq (%) wih < s tovrect.
® %s appmxwaﬁm is 4005 %Y‘ D small.

rel

S Ep# )ncfe'o. sets of Wdfndcﬁ/ %f W(j—]) e I

First hry. -Hm A G LA ap{@pximx‘—im i‘!’/ N\ \H(x)
Consider randam graph G, ; v
ortex. dotly, The Givry excbopy Finchen [\

[ ¥
} ,/2_

Hix) = —x log, x — /i'x> foq.;(’*’”x’) -év xe(o,4).

(i) vequires 5 large, ) -

(i) VQ% wwes p Swall. ! Loy Shrlg'e Somle]
Te there o valw of p that sohisfies both | ‘ .
| " (l \)M (Vt/e ) \

S—.
——

(That is, such hat the probabilthy of Hhe
associeted event is  greater than £.) | n (anfe )™ r{(!m) " /e?(t-«)n /

Lo simell Con P lne_‘%wﬁ sehsfies (;}.7 . —n/ _ 1 R
(G ()

2

=/
— @/ 1 . 2-'(06logzvx.)w6 q'{(i'u)logz(i»u)]n\
\Jn




—ﬂle PQQ__{ ( meis/)

Take p = Jazse msm‘r ond delete one e,c{tae

Lo eac §m+ cvde in C;»,,m. Set

\/ # of /4,2)—0/(,!@5 i o

Ouwr aoal o -ﬂmc( o ﬁmak such Hiot

7

is
v all Sé([‘;!) we have™ /-#edqes in SB>Y

Mw‘l«:vs Mmmuw T X s a vendom variable

LJM a‘nlv Novinegative Va(u,es\ then —ﬁv A>0

v

w -

% ARX=24) = EXL

.

f §

B{/ Markovs _inequality and C/aiM (1),

Y(YE 2(“?)7) = 2.

Co  sulfices o show

Vr(g Se (L) ot #edses inS< 2@)4

(4)

. JE—
e v ‘

ﬁ') Z(no)

Set'h
pectfies_ specit

edaes n s




Nole We do_nck_specify that pochieular P Dolyition, A hgporgroph 3 (962Y) has
“e%s actuall v ammr in the eveuds | [or Beusteia] gggjv B i i 2 - colovable; Hat is,
Hiis _union. ‘f Hieve exists o portibion V= XU Y suda Shot
| cce? = e¢X aud e4Y.
Qo}‘ N ™ Y=ot ) &3 A The Fauo plane is a
LY £ (1 3 T ) AN S/ oy o e
c o ‘ , 1\ . () ] Cardmafv(v é) B'recru /?verv
| » btguse e BPTET Verlex is in 3 ed@zs) Ifwemrgnh

%Z%)‘— 4B 26wy

II/ZII/I/’I;\ ; . EX] % % V'MQ dQ@S Wﬂ'/— AAVQ
T we take p= —p— ren | ; property B.
4 ——e-oo.‘ O €.q. A Cz ! 2 mévm 2-ve u{ﬁf
Pf(g) —'9 O . 4t | I A %vmmifaa?\ 7%&"’ 6{063 MmL Lli,ve
D th B.
Theorem.  TF 36 i< a 1 ~uniform, f*reqular
vwaww[\ owd +=210 Hhen H bhas”

pv 'B.
1

Note: This _actua /v hids v 424
/%W%en "1992)

H’S‘/' ’l‘/“‘/ (,é/m’ V ot VMdO'm‘(uM}pwmlv,
: | - Jet be 36, '

‘ ' r( e 1S mmad;zmﬁ‘c,) =

17,(2 €€ % € s ma’no&mmwf*zc)
This ic less than £ i || < 23,

AN
‘MA@P ) .




Note: Thae is ‘4 lot" of ?ncfz‘pm&nce amevyg
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